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Abstract 



We describe the set V of all R U {cxd} valued valuations v on the ring C[[a;, j/]] 
normalized by min{i/(a;), v{'y)) = 1. It has a natural structure of an R-tree, induced 
by the order relation v\ < V2 iff vi{(f)) < i'2{(j>) for all (p. It can also be metrizcd, 
endowing it with a metric tree structure. From the algebraic point of view, these 
structures are obtained by taking a suitable quotient of the Riemann-Zariski variety 
of C[[x,y]], in order to force it to be a Hausdorff topological space. The tree 
structure on V also provides an identification of valuations with balls of irreducible 
curves in a natural ultrametric. We show that the dual graphs of all sequences of 
blow-ups patch together, yielding an R-trcc naturally isomorphic to V. Altogether, 
this gives many different approaches to the valuative tree V. We then describe a 
natural Laplace operator on V. It associates to (special) functions of V a complex 
Borcl measure. Using this operator, we show how measures on the valuative tree 
can be used to encode naturally both integrally closed ideals in R and cohomology 
classes of the voute etoilee of (C^, 0). 
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Structure of the memoir 

In capital letters: chapter numbering; in Arabic numbers: section numbering. 
A plain arrow linking chapter A to chapter B indicates that the understanding of 
B relies heavily on a previous lecture of A. A dashed arrow indicates a looser link 
between both chapters. 
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Introduction 



The purpose of this monograph is to give a new approach to singularities in 
a local, two-dimensional setting. Our method enables us to study curves, analytic 
ideals in R = C[[x,y]], and plurisubharmonic functions in a unified way. It is 
also general and powerful enough so that it can be applied to other situations, for 
instance when studying the dynamics of fixed point germs / : (C^,0) 0- 

Curves and ideals can then be analyzed through the order of vanishing of their 
pull-backs along irreducible components of the exceptional divisor. These orders of 
vanishing define real-valued functions on the ring R called divisorial valuations.^ It 
is a classical fact that the singularity of the curves or ideals is completely determined 
by the values of all divisorial valuations. 

This naturally leads us to look at the set of all divisorial valuations. Indeed 
our aim is to describe in detail the structure of a slightly larger set V that we 
call valuation space. The elements of V are functions i/ : i? — > = [0,oo], with 
v{c) = for all c e C* , satisfying the standard axioms of valuations: iy{(l>'4') = 
v{(f)) -t- vii))] v{4> + "0) > min{i'((/)), for all 0, £ R. We normalize them by 

^(m) — min{u{x), i^(y)} — 1. The central theme of our work is that valuation space 
has a natural structure of a tree modeled on the real line, and that this structure 
can be used to efficiently encode singularities of various kinds. 

We distinguish between three different types of tree structures. A nonmetric 
tree is a poset having a unique minimal element (its root) in which all sets of 
the form {a ; a < t} are isomorphic to real intervals, i.e. there exists an order- 
preserving bijection of each such set onto a real interval. A parameterized tree is a 
nonmetric tree in which all these bijections are chosen in a compatible way. Finally, 
almost equivalent to parameterized trees are metric trees; these are metric spaces 
in which any two points are joined by a unique path isometric to a real interval."^ 

The nonmetric tree structure on V arises as follows. For ii e V, we declare 
v < ^ when v{4') < A'(0) for all (f) € R. Our normalization ^{m) ~ 1 implies 
that the multiplicity valuation sending (j) to its multiplicity m{4>) at the origin 
is dominated by any other valuation. This natural order defines a nonmetric tree 
structure on V, rooted at Vm f Theorem 13. 1411 . 

As for the other two tree structures, any irreducible (formal local) curve C 
defines a curve valuation vc i^ci'f') is the normalized intersection number 

between the curves C and {(fi — 0}. A curve valuation is a maximal element under 
< and the segment [i^miJ^c] is isomorphic, as a totally ordered set, to the interval 



A valuation can be evaluated at a psh function by replacing order of vanishing by generic 
Lelong number. 

■^Metric trees are often called R,-trees in the literature. 
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[IjCxd]. We construct an increasing function a : V [l,oo] that restricts to a bijec- 
tion of [z^rn, fc] onto [1, oo] for any 0; as a consequence a defines a parameterization 
of V. The number a{i') is called the skewness of i^.^ It is defined by the formula 
a{i^) = sup^i^(0)/to(0). 

In addition to the partial ordering and skewness parameterization just de- 
scribed, the valuative tree also carries an important multiplicity function. The 
multiplicity of a valuation v is equal to the infimum of the multiplicity of all curves 
whose associated curve valuations dominate v in the partial ordering. Thus the 
multiplicity function is an increasing function on V with values in N = N U {oo}. 
A second important parameterization of V, thinness, can be defined in terms of 
skewness and multiplicity.^ We shall refer loosely to the combination of the par- 
tial ordering, the parameterizations by skewness and thinness, and the multiplicity 
function as the tree structure on V. 

There are four types of inhabitants of the valuative tree V. The interior points, 
i.e. the points that are not maximal in the partial ordering, are valuations that 
become monomial (i.e. determined by their values on a pair of local coordinates) 
after a finite sequence of blowups. We call them quasimonomial. They include 
all divisorial valuations but also all irrational valuations such as the monomial 
valuation defined by i'{x) — 1, u{y) — ^/2. The other points in V, i.e. the ends 
of the valuative tree, are curve valuations and infinitely singular valuations, which 
can be characterized as the valuations with infinite multiplicity. 

There is in fact a fifth type of valuations. These valuations cannot be defined as 
real-valued functions, but define functions on R with values in R_|_ x R_|_ (endowed 
with the lexicographic order). In fact they do have a natural place in the valuative 
tree, as tree tangent vectors at points corresponding to divisorial valuations (see 
Theorem IB. Geometrically they are curve valuations where the curve is defined 
by an exceptional divisor. We shall hence call them exceptional curve valuations. 

The valuative tree is a beautiful object which may be viewed in a number of 
different ways. Each corresponds to a particular interpretation of a valuation, and 
each gives a new insight into it. Some of them will hopefully lead to generalizations 
in a broader context. Let us describe four such points of views. 

The first way consists of identifying valuations with balls of curves. For any 
two irreducible curves Ci, C2 set c?(Ci, C2) — m{Ci)m{C2) / Ci ■ C2 where m{Ci) is 
the multiplicity of Ci and Ci • C2 is the intersection product of Ci and C2. It is a 
nontrivial fact that d defines an ultrametric on the set C of all irreducible formal 
curves (c.f. |Gap . This fact allows us to associate to (C,d) a tree 7c by declaring 
a point in 7c to be a closed ball in C. The tree structure on T is given by reverse 
inclusion of balls (partial ordering), inverse radii of balls (parameterization) and 
minimum multiplicity of curves in a ball (multiplicity) . Theorem 13.571 states that 
the tree 7c is isomorphic to the valuative tree V with its ends removed (i.e. to the 
set Vqm of quasimonomial valuations). 

A second way is through Puiseux series. Just as irreducible curves can be 
represented by Puiseux series, the elements in V are represented by valuations 
on the power series ring in one variable with Puiseux series coefficients. The set 

■^The skewness is the inverse of the volume of a valuation as defined in IKLSI (see Re- 
mark 

^The thinness is also very precisely related to the Jacobian ideal of the valuation (see Re- 
mark I^HJ- 
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Vx of all such (normalized) valuations has a natural tree structure and a suitably 
defined restriction map from Vx to V recovers the tree structure on V. In fact, V 
is naturally the orbit space of Vx under the action by the relevant Galois group 
(Theorem I4.17|l . This approach can also be viewed in the context of Berkovich 
spaces and Bruhat-Tits buildings. As a nonmetric tree, V embeds as the closure of 
a disk in the Berkovich projective line over the field of Laurent series in one variable. 
The metric on Vqm induced by thinness then also arises from an identification of a 
subset of the Berkovich projective line with the Bruhat-Tits building of PGL2 (see 
Section ESI). 

The third way is more algebraic in nature. The earliest systematic study of val- 
uations in two dimensions was done in the fundamental work by Zariski |Zal| , |Za2| 
who, among other things, identified the set Vk of (not necessarily real valued) val- 
uations on R, vanishing on C* and positive on the maximal ideal m = {x,y), with 
sequences of infinitely nearby points. The space Vk carries a natural topology 
(the Zariski topology) and is known as the Riemann- Zariski variety. It is a non- 
Hausdorff quasi-compact space. The obstruction for Vk being Hausdorff comes 
from the fact that divisorial valuations do not define closed points. Namely, their 
associated valuation rings strictly contain valuation rings associated to exceptional 
curve valuations. One can then build a quotient space by identifying all valuations 
in the closure of a single divisorial one. This produces a compact Hausdorff space. 
Theorem 15.241 states that this space is precisely V (endowed with the topology of 
pointwise convergence) . 

The last way uses Zariski's identification of valuations with sequences of infin- 
itely nearby points. We let be the dual graph of a finite composition of blow-ups 
TT. It is a simplicial tree whose set of vertices defines a poset F* . When one se- 
quence TT contains another tt', the poset F* naturally contains F*,. These posets 
therefore form an injective system whose injective limit (or, informally, union) F* 
is a poset with a natural tree structure modeled on the rational numbers. By filling 
in the irrational points and adding all the ends to the tree we obtain a nonmetric 
tree F, the universal dual graph. This nonmetric tree can in fact be equipped with 
with a parameterization and multiplicity function. These both derive from a com- 
binatorial procedure that to each element in F* attaches a vector (a, 6) g (N*)^, 
the Farey weight.^ A fundamental result fTheorem l6.22|l asserts that the universal 
dual graph equipped with the Farey parameterization is canonically isomorphic to 
the valuative tree with the thinness parameterization, and that this isomorphism 
preserves multiplicity. 

As we mentioned above, singularities can be understood through functions 
on the valuative tree. It is a remarkable fact that the information carried by 
these functions can also be described in terms of complex measures on V. Let 
us be more precise. In the case of an ideal I C R, the function on V is given by 
gi{v) := 1^(1), and the measure pi is a positive atomic measure supported on the 
Rees valuations of /. This decomposition into atoms of pi corresponds exactly to 
the Zariski decomposition of / into simple complete ideals. 

In |F.T1| . we shall show that a plurisubharmonic function u also determines 
a function g„ on V. The corresponding measure p„, which is still positive but 
not necessarily atomic, captures essential information on the singularity of u. In 



'We followed the terminology already used in IHPI . 
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particular, we shall show in |F.T2| that pu determines the multiplier ideals of all 
multiples of u. 

The identifications gi <-> pi and gu <-> Pu are particular instances of a general 
correspondence between measures on V and certain functions on Vq,n- In fact, 
this correspondence, being purely tree-theoretic in nature, is even more general, 
and extends the equivalence between positive measures and suitably normalized 
concave functions on the real line. By analogy, we thus write pi = Ag/, p„ = Ag^ 
and speak about the Laplace operator A on the valuative tree. 

There is a second instance where complex measures on V naturally appear, 
namely when we study the sheaf cohomology of the voute etoilee X. In our setting 
X can be viewed as the total space of the set of all blowups above the origin. Ele- 
ments of H^(X, C) naturally define functions on V, and their Laplacians are atomic 
measures supported on divisorial valuations. The cup product on cohomology has 
a natural interpretation as an inner product on measures. This inner product is a 
bilinear extension of an inner product on the valuative tree itself, and ultimately 
derives from intersections of curves. 

As mentioned above, the assumption that R be the ring of formal power series 
in two complex variables is unnecessarily restrictive. While we refer to Appendix IeI 
for a precise discussion, we mention here that our analysis goes through in two 
important cases; the ring of holomorphic germs at the origin in C^, and the local 
ring at a smooth (closed) point of an algebraic surface over an algebraically closed 
field. 

In order to make the monograph accessible to non-experts in singularity theory, 
we have tried to keep the exposition as self-contained as possible. This is in fact 
one of the main reasons for always working in the context of complex formal power 
series. 

We remark that a fair amount of the structure of the valuative tree is implicitly 
contained in the analysis by Spivakovsky |Sp| . However, our approach is quite 
different from his; in particular we do not use continued fractions. A tree structure 
was also described in a context similar to ours in |AA| . but without any explicit 
reference to valuations. 

Finally, the main applications of the tree structure on the valuative tree to 
analysis and dynamics will be explored in forthcoming papers: see |F.Tlj . |F.T2j . 
and |FJ3|. 

We end this introduction by indicating the organization of the monograph, 
which is divided into eight chapters and an appendix. 

In the first chapter we give basic definitions, examples and results on valua- 
tions. In particular we describe the relationship between valuations and sequences 
of infinitely nearby points (in dimension two) . 

Chapter 13 is technical in nature. We encode valuations by finite or countable 
pieces of data that we call sequences of key polynomials, or SKP's. This encoding is 
an adaptation of a method by MacLane [Maj , the possibility of which was indicated 
to us by B. Teissier. An SKP (or at least a subsequence of it) corresponds to 
generating polynomials and approximate roots in the language of Spivakovsky |Sp| 
and Abhyankar-Moh |AM| , respectively. We are thus able to classify valuations on 
R. This classification is well-known to specialists (see 'ZS2 , Spl for instance) but 
we feel that our concrete approach is of independent interest. The representation 
of valuations by SKP's is the key to the tree structure on the valuative tree. 
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The third chapter concerns trees. Our main goal is to visuahze the encoding by 
SKP's in an elegant and coordinate free way. We first discuss different definitions 
of trees and the relations between them. Using SKP's we then show that valuation 
space V does carry an intricate tree structure that we later in the chapter analyze 
in detail. 

As an alternative to SKP's, Chapter 0] contains an approach to the tree struc- 
ture on V through Puiseux series. The results can be interpreted in the language 
of Berkovich. Specifically we indicate how the valuative tree embeds inside the 
Berkovich projective line and Bruhat-Tits building of PGL2 over the local field of 
Laurent series in one variable. In fact, most of these results are at least implicitly 
contained in |Be| but we felt it was worthwhile to write down the details. 

In Chapter El we analyze and compare different topologies on the valuative 
tree. The definition of a valuation as a function on R, as well as the tree structure 
on V, gives rise to three types of topologies: the weak, the strong and the thin 
topology. In addition, we have two topologies on Vk'- the Zariski topology and 
the Hausdorff-Zariski (or HZ) topology. As mentioned above, the former gives rise 
to the weak topology on V through the quotient construction. The HZ topology 
is in fact equivalent to the weak tree topology induced by a natural discrete tree 
structure on Vk- 

In Chaptcr|niwe build the universal dual graph described above, and show how 
to identify it with the valuative tree. The fact that valuations can be simultane- 
ously viewed algebraically as functions on R and geometrically in terms of blowups 
is extremely powerful and we spend a fair amount of time detailing some of the 
connections and implications. In particular, we show that the valuation space has 
a natural self-similar, or fractal, structure, see Figure 15. Ill 

Chapter Ul is concerned with the relationship between measures on V and cer- 
tain classes of functions on Vqm. The analysis is purely tree-theoretic and gives a 
connection between (complex) measures on a parameterized tree and functions on 
the (interior of the) tree satisfying certain regularity properties. Apart from being 
of independent interest, this analysis is fundamental to many applications. 

In Chapteril we describe two instances where these measures appear naturally. 
First we reinterpret in our context Zariski's theory of simple complete ideals as 
explained in [ZS2] . This gives a new point of view on the decomposition of any 
integrally closed ideal as a product of simple ideals. We then construct Hironaka's 
"voiite etoilee" X as the projective limit of the total spaces of all sequences of blow- 
ups above the origin. We use measures on V to understand the structure of the 
sheaf cohomology group H^{X, C). 

Finally we conclude this monograph by an appendix containing a few results 
and discussions that did not find a natural home elsewhere in the monograph. 
Specifically, we discuss infinitely singular valuations; analyze the tangent space at 
a divisorial valuation; give tables summarizing the classification of valuations on R 
from different points of view; present a short dictionary between our terminology 
and the more standard terminology from the theory of singular plane curves; and 
finally discuss what the essential assumptions are on the ring R. 

Acknowledgment. The first author wishes to warmly thank Bernard Teissier 
for his constant support and help, and Patrick Popescu-Pampu, Mark Spivakovsky 
and Michel Vaquie for fruitful discussions. The second author extends his gratitude 
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CHAPTER 1 



Generalities 

In this chapter we give basic results on valuations. For definiteness we mostly 
restrict our attention to the ring of formal power series in two complex variables. 

We distinguish between valuations and Krull valuations^ . Valuations will al- 
ways be RU{cxd} valued, whereas Krull valuations take values in an abstract totally 
ordered group. This distinction may seem unnatural but is useful for our purposes. 

We start in Sections [TTI O and [O] by giving precise definitions and noting 
basic facts on valuations and Krull valuations. Most of this is standard and can be 
found in our main references which are ^^2^ and ^Va. : see also jSp . However, we 
avoid using any deep facts from valuation theory and we have tried to make the 
exposition as self-contained as possible. 

As local formal curves play an important role in our study, we spend some time 
discussing them in Section IT"^ 

Then we try to give a "road map" to the valuative landscape before embarking 
on the journey through it in subsequent chapters. More precisely, we discuss in 
Section n~51 six classes of Krull valuations that we shall later show form a complete 
list. The purpose of the discussion is to give the non-expert reader a feeling for the 
different valuations that will later appear in the monograph in various disguises. 

We also try to give some analytic interpretations to valuations whenever pos- 
sible. For example, when applied to holomorphic germs, valuations often give the 
the order of vanishing at the origin along a particular approach. When applied 
to plurisubharmonic functions, many valuations can be viewed as Lelong numbers, 
(pushforward of) Kiselman numbers, or generalized Lelong numbers. While these 
remarks are for the most part not necessary for the purposes of the current mono- 
graph, they are important for the applications. 

In Section 11.61 we make a precise comparison between valuations and Krull 
valuations. Finally, Section [TTTI contains a discussion of Zariski's correspondence 
between Krull valuations and sequences of infinitely nearby points. 

1.1. Setup 

Unless otherwise stated, R will denote the ring of formal power series in two 
complex variables. This assumption on R can be relaxed somewhat for the analysis 
in this monograph; see Appendix El for a discussion. Suffice it to say here that our 
method works for the ring of holomorphic germs at the origin in C^, and for the 
local ring at a smooth (closed) point of an algebraic surface over an algebraically 
closed field. Certainly, most of the background results presented in this chapter 
hold in a quite general context. 



This is not standard terminology but will be used throughout the monograph. 
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1. GENERALITIES 



As is both convenient and customary (see |Te3j ) we sometimes "ignore" the fact 
that the power series in R are not necessarily convergent. Thus, rather than talking 
about Speci? we most often write (C^, 0) and view the elements of R as functions 
on the latter space. In the same vein, we talk about local coordinates {x, y) (rather 
than regular parameters) and local formal mappings / : (C^,0) (C^,0) (rather 
than endomorphisms of R). 

The ring R is local, with unique maximal ideal m. If (x, y) are local coordinates, 
then R = C[[x, y\\ and m = xR + yR. We let K denote the fraction field of R. 

1.2. Valuations 

Denote the set of nonnegative real numbers by R+. Set R_|- := R+ U {oo}, 
extending the addition, multiplication and order on R+ to R+ in the usual way. 

Definition 1.1. A valuation on i? is a nonconstant function v : R^ R+ with: 

(VI) v{(j)i)) = + for aU (t),ip e R; 

(V2) 1/(0 + V) > min{zy((/)), z/(-0)} for aU (t),Tp £ R; 

(V3) 1/(1) = 0. 

Remark 1.2. For applications to analysis and dynamics it is useful to think 
of a valuation as an order of vanishing at the origin along a particular approach 
direction. See the examples in Section [Ql below. 

From the definition we see that j/(0) = oo and i/jc = 0. The set p {0 e 
R ; v{4>) = oo} is a prime ideal in R; we say v is proper if p C m. It is centered if 
it is proper and if v(m) := min{;/((/)) ; € m} > 0. Two centered valuations i>i, i>2 
are equivalent, vi ~ 1^2, if vi ~ Cv2 for some constant C > 0. 

We denote by V the set of all centered valuations on R. The primary object of 
study in this monograph will be quotient of V by the equivalence relation ~. We 
call it valuation space for the time being, although we shall later give it the name 
the valuative tree as it possesses a tree structure. 

Notice that V is naturally a sort of bundle over V/ ~ with fibers isomorphic to 
the real interval (0,oo). For our purposes it will be important to pick a section of 
this bundle, or, what amounts to the same thing, view V/ ~ as a subset of V singled 
out by a normalizing condition. There are several possible normalizations. One is 
to pick any element a; £ tn that defines a smooth curve {x = 0} and demand that 
^{x) = 1. This is useful in cases where the curve {x = 0} is naturally given, e.g. 
when it is an irreducible component of the exceptional divisor of some composition 
of blowups. We thus define Vx to be the set of centered valuations v on R satisfying 
v{x) — 1.^ We shall explore this space further in Section IXHI 

However, the most important normalization in this monograph will be i/(tn) = 
1, i.e. min{i/(a;), i^iy)} = 1 for any local coordinates (cc, y). We will then say that v is 
normalized. This normalization has the advantage of being coordinate independent. 
We define V as the set of centered valuations v normalized by i'{m) — 1. 

We endow V, V and Vx with the weak topology: if Vk, v are valuations in V (V, 
Vx), then Vk V in V (V, V^;) iff Vki't') ^ ^{4') fc"' 4> ^ R- As we will see later, 
the weak topologies on V and Vx are induced by tree structures. 



'In fact we shall later add to this space one valuation which is not centered: see Section!^ 
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Finally V, V and Vx come with natural partial ordcrings: i^i < i>2 iff < 
j^2(0) for all 4> E R. Again, the partial orderings on V and Vx arise from tree 
structures. 

1.3. Krull valuations 

We now introduce Krull valuations.'^ They are defined in the same way as 
valuations, except that we replace R_|_ with a general totally ordered group. We 
shall analyze to what extent this really makes a difference in Section ll. HI 

Definition 1.3. Let F be a totally ordered abelian group. A Krull valuation 
on i? is a function i' : R \ {0} F satisfying (V1)-(V3) above. 

A Krull valuation is centered if > on i? and > on m. Two Krull 
valuations i^i : i? — > Fi, z/2 : i? — > F2 are equivalent if ho ui —1^2 for some strictly 
increasing homomorphism ft, : Fi F2. Any Krull valuation extends naturally to 
the fraction field K oi Rhy v{4)/il}) = y{4i) — i^iip)- 

A valuation ring S* is a local ring with fraction field K such that x S K* 
implies x G S 01 x^^ £ S. Say that x,y £ S are equivalent iff xy^^ is a unit 
in S. The quotient F5 is endowed with a natural total order given by a; > y iff 
xy^^ e xns = maxS*. The projection 5 — > F5 then extends to a Krull valuation 
vs -.K ^ F5. 

Conversely, if is a centered Krull valuation, then R^ :— {4> E K ; > 0} 

is a valuation ring with maximal ideal := {(j) ; I'ict)) > 0}. One can show that 
v is equivalent to defined above. In particular, two Krull valuations v' are 
equivalent iff i?^ = R^> . 

We let Vk be the set of all centered Krull valuations, and Vk be the quotient 
of Vk by the equivalence relation. Equivalently, Vk is the set of valuation rings S 
in K whose maximal ideal mg satisfies R n ms — tn. 

The group I'iK) is called the value group of similarly iy{R) is the value 
semigroup. 

A classical way to analyze a Krull valuation is through its numerical invariants. 

Definition 1.4. Let : i? — > F be a centered Krull valuation. 

• The rank rk(z^) of v is the Krull dimension of the ring R^. 

• The rational rank of v is defined by. rat. rk(i^) := diuiQ(v(K) (g)z Q) 

• The transcendence degree tr. deg(z^) of v is defined as follows. Since i' is 
centered, we have a natural inclusion C = R/m C k,^ := R^/m,j. The field 
fcy is called the residue field of u. We let tr. Aeg{v) be the transcendence 
degree of this field extension. 

One can show that rk(i^) is the least integer / so that v{K) can be embedded as 
an ordered group into (R',+) endowed with the lexicographic order. Hence both 
rk(i/) and rat. rk(i^) depend only on the value group v{K) of the valuation. We will 
later give a geometric interpretation of tr. deg(i^) (see Remark ll.ll|l . 



The reader mainly interested in the analytic applications of valuations may skip this section 
on a first reading. 
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The main relation between these numerical invariants is given by Abhyankar's 
inequalities,'* which assert that: 

rk(j/) +tr. deg(i/) < rat.rk(j^) + tr. deg(i^) < dimi? = 2. (1.1) 

Moreover, if rat.rk(i/) + tr. deg(i/) — 2, then i^{K) is isomorphic (as a group) 
to with e = rat.rk(i^). When rk(i/) + tr. deg(i^) — 2, viK) is isomorphic as an 
ordered group to endowed with the lexicographic order. 

To v we associate a graded ring gT^R — ®reT{i^ > ''}/{^ > It is in 
bijection with equivalence classes of R under the equivalence relation (j) = ip modulo 
V iff v{(\) — ip) > ^{(j)). We have cj) ■ Tp = (p ■ ip in gr^^ R for any </), -0 S i?. 

Any formal mapping / : (C^,0) — > (C^,0) induces a ring homomorphism /* : 
R R. The latter in turn induces actions on V and Vk given by f*v((j3) = v{f*4>). 
When / is invertible /» is a bijection and preserves all three invariants rk, rat.rk 
and tr. deg defined above. It also restricts to a bijection on V preserving the natural 
partial order: f*v < f*v' as soon as < i^'. 

1.4. Plane curves 

Curves play a key role in our approach to valuations. Indeed, we shall later 
see that "most" valuations can be seen as balls of irreducible curves in a particular 
metric. Here we recall a few classical results regarding plane curves: see |Te3| for 
details. 

Recall that R is the ring of formal power series in two complex variables. Thus a 
curve C for us is simply an equivalence class of elements e m, where two elements 
are equivalent if they differ by multiplication by a unit in i?, i.e. by an element of 
R\m. We write C = {0 = 0} even though (j) is not necessarily a convergent power 
series (see Section ll.l|l and say that the curve is represented by cj). 

The multiplicity m{C) of a curve C = {0 = 0} is defined by m{C) — m{(j)) — 
max{n ; (p G tn"}; this does not depend on the choice of </>. Recall that i? is a 
unique factorization domain. A curve is reduced if it is represented by an element 
of m without repeated irreducible factors. It is irreducible if it is represented by an 
irreducible element of m. 

Any irreducible curve C admits a parameterization as follows. Pick local coordi- 
nates {x, y) such that C is transverse to the curve {x — 0}, i.e. if C = {4>{x, y) = 0}, 
then 0(0, y) is a formal power series in y whose lowest order term has degree 
m = m{C). Then there exists a formal power series y{t) e C[[t]] such that 
0(t'",y(t)) =0. 

The intersection multiplicity of two curves C — {(j) = 0} and D — {-tp = 0} is 
defined hy C ■ D = dime R/ {(f>,ip) , where {(p,ip) denotes the ideal of R generated 
by (j) and ip; this intersection multiplicity does not depend on the choice of (p and 
ip. We sometimes write </> • ip for {(p — 0} ■ {ip = 0}. Then cp ■ ip = oo iS cp and ip 
have a common irreducible factor. 

The intersection multiplicity can also be computed in terms of parameteriza- 
tions. Suppose C is an irreducible curve, (x, y) are coordinates such that C is 
transverse to {x = 0} and {x,y) = {t"^,y{t)) is a parameterization of C. Then for 
any curve D = {ip = 0} we have that C • -D is the lowest order term in the formal 



^Although we shall not prove this formula, one may use results from Chapter |^to do so (see 
Theorems lOsl . 
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power series ip{t™, y{t)) e C[[t]]. In particular when D is smooth and transverse to 
C then C- £> = m(C). 

1.5. Examples of valuations 

It is now time to present examples of valuations and KruU valuations. In fact, 
the list that we give below is complete, but that will only be proved in Chapter El 
see also Appendix |0 The purpose of presenting the list below is not so much 
to give precise definitions, but rather to introduce some notation and give a road 
map to the valuative landscape that lies ahead. In particular we do not hesitate to 
mention features that are not obvious from the definitions. 

We also give some hints to how the valuations can be interpreted analytically 
when applied to holomorphic germs or even to plurisubharmonic functions. This 
analytic point of view is not strictly necessary for anything that we do in this 
monograph, but hopefully serves to add to the reader's intuition and explain how 
valuations can be used in applications such as in |FJ1| jFJ2) . 

1.5.1. The multiplicity valuation. The function 

J^mi4') ■= max{fc ; G m'^}, 
defines both a normalized valuation and a KruU valuation. Wc call it the multiplicity 
valuation. Notice that i'm{(t') — is the multiplicity of the curve {0 = 0} as 

defined in Section lOI 

The multiplicity valuation is the root of the valuative tree in the sense that it is 
the minimal element under the partial ordering defined above. See Proposition lH .201 

The numerical invariants are easy to compute (alternatively see Theorem l2.28ll . 
Clearly I'miK) = Z so rk(fm) = rat.rk(t'm) = 1. It is not hard to see that the 
residue field is given by k^, ~ C{y/x), where {x,y) are local coordinates. Hence 
tr.deg(i/m) = 1. 

Analytically, the multiplicity valuation can be interpreted as the order of van- 
ishing at the origin: if </> is a holomorphic germ, then 

Vm{(t)) = lim -r^ sup log 101, (1.2) 

logr B(r) 

where B{r) is a ball of radius r centered at the origin. In fact, this equation makes 
sense even when log \ is replaced by a plurisubharmonic function u and recovers 
the belong number De of u at the origin. 

1.5.2. Monomial valuations. Fix local coordinates (x, y) and a > 1. Define 

a valuation Uy^a as follows:^ Vy^a{x) — 1, Vy.aiy) — oi and 

t^y,a(0) := min{i + aj ; a^- ^ 0}, 

for = X] o.ijX^y'' ■ Then Vy^a is a valuation and a KruU valuation: we say that Vy^a 
is monomial in the coordinates {x,y). 

In general, a valuation i' is monomial if it is monomial in some local coordinates 
{x,y). Notice that since a > 1, Uy_a is normalized in the sense that ^'^.^(m) — 1. If 
a = 1, then Vy ^ = Vm is the multiplicity valuation. 

A monomial valuation has numerical invariants given as follows (see Theo- 
rem I2.2(j|) . We have ik{uy^a) = 1 for any a. When a G Q, tr. deg(i^j,^Q,) — 1 and 
rat. rk(i/j,_ct) = 1; when a ^ Q, tr. deg(i^y^Q.) = and rat. r'k{vy,a) = 2. 

^We will see later that i^y^a does not depend on the choice of the other coordinate x. 
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■y,Q(0) = lim TTTT ™P log|0|, (1.3) 



Monomial valuations have the following analytic interpretation. Assume {x,y) 
are holomorphic coordinates (this is in fact not a restriction as we may perturb x 
and y slightly without changing v). If (/> is a holomorphic germ then 

1 

*0 ^Ogr \x\<r,\y\<r 

As before, this equation makes sense even when log \ (j)\ is replaced by a plurisub- 
harmonic function u and recovers the Kiselman number |De | of u (with weights 
(a, 1)) at the origin.^ 

1.5.3. Divisorial valuations. If C = {V' = 0} is an irreducible curve, then 
divc(0) := max{fc ; ■0'' I 0} 

defines a valuation on R. In other words, dive is the order of vanishing along C. 
Notice that such a valuation is not centered, but it is the basis for a whole class of 
centered valuations defined as follows. 

Consider a birational morphism ir : X ^ (C^,0). This means that X is a 
smooth complex surface, tt is holomorphic and proper, and tt is a biholomorphism 
outside the exceptional divisor 7r~-'^(0). It is a classical theorem of Zariski that 
such a TT is a composition of point blowups. Let E be an irreducible component of 
the exceptional divisor. In the sequel, we sometimes refer to such a divisor as an 
exceptional component. There is then a unique integer b — bs > such that 

i^e{4') b^^ div£;(7r*0) 

defines a normalized valuation (and a KruU valuation) on R, called a divisorial 
valuation. Thus bs '^e{4>) is the order of vanishing of the puUback 7r*0 along E. 

The multiplicity valuation Vm is divisorial, with n : X ^ (C^, 0) being a single 
blowup of the origin, E = 7r-^(0) and bs = 1. 

The numerical invariants of ve are given as follows: rk(i^£;) — rat.rk(^'£) = 1 
and tr. deg(j/£) — 1. In fact the residue field of v is canonically isomorphic to the 
field of rational functions on E: to the class of e if is associated the rational 
function Tr*cj)\E- 

Any valuation with the invariants above is in fact divisorial (see fZS2', p.89]). 
We shall give an argument below: see Proposition II . 1 ^ In particular a monomial 
valuation i/j, q, is divisorial iff a € Q. 

As we will show (Proposition 13.20(1 , a divisorial valuation ve constitutes a 
branch point in the valuative tree. The tree tangent space at ve, i-e. the set of 
branches emanating from i^e, is naturally in bijection with the set of points on E 
(Theorem IBT|) . 

Analytically, divisorial valuations can be interpreted as follows. If C is a holo- 
morphic curve and (f> a holomorphic germ, then divc((/)) is the order of vanishing 
of at a generic point of C. Similarly, bE ve{<P) the order of vanishing of 7r*0 at a 
generic point of E. 

These interpretations generalize to plurisubharmonic functions u (an example 
is u = log 101 for a holomorphic germ (f). If C is a holomorphic curve, then divc(M) 
is the Lelong number of u at a generic point of C, or equivalently the (normalized) 
mass of the current d(Pu on C. Similarly, bEi^Eiu) is both the Lelong number of 



"Kiselman numbers are also sometimes called directional Lelong numbers. 
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■K*u at a generic point of E and the normalized mass of the puUback ■K*dd'^u along 
E. 

Divisorial valuations are special cases of quasimonomial valuations, to be dis- 
cussed next. This gives yet another analytic interpretation. 

1.5.4. Quasimonomial valuations. As in the definition of a divisorial val- 
uation above, consider a birational morphism tt : X ^ (C^,0) and an exceptional 
component E C 7r~^(0). Pick a point p £ E and let /i be a monomial valuation at 
p. The image v = 1:1^11 defined by ^{(1)) = /i(7r*0) is a quasimonomial valuation. Its 
numerical invariants are the same as those of ^ (see Theorem l2.28f) . In particular, 
quasimonomial valuations for which the the second inequality in Hl.l|l above is an 
equality. Such valuations were called rank one Abhyankar valuations in (ELS] . 
Conversely, any rank one Abhyankar valuation is a quasimonomial valuation, see 
Theorem E2H1 

Beware that we will use an alternative definition of quasimonomial valuations 
in Sect ion and it will take until Chapter |2| before we see that the two definitions 
are equivalent. 

Any divisorial valuation is quasimonomial. A quasimonomial valuation that 
is not divisorial is called irrational. Such a valuation has numerical invariants 
r\{v) = 1, rat. vk{v) = 2 and tr. Aegiv) = 0, see Theorem 

We already observed that divisorial valuations are branch points in the valuative 
tree. The irrational valuations are regular points in the sense that there are exactly 
two branches emanating from each such point. See Proposition 18 .2(11 In fact, the 
quasimonomial valuations are exactly the points in the valuative tree that are not 
ends. The set of quasimonomial valuations therefore constitute a subtree Vqm of V. 

Quasimonomial valuations are useful for applications as they can be interpreted 
as the order of vanishing at the origin along a particular approach direction. More 
precisely, we can associate to any quasimonomial valuation v a characteristic region 
of the form 

n{r) = {{x,y) e C2 ; \x\ < r, < 1^1*"} C C^. 

Here G m is an irreducible holomorphic germ, (x, y) are local (holomorphic) 
coordinates such that the curves {x — 0} and {4> ~ 0} are transverse, m = m{(j)) 
is the multiplicity of and t > 1. For r > small, the region ri(r) is a small 
neighborhood of the curve {(j) — 0} with the origin removed. See Figure 18.51 on 
pageinni Then v[il^) is given by 

i'{'4') = hm ^ sup log IV'I- (1-4) 

r^O logr n(r) 

In fact, this limit exists even when log IV'I is replaced by a general plurisubharmonic 
function, and this is the basis for the valuative study of singularities of plurisub- 
harmonic functions. The fact that a quasimonomial valuation is the pushforward 
of a monomial valuation means that, analytically, a quasimonomial valuation is the 
pushforward of a Kiselman number. 

1.5.5. Curve valuations. Any irreducible curve defines a valuation by in- 
tersection. More precisely, let C be an irreducible curve of multiplicity m{C) and 
define 
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using the intersection multiplicity between curves as defined in Section 1 1.41 Then 
i^c is a centered valuation on R and normalized in the sense that i'c(Tn) = 1. We 
call vc a curve valuation. If C = {0 = 0} then we also write i>c = Vrj,. Notice that 
^(p{4') = oo iff divides ip. 

Curve valuations will play a very important role in our approach. Indeed, 
a quasimonomial valuation can be accurately understood in terms of the curve 
valuations that dominate it. This explains Spivakovsky's observation |Sp| that the 
classification of valuations and curves is essentially the same, see Section 

If the curve C is holomorphic, then the value of on a holomorphic germ tp 
can be interpreted as the (normalized) order of vanishing of ^ at the origin of the 
restriction tp\c', compare ()1.4|l . 

As a curve valuation vc = i^4> can take infinite values, it is not strictly speaking 
a KruU valuation, but it can be turned into one as follows. For ip G R, write 
tp = (p^ip with k E N, ip prime with (f>, and define 

Then v'^j — i/'^ is a. centered Krull valuation, where Z x Q is lexicographically or- 
dered. The numerical invariants ofv^ are rk(^'p) = rat. rk(j/p) — 2 and tr. deg(^'p) — 
(use ((TTI or see Theorem IT^ . 

1.5.6. Exceptional curve valuations. Consider a birational morphisni tt : 
X (C'^, 0) as above and a curve valuation /i at a point p on the exceptional divisor 
7r~^(0). If the corresponding curve is not contained in the exceptional divisor, then 
the pushforward of /i under n is proportional to the curve valuation at the image 
curve. 

If the curve is instead an irreducible component E of the exceptional divisor, 
then the pushforward of the curve valuation is not proper. However, the pushfor- 
ward of the corresponding Krull valuation gives a new type of Krull valuation. 

Let div^ denote the order of vanishing along E and £ V the normalized 
divisorial valuation as in Section Fl. 5. 31 Pick local coordinates (z, w) at p such that 
E ^ {z ^ 0}. For (j) e R write 7r*0 = z'i'^^t''*'^)^, where ^ £ C[[z,'ii;]]. Thus 
iIj{Q,w) — w^'ip{w), where 1 < fc < cx3 and w \'il>. Then 

VE,p{(f)) {vE{<l>),k) e Z X Z 

defines a centered Krull valuation called an exceptional curve valuation. Its nu- 
merical invariants are the same as those of a curve valuation, i.e. vV{i'E,p) — 
rat. rk(z/B,p) — 2 and tr. degivE.p) — 0. 

As we shall see in Lemma 11.51 the exceptional curve valuations are exactly 
the Krull valuations that are not valuations. They are therefore not points in the 
valuative tree, but can be interpreted as tangent vectors at divisorial valuations. 
See Appendix IbI 

1.5.7. Infinitely singular valuations. The remaining centered valuations 
on R are infinitely singular valuations. We shall define them in Section 12.21 but 
they can be characterized in a number of equivalent ways. One way is through 
their numerical invariants: rat.rk = rk = 1 and tr. deg = (see Theorem 12.2811 . 
Another way is to say that their value (semi)groups are not finitely generated. 
Examples of valuations with this latter property are given in jZS2l p.102-104]. 

Yet another, perhaps more illustrative, way is through Puiseux series. Namely, 
any (normalized) infinitely singular valuation v is represented by a (generalized) 
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Puiseux series (p as follows. Pick local coordinates {x^y) such that v{x) — 1, 
^{y) > 1- Then is a series of the form = Y^^=i o-jX^^ where Oj € C* and 
(/%)i° ^ strictly increasing sequence of positive rational numbers with unbounded 
denominators. If = '4'{x^ y) G m, then ip{x^ (j)) defines a series of the same form 
and i^(V') is the minimum order of the terms in this series. 

See Chapter^lfor details on the Puiseux point of view and AppendixIXlfor even 
more characterizations of infinitely singular valuations. In terms of the valuative 
tree, the infinitely singular valuations are ends, sharing the latter property with 
the curve valuations. In a way, the infinitely singular valuations can be viewed as 
curve valuations associated to "curves" of infinite multiplicity.'' 

Infinitely singular valuations are nontrivial to interpret analytically, but they 
can sometimes be understood as a generalized Lelong number in the sense of De- 
mailly, with respect to a plurisubharmonic weight (De) . 

1.6. Valuations versus Krull valuations 

As we have made a point of distinguishing between valuations and Krull valu- 
ations, it is reasonable to ask what the relation is between the two concepts.^ 

In order to understand the situation we will make use of the following result, 
whose proof is postponed until the end of the section. 

Lemma 1.5. Let /i, he non-trivial Krull valuations on R with R C i?^ C R^. 
Then either v ^ ve is divisorial and fi ~ i^E,p is o,n exceptional curve valuation; or 
there exists a curve C such that fi ^ i>'(j is a curve valuation and v ^ divc. 

First consider a centered valuation v : R —* R+. In order to see whether or 
not it defines a Krull valuation we consider the prime ideal p — \v = (X)\. Asi^is 
proper, p C m, so either p = (0) or p = (0) for an irreducible G m. 

When p = (0) , defines a Krull valuation whose value group is included in R. 
In particular rk(i/) = 1. When p — (0) is nontrivial, we may define a Krull valuation 
krull[i^] : i? ^ Z X R as in Section Fl. 5. 51 Namely, for G R, write ip = (j>''ip with 
fc € N, '0 prime with 0, and set krull[z^] (0) = (fc,z^(0)). Then Lemma |l. 51 applies 
to the pair krull[i/], div^. This shows that krull[z^] is the associated Krull valuation 
i/^. As a consequence, v is equivalent to the curve valuation ly^. 

It is straightforward to check that if two valuations give rise to equivalent 
Krull valuations, then the valuations are themselves equivalent. In particular we 
may define the numerical invariants rk, rat. rk and tr. deg for all valuations. 

Conversely, pick a Krull valuation v. Let us see if it arises from a valuation by 
the preceding procedure. 

When rk(z/) = 1 i.e. when p := {ly — oo} = (0), the value group i^iK) of can 
be embedded (as an ordered group) in (R, +) so that v defines a valuation. When 
rk(i^) = 2, two cases may appear. 

(1) There are non-units 0i, 0oo G R with ni'{<j)i) < j^(0oo) for all n > 0. Then 

p := {(j) e R ; nv{(j)i) < for aU n > 0} 

is a proper prime ideal generated by an irreducible element we again denote by . 
We define a valuation i/q : R ^ R+ as follows. First set i^o(0i) — 1, and 2^0(0) = 00 

least this is the reason for their names. 
■^The reader mainly interested in the analytic applications of valuations may skip this section 
on a first reading. 
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for (pep. For any e i? \ p, let 

Uk '■= max{n G N ; rw{(j)i) < 

One checks that k'^Uk < {kiy^na < k^^Uk + k^^ - (^0^^ for all k,l >0. This 
implies that the sequence Uk/k converges towards a real number we define to be 
z^o (</>)■ The function vq is a valuation, and krull[z^o] is isomorphic to v. 

(2) For all non-units 0, ■0 G ^ there exists n > so that ni'{ip) > v{4)). In this 
case, there can be no valuation vq : R+ so that krull[i'o] ~ v. Let us show that 
V is an exceptional curve valuation. As rk = 2, we may assume J'(i?\{0}) C Rx R, 
and V = (i/Q, J^i). The function i/q : R\ {0} ^ R is also a KruU valuation, as v is 
and R X R is endowed with the lexicographic order. Since Ri, C R^^, Lemma |l. 51 
shows that vq is divisorial and v an exceptional curve valuation. 

We have hence proved 

Proposition 1.6. To any KruU valuation v which is not an exceptional curve 
valuation is associated a unique (up to equivalence) valuation i/q : R ^ R+ with 
krull[i/o] ~ v. 

Remark 1.7. In Section 1531 we shall strengthen this result and show that V, 
endowed with the weak topology, is homeomorphic to the quotient space resulting 
from Vk with the Zariski topology after having identified all exceptional curve 
valuations with their associated divisorial valuations. See Theorem 15. 241 

Proof of Lemma 11.51 Whereas we have tried to keep the monograph as self- 
contained as possible, the following proof does make use of some (well-known) 
results from the literature. Lemma 11.51 is only used to explain the connections 
between Krull valuations and valuations and is not necessary for obtaining most of 
the structure on the valuative tree. 

The proof goes as follows. As i?^ C R^, the ideal q := n Rfj, is prime, 
strictly included in i?^, and the quotient ring R^/c\ is a non-trivial valuation ring 
of the residue field k„ — Ru/mv. Conversely, a valuation k on the residue field ki, 
determines a unique valuation /i' on K with R^i C R^,^ and R^i /xni, fl R^' = R^- 
One says that n' is the composite valuation of ly and k. When the value group of 
v is isomorphic to Z, we have n'iip) — ^{ip)), where ip is the class of ip in k^, 

(see e.g. |Val p. 554]). 

Suppose v is centered. By Abhyankar's inequality Hl.l|l . tr. deg(i^) is either or 
1. In the first case, fc^ is isomorphic to C, which admits no nontrivial nonnegative 
valuation. Hence tr. deg(i/) = 1, v ve is divisorial and the valuation k defined 
above has rank 1. We may hence assume k{K) C R and /i = (i^, k) € R x R. 

Performing a suitable sequence of blow-ups and lifting the situation, one can 
suppose V = I'm, the multiplicity valuation. Assume i/(j/) > I'ix), or else switch the 
roles of X and y. Since \i ^ there exists a unique e C for which — 9x) > 
/i(x). Then ^ is equivalent to the unique valuation sending x to (1, 0) and y — Ox 
to (1,1). This is the exceptional curve valuation attached to the exceptional curve 
obtained by blowing-up the origin once and at the point of intersection with the 
strict transform of {y — 9x = 0} . 

When v is not centered, the prime ideal R D is generated by an irreducible 
element cj) E m. Then i/ divc, where C — {cj) = 0}. The residue field fc^ is 
isomorphic to C((i)), on which there exists a unique (up to equivalence) nontrivial 
valuation vanishing on C* . Therefore fi is equivalent to the (Krull) curve valuation 
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Remark 1.8. Let v he a. divisorial valuation on R, and pick two KruU valua- 
tions /ii,/i2 such that Rf^. C i?^ for i = 1,2. Then i?^^ = i?^^ iff one can find an 
element € m^j n m^i^ such that = 0. 

To see this, first note that the proof implies that i?^^ ~ R^.^ iff the valuation 
rings Si :— Rf^J{mi, n R^^) coincide for i — 1,2 inside k^. But is isomorphic to 
C(T) so the two valuations rings coincide iff their maximal ideals intersect. This 
happens iff there exists ^ G m^^ n m^^ such that v{i}) = 0. 

1.7. Sequences of blow-ups and Krull valuations 

So far we have defined (Krull) valuations as functions on the ring R satisfying 
certain conditions. Let us now describe the geometric point of view of valuations 
developed by Zariski (see IZS2. p. 122], | Va| ) . This point of view will be exploited 
systematically in Chapter El as a geometric approach to the valuative tree. 

We start by a naive approach. Let v G Vk be a centered Krull valuation on 
R. Fix local coordinates {x,y) so that R — C[[x,y\]. Assume v{y) > v{x). Then 
> on the larger ring R[y/x\ C K and := {(f) E R[y/x] ; > 0} is a prime 
ideal containing x. 

When = (x), the value i^(0) for e R[y/x] is proportional to the order of 
vanishing of along x. Thus v — i>m the multiplicity valuation. Otherwise Z^, is 
of the form Z,y = [y/x — 0, x) where € C. Define Xi = x and yi = y/x — 0. Then 
1/ is a centered Krull valuation on the local ring C[[a;i,?/i]] D R. We have assumed 
'^{y) ^ but when iy{y) < i^{x) we get the same conclusion by exchanging the 

roles of X and y. The idea is now to iterate the procedure and organize the resulting 
information. 

A more geometric formulation of the construction above requires some termi- 
nology and is usually formulated in the language of schemes. If (i?i,mi), (-R2,Tn2) 
are local rings with common fraction field then we say that (i?i,mi) dominates 
(i?2, ^2) if ^1 ^ R2 and m2 = i?2 H mi. 

Definition 1.9. Let X be a (complete) scheme whose field of rational functions 
is K and let v he a Krull valuation on K with valuation ring R^. The center of i> 
in X is the unique (not necessarily closed) point x E X whose local ring Ox,x C K 
is dominated by R^. 

In our setting, the situation is quite concrete. The space X is the total space 
of a finite composition n : X (C^,0) of (point) blowups above the origin. There 
arc then two cases: 

(i) the center of in A" is an irreducible component E of the exceptional 
divisor 7r^^(0); in this case v is a divisorial valuation as in Section ri.5.31 
v{4>) is proportional to the order of vanishing of Tr*(j) along E for any 
(/) e i?; 

(ii) the center of in A is a (closed) point p on the exceptional divisor 7r~^(0); 
in this case the point p is characterized by the property that there exists 
a centered valuation ^ on the local ring Op at p such that v = iTt.fi; in 
other words, there exist local coordinates (z, w) at p and a valuation fi on 
the ring C[[z,w]] such that ii{z),^{w) > and ^{(j)) — /i(7r*(/)) for every 
(j)eR. 

We shall take this more concrete point of view in the sequel. 
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Again consider a centered KruU valuation v E Vk- The center of v in (C^,0) 
is the origin, which we denote by po (in the language of schemes, the center of u 
in Speci? is the maximal ideal m). Blow-up the origin: ttq : Xq (C^, 0), and let 
Eq = TrQ^{0) be the exceptional divisor. Consider the center of v in Xi. Either this 
is the exceptional component Eq, in which case v is equivalent to the multiplicity 
valuation, v u^, or the center is a unique point pi € Eq. 

In the latter case, v restricts to a centered KruU valuation on the local ring 
Op^ at pi (if we were to follow (ii), then we should write v = 7r*/i, where /i is a 
centered valuation on Op^, but we shall not do this here). Concretely, Op^ is of the 
form C[[a;i,yi]] above. The fraction field of Op^ is (isomorphic to) K, hence we 
can repeat the procedure. That is, wc blow-up pi: tti : Xi Xq, and consider the 
center of in Xi. This is either the exceptional divisor Ei = n^^{pi), in which case 
v ~ i^Ei is divisorial, or a unique closed point P2 G Iterating this, we obtain a 
sequence U.[h'] = {pj)^, < n < oo, of infinitely nearby points above the origin po. 

Conversely, let p = {Pj)^, < n < oo, be a sequence of infinitely nearby points 
above the origin. By definition, this means po is the origin ; ttq : Xq (C^,0) is 
the blowup of the origin with exceptional divisor Eq, and inductively, for j < n, 
TTj+i : Xj+i — !■ Xj is the blowup of a point Pj+i on the exceptional divisor Ej = 
TT~^{pj) of TT. Write -Kj := ttq o ■ ■ ■ o jij. 

Let us show how to associate a Krull valuation to p. In fact, rather than 
defining a Krull valuation directly, we shall define a valuation ring Rp C K. 

When n < oo, we declare cj) G Rp iff tt* is a regular function at a generic point 
on En- If n = oo, then (j) e Rp iff there exists j > 1 such that 7r*0 is regular at 
Pj+i (which implies that 7r^0 is regular at Pk+i for k > j). A direct check shows 
that Rp is a ring, and since any curve can be dcsingularized by a finite sequence of 
blow-ups, we get either (j) £ Rp or E Rp for any (t> G K* . Thus Rp is a valuation 
ring, and we denote by val[p] its associated Krull valuation. 

It is clear that the map p val[p] is injective. Let us indicate how to show 
that Ru[v] = Rv This will prove that the maps p — > val[p] and v n[t^] are 
inverse one to another. For sake of simplicity we suppose that T[\v\ = [pj] is an 
infinite sequence. Pick G Rv, i.e. v{4>) > 0. Write = 4>i/4>2 with 0g regular 
functions. For j large enough, the strict transform of {<j)e = 0}, e = 1, 2, is smooth 
at Pj+i and transverse to the exceptional divisor, or does not contain Pj+i- In 
local coordinates {z,w) at Pj+i, we therefore have TT*(p — z°'w^ x unit for large 
j. When a, 6 > 0, tt^^ is regular at Pj+i and we are done. When a, 6 < and 
ab (t>~^ lies in the maximal ideal of the ring Op-. By construction, this gives 
v{(j)) = —u{(f)~^) < 0, a contradiction. Finally when a > and 6 < 0, one goes one 
step further considering the lift of (j) to Pj+2- The coefficients (o, h) are replaced by 
(o, a + 6) or (6, a + 6). After finitely many steps, wc are hence in one of the two 
preceding situations. This proves that T^*(j) is regular at Pj+i for j sufficiently large, 
hence (j) S Rti[v]- Conversely, pick cj) S Rti[v]- For j large enough, 7r|0 is a regular 
function at Pj+i- By definition, the valuation ring associated to v at Pj+i contains 
Cpj+i- Hence (j) G Ru, which concludes the proof that i?n[i/] — Ru- 

Summing up, we have 

Theorem 1.10. The set Vk of centered Krull valuations modulo equivalence 

is in bijection with the set of sequences of infinitely nearby points. The bijection is 
given as follows: v G Vk corresponds to {pj) iff Rv dominates Op^ for all j. 
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Remark 1.11. The correspondence above is a particular case of a general 
result: see |ZS2I p. 122]. Moreover, the residue field ki, = R^/mi, of a valuation is 
isomorphic to the field of rational functions of the last exceptional divisor of the 
sequence n[i^]. In our case, either v is non-divisorial and ki, = C; ov v is divisorial 
and ki, ^ C(T) for some independent variable T. 

Theorem II . 101 yields the following characterization of divisorial valuations. 

Proposition 1.12. For any centered Krull valuation v G Va', the following 
three conditions are equivalent: 

• V is divisorial in the sense of Section \1.5.!A ' 

• its sequence of infinitely nearby points is finite; 

• tr. deg V = \ . 

Proof. It is clear that if the sequence of infinitely nearby points associated to 
a Krull valuation is finite, then the valuation is divisorial. We saw in Section [1.5.31 
that any divisorial valuation has transcendence degree 1. Finally, suppose the 
sequence T\[v] — (pj)"^ of infinitely nearby points associated to is infinite. We 
follow the notation of the proof of Theorem II. 101 Pick (p G R^\ m,^. Then 7r*0 is 
a regular function near Pj+i for j large enough. As (f) ^ m^, it is invertible in R^,, 
so we may suppose that 7r*0~^ is also regular at Pj+i by increasing j. This implies 
that (j) does not vanish at pj, so 4> = 4>{0) inside fc^ := i?j,/m^. The residue field of 
v is thus isomorphic to C, and tr. deg ly — 0. □ 

In several cases, we may interpret geometrically the sequence of infinitely nearby 
points associated to a Krull valuation. 

Example 1.13. When v — vc '^s a, curve valuation, then Il[v\ = (pj)o° is the 
sequence of infinitely nearby points associated to C. This sequence can be defined 
as follows: po is the origin and, inductively, pj+i is the intersection point of Ej and 
the strict transform of C under ttj. See Section 1^7^ and Table RTSl in Appendix O 
for more information on this sequence of infinitely nearby points. 

Example 1.14. li v ~ VE.p is an exceptional curve valuation, then — 
{pj)^, where X\[ue\ = [PjYo i Pjo+i = P and, inductively for j > jo, pj+i is the 
intersection point of Ej and the strict transform oi E = Ej^. See Appendix IbI 

Example 1.15. Let s > 1, and v = Vg the monomial valuation with v{x) = 1, 
— s. Then n[^'] is determined by the continued fractions expansion 

s = ai H \ = [[ai, 02, ...]], 

and in particular T\[v\ is finite iff the continued fractions expansion is finite, which 
happens iff s is rational. See |Sp| for details. 



CHAPTER 2 



MacLane's method 

We now do the preparatory work for obtaining the tree structure on valuation 
space. Namely, we show how to represent a valuation conveniently by a finite or 
countable sequence of polynomials and real numbers. In the next chapter we shall 
see how to visualize this encoding through the language of trees. 

Our approach is an adaptation of MacLane's method |Ma| and can be outlined 
as follows. Fix local coordinates {x, y). Pick a centered valuation v on R= C[[x, y]]. 
It corresponds uniquely to a valuation, still denoted v, on the Euclidean domain 
C(a:)[y]. Write Uq = x and Ui = y. The value Po — '^{Uq) determines v on C(a::) 
and the value /3i — i^(J7i) determines v on many polynomials in y. The idea is 
now to find a polynomial U2{x,y) of minimal degree in y such that P2 = i^{U2) is 
not determined by the previous data. Inductively we construct polynomials Uj and 
numbers (5j — v{Uj) which, as it turns out, represent v completely. 

More precisely we proceed as follows. First we define what data [{Uj); 
to use, namely sequences of key polynomials, or SKP's. These are introduced in 
Section ITTI where we also show how to associate a canonical valuation to an SKP. 
In Section IT^ we study such a valuation in detail, describing its graded ring and 
computing its numerical invariants. Then in Section 12.41 we show that in fact any 
valuation is associated to an SKP. Finally, in Section [2.51 we compute !/((/>) for 
g m irreducible in terms of the SKP's associated to v and the curve valuation v^j,. 
This computation is the key to parameterization of valuation space (by skewness) 
as described in Section POI 

We formulate almost all results for valuations rather than KruU valuations, but 
the method works for both classes. We leave it to the reader to make the suitable 
adaptation in the notation and statements. 

This chapter is quite technical in nature. A number of proofs require a fine 
combinatorial analysis and elaborate inductions. We shall later exploit two other 
approaches to the valuative tree: one based on Puiseux expansions (Chapter^]) and 
one based on the geometrical interpretation of valuations (ChapterEJ. The method 
by SKP's has, however, two advantages. First, it is purely algebraic and may thus 
be generalized to more general contexts, especially when C is replaced by a field of 
positive characteristic. Second, it is well adapted to global problems, for instance 
when analyzing singularities of plane curves at infinity in C^. These two points of 
view already appear in the work of Abhyankar-Moh on approximate roots, which 
are very closely related to SKP's. 

2.1. Sequences of key polynomials 

2.1.1. Key polynomials. Let us define the data we use to represent valua- 
tions. Fix local coordinates (x, y) for the rest of this chapter. 
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Definition 2.1. A sequence of polynomials {Uj)j^Q, 1 < A: < oo, in C[a;,2/] is 
called a sequence of key-polynomials (SKP) if it satisfies: 

(PO) Uo^x and Ui = y; 

(PI) to each polynomial Uj is attached a number f3j e R+ (not all oo) with 

i3j+i > Ujfij = mj,i(3i for 1 < j < k, (2.1) 

where nj G N* and nij^i G N satisfy, for j > 1 and I < I < j, 

Uj = min{Z G Z ; Z /3-,- € Z/3o H h Z/3j_i} and < mj^ < nf, (2.2) 

(P2) for 1 < j < fc there exists 9j e C* such that 

Uj+i = Uj' - 0j ■ C/"^'" • • • [/"Y"' (2-3) 
In the sequel, we call k the length of the SKP. 

Remark 2.2. If an abstract semi-group F is given, a sequence of polynomials 
satisfying (P0)-(P2) with /3j e F wiU be called a F-SKP. 

Remark 2.3. If {Uj)q is an SKP of length k>2, then are determined 

by /3o and (J7j)o- Conversely, given a sequence (/3j)i^^ satisfying (P2) and any 
sequence {Oj)i in C* there exists a unique associated SKP. Despite this redundancy 
we will typically write an SKP as [{Uj); {Pj)]- 

Lemma 2.4. For 1 < j < k, the polynomial Uj is irreducible and of Weierstrass 
form Uj = y"^^ + ai{x)y'^^^^ + • ■ • + adj{x) with a;(0) — for all I. Moreover, 
dj+i — Ujdj for 1 < j < k. 

Proof. The proof of all assertions is by induction. The fact that Uj is irre- 
ducible is not obvious and will follow from the proof of Theorem 12.81 We included 
this fact here for clarity. Let us show by induction on k that dj+i = ^jdj for 
I <j <k. 

By (|2.2|l and the induction hypothesis, we have rujj < ni — dij^^i/di, hence 
+ 1 < di+i/di as both sides are integers. We infer 

^mjjdi < l)*^; = - I < njdj, 

1=1 1=1 ' 

hence degy{Uj+i) — Ujdj. □ 

Although we shall not need the following lemma in this chapter, we include it 
here for convenience. Recall that m{(j)) denotes the multiplicity of (j) G R. 

Lemma 2.5. When /3i > (3o, m{Uj) = dj for j > 0. 

Proof. The proof goes by induction on j. For j — 1 the assertion is obvious 
as Ui = y and c?i = 1. For j = 2, U2 — y"^ — x"^^-° with ni/3i = mi^o/3o- As 
Pi > /3o, m{U2) = Til = di. 

Now assume j > 3. To prove m{Uj) = njm{Uj^i) it is sufficient to prove that 
''^jdj < J2o ^ iTT-j.idi- We have dj ~ Uj-idj-i and j3j > Uj-iPj-i hence Ujdj — 
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UjUj-idj-i < rijPjdj-i/Pj-i. Now nj(3-j = ^I^o ^ and /3j_i > • ■ - "OA 

for any I < j. Hence 

1=0 "j-i /=o 

This concludes the proof. □ 

Remark 2.6. In the notation of Zariski and Spivakovsky the sequence can 
be extracted from {f3j ) as follows. One has f3^ = j3ki where ki is defined inductively 
to be the smallest integer ki > ki-i so that n^. > 2. In the Abhyankar-Moh 
terminology jAM| . the t/fc. are the approximate roots of Uk- See Sections 13.51 
and 13. 71 and Appendix lUl for more details. 

We include a result of arithmetic nature which will be used repeatedly. 

Lemma 2.7. Assume Pq, . . . , (3k+i ore given so that for all j — 1, . . . , k one has 
/3j+i > UjPj with Hj := min{n g N* ; njSj € X^o^^ 2/3^}. Then for any j — 1, . . . ,k 
there exists a unique decomposition njPj = ^ rrijjPi where < rrij^i < ni for 
I ^ !,...,.]- I. 

Proof. By assumption there exist mi e Z with UjPj — J2o^^ rniPi. By Eu- 
clidean division, TOj-i = qj-iUj-i + r.j^i with < J'j-i < so by the fact that 
nj_i/3j_i G X^ ^ Z/3i we can suppose that < Wj-i < '^j-i- Inductively we get 
Q < mi < Ui for 1 < / < J. It remains to prove that toq > 0. Set S* = ^ m;/?;. 
We have mi(3i < nif3i < P2 and m2 < n2 so m2 + 1 < ^2 and 

mi/3i + 7712/32 < (1 + ?7T-2)/32 < '^2/32 < 03- 

We infer that S < (H-mj_i)/3j_i < nj_i/3j_i < /3-, so that mo^^o > /3j -5* > 0. □ 

2.1.2. From SKP's to valuations I. We show how to associate a valuation 
to any finite SKP in a canonical way. 

Theorem 2.8. Let [([/,)§; (/3j)g] 6e an SKP of length 1 < k < oo. Then there 
exists a unique centered valuation Vk G V satisfying 

(Ql) MU,) = P, for{)< j<k; 

(Q2) i^k l£ for any u satisfying (Ql). 
Further, if k > 1 and I'k-i is the valuation associated to [{Uj)^''^; (/3j")o^^], then 

(Q3) Vk-i < Vk; 

(Q4) Vk-iiij)) < I'kii') iffUk divides (j) in gr^^ C{x)[y]. 

Remark 2.9. The valuation i/k is normalized in the sense that i^A;(m) = 1 iff 
min{/3o,/3i} = 1- It is normalized in the sense that Vkix) 1 iff /3o = 1- 

The proof of Theorem 12 . 81 occupies all of Section r2.1.3l It is a subtle induction 
on k using divisibility properties in the graded ring gr^^ C(a;)[y]. 

First, vi is defined to be the monomial valuation with vi{x) = Poyiyily) = Pi, 

i.e. 

^liYl "-v^'y^) = min{i;3o + jPi ; ^ 0}. (2.4) 
Property (Q2) clearly holds. 

Now assume fc > 1, that the SKP [(C/j)q; (/3j)q] is given and that z/i, . . . , Vk-i 
have been defined. First consider a polynomial (j) £ C[a;,2/]. As Uk is unitary in y, 
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we can divide 4> by Uk in C[x][?/]: = 0o + Ukip with degj^((/)o) < dk ^ degy{Uk) 
and V' G C[a;,?/]. Iterating the procedure we get a unique decomposition 



The function Vk is easily seen to satisfy (V2) and (V3). We will show it also sat- 
isfies (VI), hence defines a valuation on C[x,?/], which automatically satisfies (Q2). 
Theorem 12.81 then follows from 

Proposition 2.10 ( |Sp| ). Any valuation v : C[a;,y] — > R+ with v{x),v{y) > 
has a unique extension to a centered valuation on R = C[[x,y]]. This extension 
preserves the partial ordering: if 1^1(0) < 1^2(0) holds for polynomials (p, it also 
holds for formal power series. 

Proof. We may assume that v is normalized in the sense that v{va) = 1. Pick 
(f) € R, and write (f) = (pk + 'Pk where is the truncation of at order k, i.e. 
Tn{4>k) > k. Notice that this implies v{4>k) > k. 

We claim that v{4)) '■= limfc v{4)k) exists in R4.. Indeed, for any A;, I, we have 

v{(i>k+i) > inm{iy{(f)k), ^{(pk+i - <f>k)} > min{j/(0fc), k} 

Thus the sequence min{i/(0j,), k} is nondecreasing, hence converges. 

Uniqueness can be proved as follows: vie/)) > min{i/(0j,), /c} for all k. If v{(j)k) 
is unbounded, then v{4>) = 00. Otherwise I'icI)) — ^{(jik) for k large enough. By 
construction the extension preserves the partial ordering. □ 

The extension above needs not preserve numerical invariants. For example, if 
1/ is a curve valuation at a non-algebraic curve, then rk(i^|c[a;,j,]) = 1 but rk(i^) = 2. 

Remark 2.11. The expansion (|2.5I) can be applied for any (f) E R — C[[x,y\]. 
Indeed, using Weierstrass' preparation theorem, we can assume that </> is a monic 
polynomial in y. Weierstrass' division theorem then yields H2.5|l with 0j S C[[x]][?/]. 
The valuation Vk can hence be defined by (|2.6|) for any formal power series. 

2.1.3. Proof of Theorem 12.81 By Proposition 12 . lUI we will restrict our at- 
tention to centered valuations defined on the Euclidean ring C{x)[y]. We first make 
the induction hypothesis precise. 

(iffc): Vk is a valuation satisfying (Q1)-(Q4). 

{Ek): the graded ring gr^,^ C(x)[y] is a EucHdean domain. 

{Ik): Uk and Uk+i are irreducible in gr^,^ C{x)[y]. 

{Ik)'- Uj is irreducible both in C[a;,y], and C(a;)[y] for 1 < j < fc. 

For the precise definition of a Euclidean domain we refer to |ZS1[ p. 23]. One 
immediately checks that Hi and Ii hold. Our strategy is to show successively 
Ik k Hk ^ Ek] Ik ^ Hk ^ Ik] Ek h Ik Hk ^ Hk+i; Ik ^ Ik ^ Hk+i ^ Ik+i- 

Step 1: Ik Sz Hk ^ Ek- We want to show that gr^^ C(a;)[t/] is a Euclidean domain. 
Let (f> E R and consider the expansion (|2.5|l . We define 




(2.5) 



with e C[a;,?/] and degy{(t)j) < dk- Define 

iyk{(f>) ■-= Tamiyk{(f)jUl) := min{z/fc_i(0j) + j^fe}- 



(2.6) 
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By convention we let Sk{0) — — oo. Note that ii (p — <j>' modulo i^k, then 5k{<p) = 
5k{(j)')- Hence 5k is well defined on gr^,^ C(x)[y]. 

Lemma 2.12. For all (ji.ii e C{x)[y], Sk{(t)ijj) = Sk{(t)) 

Proof. First assume Sk{(j)) — Sk{i^) — 0. Then = 0o, ^ = "00 in grj^j^ 
so we can assume degj^((/)), degy(V') < dk- Thus degy(0V) < 2(ife so 4"tp — ao + aiUk 
with degy(Q!o), degj^(ai) < dk. Suppose Vk{aiUk) = i^ki4>^)- Then Vk-iiaiUk) < 
i^kiaiUk) < i^fc(ao) = i^k-i{ao)- Thus 

Uk-iiaiUk) = Vk-iii'i') = i^fe-i(0) + Vk-iiijj) = Vk{(f>) + i^kW = Vk{4>'4^)- 

Hence Vk-i{aiUk) — Vk{aiUk) contradicting (Q4). So — in gr^^ C(a;)[y] and 

In the general case, 4> = J24'iUk: "0 = X^V'jC^fci we have (jjip = J^i'f'i^jWk^'' ■ 
By what precedes Sk{(f>iipj) — for all i,j so Sk{4'ip) = Sk{(f>) + Sk{t/j)- □ 

Lemma 2.13. For e C{x)[y], 5k{(t)) — iff 4) is a unit in gr^^ C{x)[y]. 

Proof. If 5fe(0) = 0, then = 0o in gr,/fc As C/fc is irreducible in 

C(a;)[y] and degy{Uk) > degy{4>o), the polynomial Uk is prime with <po. Hence we 
can find A,B£ C{x)[y] with deg^^ A, degy B < dk so that A(j)o = 1 — BUk- Then, 
comparing with (|2.5(l . we have i'k{A(j)o) = i^fc(l) < Vk{BUk)- Therefore A0o = 1 in 
gr^,^ C[x)[y] so ^o, and hence 0, is a unit in gr^,^ C(x)[j/]. 

Conversely, if is a unit, say Acj) = 1 in gr^,^ C{x)[y\ for some A e C{x)[y], 
then 4(0) + 5k{A) - 4(1) = 0, so 4(0) - 0. □ 

Lemma 2.14. If (f),^) e C{x)[y], then there exists Q,R £ C{x)[y] such that 
(I) ^ QtJj + R in gij,^ C{x)[y] and 4(-R) < 4(0')- 

Proof. Write ip = J2j i'j^l- suffices to prove the lemma when -0^ = for 
j > M :— Sk{ip) and using Lemma [2. 131 we may assume -0m — 1- As degj,('0j) < dk 
for j < M we have degj,(-0) = Mdk- Euclidean division in C{x)[y] yields Q,R^ € 
C{x)[y] with degy{R^) < degy{^/j) so that (f> ^ Qip + R\ Write R^ = J2i RiUl and 
set N := SkiR^), R := J2^<N R^^l Then = Q0; + i? in gr,^ C{x)[y] and 

degy{R) = degyiRN) + Ndk < Mdk = degyi^). 
Hence N < M and we are done. □ 

This completes Step 1. The Euclidean property of gr^^^ C{x)[y] makes every 
ideal principal and supplies us with unique factorization and Gauss' lemma. 

Step 2: Ik & Hk ^ Ik- We want to show that Uk and Uk+i are irreducible in 
gr^^ C(x)[y] and proceed in several steps. 

Lemma 2.15. Uk is irreducible in gr^^ C(a;)[?;]. 

Proof. We trivially have Sk{Uk) = 1 so if 0V' = Uk in gr^^ C(x)[?/], then 
'^fc(0) = or Sk{ip) — 0. Hence or -0 is a unit in gr^,^ C(a;)[y] (see Lemma 121 
and Trn\i . □ 

Lemma 2.16. If j < k then Uj is a unit in gr^^ C{x)[y]. 

Proof. By Lemma [2.131 it suffices to show that 5k{Uj) = 0. If dj < dk then 
this is obvious. If dj — dk, then Uj — [Uj — Uk) + Uk, where degy{Uj — Uk) < dk- 
Now i^kiUj) = /3j <Pk = Vk{Uk), so Vk{Uj - Uk) < Vk{Uk) and 4(t/j) = 0. □ 
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Lemma 2.17. If 5k{4>) < nk, then (j) — (j)iUl in gi^^ C(a;)[y] for some i < Uk- 

Proof. Suppose Vk{4>iUl;.) — Vk{4>iUl) = Vk{4>), where i < j < Uk- Then 
(.? - *)/3fc = i^k-iifpi) - Vk-i{4>j) e Y.o~^ By H2.2|l Uk divides j - i hence 

Lemma 2.18. Uk+i is irreducible in gr^,^ C(a;)[?;]. 

Proof. We have Uk+i - Ul'" - Uk+i, where Uk+i = 9k UjZo UP"'' ■ Assume 
Uk+i = (j)"^^ in gr^^ C(a;)[2/] with < Sk{<j)),Sk{ip) < nk- By Lemma 171 we can 
write = (j)^Ul, ^ = ^jUl Then Uk+i = so (1 - <j)^^j)U'^'' = C/fc+i. 

As J7fe is irreducible and Uk+i is a unit, we have (piilij = 1 in gr^^ C(a;)[j/]. But 
then Uk+i = in gr^^ C(a;)[?;], which is absurd. So we can assume = Uk and 

5k{'^) = 0. Hence "0 is a unit, completing the proof. □ 

Step 3: Ek k h k Hk ^ Hk+i- We must show Vk+i{(j)i') = '^fe+i(0) + >^k+i{'4^) 
for (f>,tp ^ C[x,y] where Vk+i is defined as in (|2.6|l . We first note 

(i) degj^(0) < dk+i implies Vk+i{(f>) = t^fc ('/'); 

(ii) fkiUk+i) = "-fe/3fe < Pk+i = i^k+iiUk+i); 

(iii) J/fc+i(C/fe+i(/;') = Vk+iiUk+i) + i^k+i{(f>) for aU e C[a::,y]. 

The second assertion follows from (|2.1|l . We now show 

Lemma 2.19. For (j) e C[a:, iwe have I'k+ii'f') > '-'k{4>)- 

Proof. We argue by induction on degj^(0). If Aegy[cf)) < dk+i, then we are 
done by (i). If degy{(j)) > dk+i, then we write (j) — J2i^iUk+i ^ (|2.5|l . By 
the induction hypothesis and (ii)-(iii) above we may assume that 0o ^ 0. Write 
(f) = (f)Q + ip with -0 = J2i>i ^i^l+i- When j/fc(0) = min{i/fc(0o), i^/c(^)}, one has 

i/fe+i(0) = min{i^A;+i(0o), > Vk{cj)), 

proving the lemma in this case. Otherwise, f^o + V" — in S^vk ^i^)[y\- This implies 
that Uk+i divides 4>q in this ring. But degy{4>Q) < dk+i, hence 5k{4>{)) < n^,, so that 
00 is a power of the irreducible Uk times a unit in gr^,^ C(a;)[i/] by Lemma 12.171 By 
Lemma [2 .181 Uk+i is also irreducible, a contradiction. □ 

Introduce p := {vk+i > Vk} d gr^^ C(a;)[?;]. Using the preceding lemma, one 
easily verifies that p is a proper ideal, which contains the irreducible element Uk+i 
by (ii). As gr^^ C(a;)[y] is a Euclidean domain, p is generated by Uk+i- 

Fix (j),^^ £ R. We want to show that i^fe+i(00) = i^k+iW + t^k+iW- First 
assume 0, ^ p. Then (j>ip ^ p. By Hk, Vk is a valuation, so 

I^A:+l(00) = J^fe(00) = J^fe(0) + I^A;(0) = t^fc+l(0) + I^A;+l(0'). 

In the general case, write = 0C/^^_;^, -0 = i^UJJ^-^ in gr^^ C(a::)[?/] where 0, -0 are 
prime with Uk+i- In particular they do not belong to p so that 

z.fc+i(00) = i.,+i(0^c/r++") 

= t^/c+i(0) + i^fc+iW + (to + ?i)^fc+i(C/fc+i) = i^fe+i(0) + iyk+i{tp)- 
This completes Step 3. 

Step 4: Ik h Ik k Hk+i => Ik+i- What we have to prove is 
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Lemma 2.20. Uk+i is irreducible in C[x,y] and C(x)[y]. 

Proof. As Uk+i is monic in y, irreducibility in C[a:, implies irreducibility 
in C(a;)[y]. So suppose (jxj)' = Uk+i for £ C[x,y]. As Uk+i is irreducible 

in gTj^^ C{x)[y], we may assume that the image of (j) in grjy^ CI(a;)[?/] is a unit i.e. 
Sk{<P) = and Sk{(l)') = Uk- On the other hand, one has Sk{fp)dk < degy{tp) for any 
i/) G C[x, ?/]. Using Lemma lOl (except the assertion of irreducibility which we want 
now to prove), we infer 

4-4(0') = dkUk = degy{Uk+i) = degy{(j)) + degy(0') > degy{(j)') > dk5k(,4>'), 

hence degy{(f)) — and degy{(j)') = degy(C/fc+i). Now Uk+i is unitary in ?/ so ^ m 
and is hence a unit in i?. □ 

This completes the proof of Theorem 12. 81 

Remark 2.21. Since Uk+i is monic in y we may use Weierstrass' division 
theorem and the argument above to show that Uk+i is also irreducible in i? = 
C[[a;,y]]. 

2.1.4. From SKP's to valuations II. We now turn to infinite SKP's. 

Theorem 2.22. Let [(C/j); (/3j)] he an infinite SKP and let Vk the valuation 
associated to [{Uj}!^; (/?j)o] for k > 1 by Theorem \2.8l 

(i) Ifuj > 2 for infinitely many j , then for any (j) R there exists ko — ka{4') 
such that Vki^j)) = ^koi'P) for all k > kg. In particular, converges to a 
valuation Vao- 

(ii) // Uj — 1 for J 3> 1, then Uk converges in R to an irreducible formal 
power series Uoc Obnd Vk converges to a valuation Vac- More precisely, for 
(f) £ R prime to Uoc we have i>k{4>) — Vko{4>) for k > ko — ko{cj)), and if 
Uoo divides (j), then h'ki4') ~^ c«- 

Proof of Theorem 12.221 If nj > 2 for infinitely many j, then degy{Uk+i) = 

dk+i — Y\i Uj tends to infinity. Pick (j) £ R. By Weierstrass' division theorem we 
may assume degj,((/)) < oo. By Remark |2. Ill J^fe((/)) is defined using formula l|2.5|l . 
For fc > 1, degy{(f>) < degy{Uk+i), so that i^{(f>) = i^(0) = i^fc(0) = Vk+i{(t)) = 
Vk+i{<j)) for all I > 0. Thus Vk converges towards a valuation Voo- 
li Uk = 1 for k > K, then set d := maxj degy{Uj). For k > K, 

k-l 

Uk+i^Uk-ekY[up-\ (2.7) 



As degy{Uk+i) = degy{Uk) = d one has rukj = for any j > K hy H2.2|l . Then 
{f3k}k>K is a strictly increasing sequence of real numbers belonging to the discrete 
lattice J2o '^Pj^ so /3/c oo. Write 

C/fc = / + ati(x)y'^-i + ---+aS(a:), 

the Weierstrass form of Uk- As nikj — for any j > K we get 

a':,+\x)^a':,ix)^ekY,ailix)...ailix) 
I 
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where #{j = a ; j E 1} ~ ink,a, and ii + ■ ■ ■ + ii = n. Hence a'^'^^{x) ~ a,'^{x) G 
m^o But the sequence pj is increasing so 

mfe.j > ^ Amfc.i = ^ > cx), 

PK 

and C/fc converges towards a polynomial in y that we denote by C/qo- By (|2.7|) we 
have Uk+i — Uk modulo i^k-i and Uk+i = modulo Vk-i for all / > 0. So 
Uoo = Uk in Therefore i^oo(f/oo) := limi^fe(J7oo) = limvuiUk) = lini/J/c = oo. 

Let (j) E R and write = (/jq + Uao4'i with degj^ (/io < deg^ Uoo — d. When 00 = 0, 
then set Voq{4>) \\mvk{4)) — oo. Otherwise for k > K large enough, for all / > 0, 
h'k+i{(f>) = i^k+i{4>o) — i'k{4>Q). Hence the sequence Vk{4>) is stationary for fc > if 
and we can set i'oo{4') '■— lim^^fc ('/')■ One easily checks that Vao is a valuation. As 
Voo{4>) = OO iff Uoq\(I> it follows that Uoo is irreducible in R. □ 



2.2. Classification 

Having constructed a valuation associated to any SKP, we now make a prelim- 
inary classification. 

Definition 2.23. Consider a centered valuation v on R given by an SKP: say 
V := val[(J7j)§; (/3j)o], where 1 < ^ < oo. Assume that v is normalized in the sense 
that v{m) — 1. We then say that v is 

(i) monomial (in coordinates {x,y)) if fc = 1, /3o < oo and f3i < oo; 

(ii) quasimonomial if fc < oo, /3o < oo and < oo; 

(iii) divisorial if is quasimonomial and /3fc £ Q; 

(iv) irrational if is quasimonomial but not divisorial; 

(v) infinitely singular if fc = oo and dj —too, where dj — degy{Uj); 

(vi) a curve valuation if fc = oo and yA- oo, or fc < oo and max{/3o, /3fc} = oo. 
If V is not normalized, then the type of v is defined to be the type of iy/iy(xn). 

Two remarks are in order. First, this classification may seem unnatural as it 
only applies to valuations associated to an SKP and since the technique of SKP's 
uses a fixed choice of local coordinates (x, y). 

However, as we shall see, every valuation is associated to an SKP (Theo- 
rem l2.29l) . Moreover, the classification can be rephrased in several equivalent ways, 
all of which are independent on the choice of coordinates. 

Second, we should compare the classification with the "road map" given in 
Section n~51 The comparison goes as follows. 

(i) If I' is monomial in coordinates (x, y) in the sense above, then its SKP 
is of length 1. By H2.4|l . this means that v is monomial in the sense of 
Section [1.5.2l Notice that by the definition above, any monomial valuation 
is also quasimonomial. 

(ii) It is not obvious that the definition of quasimonomial, which is based 
purely on the definition of a valuation as a function on R, coincides with 
the more geometric point of view presented in Section 11.5.41 We shall 
prove in Chapter El that the two definitions are equivalent: see Proposi- 
tion for a precise statement. 
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(iii) We shall see at Theorem 12 .281 that is a divisorial valuation in the sense 
above, iff tr. degz^ 1. It follows from ProDOsition ll.l2l that the definition 
of divisorial valuation given above coincides with the one in Section fl.5.31 

(v) As for infinitely singular valuations, we need to develop more machinery 
to see that the definition above agrees with the characterizations men- 
tioned in Section ll. 51 Informally speaking, however, the sequence (t/fc)i° 
of key polynomials of increasing and unbounded degrees correspond to 
the sequence of truncated Puiscux expansions x^' where the /3j's are 
rational numbers with unbounded denominators. 

(vi) Finally, consider a curve valuation v in the sense above. First assume it 
is defined by a finite SKP, say v := val[({/j)o; (/3j")o]; where k < oo and 
f3k = oo. By construction, v{Uk) = oo. As Uk is irreducible, we conclude 
that ly = i^Uk (see the discussion following Lemma ll.5|l . When k = oo 
and lim/3/t = oo, by Theorem 12. 2 21 Uk converges to an irreducible formal 
power series Uoc, and ^{Uryo) ~ oo. Again i> ~ i^Uao- 

2.3. Graded rings and numerical invariants 

The aim of this section is to give the structure of the valuation associated to 
a finite or infinite SKP. That is, we describe the structure of the graded ring 
gr^, C(a;)[2/], and compute the three invariants rk(z^), rat.rk(i') and tr. deg(z^). We 
refer to |Te4| for general results in higher dimensions. 

Given a finite or infinite SKP we denote by v :— val[([/j); {Pj)] its associated 
valuation through Theorem 12. 81 or 12. 221 

2.3.1. Homogeneous decomposition I. The following theorem gives the 
structure of the graded ring of a valuation defined by a finite SKP. 

Theorem 2.24. Let v :— val[(J7j)§; where 1 < fc < oo, define Uk := 

min{n > ; n/3k S J2o ^ '^Pj}' '^'^'^ P^'^^ ^ (p E R. 

(i) If = oo or equivalently f3k ^ Q/3oi then 

k 

(j) = aY\_ Uj' in grjy R and gr^ Ru (2.8) 

i=o 

with a € C* , < < Uj for 1 < j < k and io,ik > 0. 

(ii) If Uk < oo, write nkf3k — X^o ^ ^^k,jf3j with < ruk.j < Uj for I < j < k 
and niQ > as in Lemma \2.7\ Then 

k 

cb = piT) n gr, R. (2.9) 

with < ij < Uj for 1 < j < k, io,ik > and where p is a polynomial in 

Both decompositions H2.8() . 1)2. 9() are unique. 

Recall that the ring grj^C{x)[y] is a Euclidean domain. Let us describe its 
irreducible elements. 

Corollary 2.25. Let v be a valuation as above. 
(i) When — oo the only irreducible element of gr^ C(a;)[y] is Uk. 
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(ii) When Uk < oo the irreducible elements of gr^^ C{x)[y] consist of Uk and 
all elements of the form U^'' — dY[j=o Uj^'"'' for some 6 E C* . 

Proof of Corollary 12. 251 Assume e gT^C{x)[y] is irreducible. If Uk — 

00, then (f) = aY[j^Q Uj^ by H2.8I) . But Uj is a unit for j < A; by Lemma [2.161 so 
Uk is the only irreducible element in gr^, C{x)[y]. 

When rifc < CX3, then we use and factorize p{T) ^UiT-di)- Modulo unit 
factors, we hence get 

= c/^''-^"'= n (^k" - ^/ n ^T""^ ' (2.10) 

where L = degp. On the other hand Lemma [2.181 shows that all elements of the 
form U'^''—9i Y\ - uj^'''^ are irreducible in gr^^ C{x) [y] . So H2.10|l is the decomposition 
of (j) into prime factors in gr,^ C(a;)[j/]. This concludes the proof. □ 

Proof of Theorem 12.241 First assume that deg^ < dk = degyUk- We 
will show that (|2.8|l holds. Write (j) = J2q'°^^^^ (j^iUl-i with deg^^ (j)i < dk-i for all 

1. Iterating this procedure we get 4> = ^ chiUq" ■ ■ ■ U^j^Ii with G C, > and 
< < rij for J > 1. If v{U}f' . . . C/^T/ ) - y{Ul° . . . UiH^' ) then ^ = ^ jipi so 

that [ik-i- 3k-i)h-i e YmT'^ '^Py ^hus rik-i divides ik-i-jk-i so i^^i = jk^i 
as < ik-i,jk-i < n-k-i- Iterating this argument we get l|2.8|) . 

In the general case, we can assume deg^ < cx3 by Weierstrass preparation 
theorem. Write <j> 4>iUl, with deg^^ (pi < dk- By what precedes, we have 

= ^«,C/^«...C/;iYC/^'^' in gr,i? 

with aj G C*, < ij < nj for 1 < j < k, io, ik > 0. We may assume ij(3j — v{(t>) 
for all / with ai ^ 0. If H2.8|l is not valid, there exist I ^ J with a/, aj ^ 0. Thus 
{ik — jk)f}k S X)o ^ ■^/^J implying rife < oo. This shows H2.8|l when rik — oo. 

Now assume Uk < oo, and write UkPk = X)o ^ ^k,jPj as in Lemma |2.7I Let 
/ = (io, be any multiindex with a/ ^ 0. Make the Euclidean division 

ik — Tkrik + ife with < Tfe < nfe, and write 

fe-i 

with flj := ij + rkTUkj and T := Uj!'' Y\j=o "^^'^ ■ The key remark is now that 
U'-' = OjWl U]"'-' in gr^i? for I < j < k. Making the Euclidean division 
Ok-i = rk-iUk-i with < «fc-i < nk-i, we get 

for some e N. We finally get by induction that 

k k 
j=0 

in gr^, R^, with 9j e C*, rj{= rk) > 0, < < rij for 1 < j < fc and ?o > 0. 
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Now ijfij — v{(f>) and ^{T) = 0, hence X^o ~ ^{4>)- Suppose X^o ~ 
So ^iPj '^ith <ij < Tij for 1 < j < fc. Since — Zfe| < Uk, the definition of ri^ 
gives Tfc = ik- By induction we get Tj = ij for all j > 0. We have proved that (f) can 
be written in the form (|2.9|l . 

Uniqueness of both decompositions 1)2. 8|l , (|2.9(l comes from unique factorization 
in gr^ C(a:)[j/]. Indeed, when Uk — oo, ik — 5k{4>)- From — ^{4>) and ij < nj 

for 1 < j < fc we deduce uniqueness of the decomposition 1)2. 8|l . When Tife < oo, 
^{(j)) determines ij for all j > 0, and the polynomial p{T) is determined as (p admits 
a unique decomposition into prime factors (see Corollarv l2.25(l . This concludes the 
proof of the theorem. □ 

2.3.2. Homogeneous decomposition II. We now turn to infinite SKP's. 

Theorem 2.26. Let v val[(C/j)g°; Pick 7^ G i?. 

(i) Ij rij > 2 for infinitely many j, then there exists k — k{(f>) such that 

k 

'l^^c.liU'/ m gr,R (2.11) 

j=o 

with a £ C* , < ij < rij for 1 < j < k, and Zq > 0. 

(ii) If rij = 1 for j ^ 1, then there exists k = k{(f)) such that 

k 

^ = a-U:,-l[u'/ m gT,R (2.12) 

with a € C, < ij < Uj for 1 < j < k, io > and n > 0. 
Both decompositions H2.11|l . 12.12(1 are unique. 

The analogue of Corollarv l2.25l is 

Corollary 2.27. Assume v is associated to an infinite SKP. 

(i) When Uj > 2 for infinitely many j , the ring gr^, C(x)[?;] is a field. 

(ii) When Uj — 1 for j ^ 1, the only irreducible element o/gr^^ C(a;)[i/] is Uoo- 

Proof of Theorem I2.26L Fix cj) & R, and suppose it is in Weierstrass form, 
polynomial in y. First assume that Uj > 2 for infinitely many j. For j 3> 1 
degj^ (j) < degy Uj, hence = a J|;~q J7;*' in gr^. R for some a G C* , and ii < ni 
for / > 1 (see the beginning of the proof of Theorem I2.24|l . As i' > i/j, we get 
(j) ^ a YI'IZq Ui' also in gr^, R. 

When Uj = 1 for j ^ 1, write (p — UJ^(j>' with (j>' , Uoo prime. For j ^ 1 
iyj+i{<j)') = Vj{(j)') = v{(j)'). Hence cj)' = a 11^=0 '^^ S^i^j ^ gr^, R as above. □ 

Proof of Corollary 12. 271 The first assertion is immediate bv Lemma l2.16l 
Assume Uj — 1 for j ^ 1 and pick cj) £ R. If Uoo does not divide 0, then (|2.11|) 
holds. For fc 3> 1 we get Sk{(t>) — 0. Thus is invertible in gr^^^ C{x)[y], hence in 
givC(x)[2/]. 

On the other hand Uoo = <f'i^ in gr,y C(a;)[y] implies either i^(0) = cx) or v{tl}) = 
00. Hence Uoo divides either or as formal power series hence in gr^^ C(a;)[y]. We 
conclude noting that Uoo cannot be a unit in gr^^ C(a;)[y]. Indeed i'{Uoo<f') = ^^(1) 
implies that Uoo4' is prime with Uoo- D 



34 



2. MACLANE'S METHOD 



2.3.3. Value semigroups and numerical invariants. Knowing the struc- 
ture of the graded rings allows us to compute the value semigroups and numerical 
invariants introduced in Section ll. 31 The first assumption in the next theorem is 
in fact redundant as we shall see below in Theorem 12. 291 

Theorem 2.28. Let v be a valuation associated to a finite or infinite SKP. Then 
the value semi-group^ ^{R) equal to 'YlPj^j Moreover, we have the following 
intrinsic characterization of the type of a valuation as introduced in DeRnition \2.2!^ 

(i) v is a curve valuation, iff v]i{v) = rat.rk(i^) = 2, tr. deg(zy) = 0. 

(ii) v is divisorial, iff Tk{u) = rat.rk(j/) = 1 and tr. deg(z^) = 1. 

(iii) ly is irrational, iff Th(h') — 1, rat.rk(i') = 2 and tr. deg(:^) = 0. 

(iv) is infinitely singular, i/f rk(^) = rat.rk(i^) = 1 and tr. deg(z/) = 0. 

Proof of Theorem I2.28L The computation of the value semigroup is a sim- 
ple exercise that is left to the reader. As for the numerical invariants we treat the 
cases of finite and infinite SKP's separately. 

First assume that i' is associated to a finite SKP [(C/j)o; {Pj)o], I < k < oo. The 
two invariants rk(i^) and rat. rk(zy) can be read directly from the value semigroup 
i^(-R) so their computation is straightforward thanks to the first part of the proof. 
For the computation of tr. deg(i') wc rely on Theorem 12.241 and proceed as follows. 

When (3o = oo, (3k = oo or (Sk ^ Q* (so /3k ^ J2o~^ ^/^i); t^^^n H2.8|) applies. 
Pick (j),tp e R with I'icj)) = Then cf) ^ a H^Lo > = 7 OLo modulo u, 

with Ya) ^iPi = Ya) jiPi- Hence ik = jk since Uk = oo. Now J2q~^ ii(3i = Y.o^^ ^iPi 
and < ii,ii < ni for all 1 < j < A; so ii = ji for all / by H2.2|l . Hence (p/ip — a/j S 
C* in gr^, We have shown that k^, := i?y/m^ = C so tr. dcg(i^) = 0. 

If /3o < oo and f3k € Q*5 then n^, < oo. For (f>,^ d R with i'{(t>) — h'iip) write 

k k 

<P = P{T)llu;' and ^ = g(T)[]f//' in gr, i?, 

1=0 1=0 

as in (|2.9|l . with < ii,ji < ni for 1 < I < k, zo,jo > and p,q £ C[T]. As 
Y^o^iPi = Y!ojii^i^ has ii = ii for aU I. Hence 4>/^ = p{T)/q{T) in gr^R„. 
This shows k^, = C(T) so tr. deg(i^) = 1. 

Now assume v is associated to an infinite SKP, i/ := va,l[{Uj); {/3j)]. First assume 
rij > 2 for infinitely many j. Set i^k '■— val[(J7j)Q; (/3j)q]. Then the sequence Vkitp) is 
eventually stationary for any (f) d R. One easily checks that rk(z^) = rat. rk(j/) — 1. 
Let us compute tr.deg(i^). Fix 4>,il) £ R with — t^(V')- For fc 3> 1 we have 

Vki^j)) = ^{(f) = I'ii') = Vkii^)- Write = aH/^o^/" ^'^^ = tD/^o^/' where 
a, 7 € C*, < ii,ii < ni for I > 1 and apply the preceding arguments. We get 
— a/7 in gTj,^ hence in gr^, R^. This shows k^ ^ C. 

The last case is when nj = 1 for j ^ 1. We leave it to the reader to verify that 
rk(:/) = rat. rk(i^) = 2 and tr. deg(z^) = in this case. □ 

2.4. From valuations to SKP's 

We now show that every centered valuation on R is represented by an SKP. 



Note that when 1/ is a curve valuation, it may take the value 00 on non-zero elements. 



2.5. A COMPUTATION 
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Theorem 2.29. For any centered valuation v on R, there exists a unique SKP 
[{UjYQ, (/3j)o], 1 < n < oo, such that v = val[(;X,-); We have iy{Uj) = (3j for 

all j . Further, if k < n and Vk '■= val[(L'j )g; {Pj)^], then v{(f)) > Vk{(t>) for all cf) E R 
and > lykiff)) iff Uk+i divides 4> 'in gT^^k ^i^)[y]- 

Remark 2.30. If is a KruU valuation, the same result holds for a F-SKP. 

Remark 2.31. In Spivakovsky's terminology |Sp| , the subset of (Uj) for which 
Uj > 1 forms a minimal generating sequence for the valuation v. The associated 
divisorial valuations Vj will play an important role in the sequel. They form what 
we call the approximating sequence of v, see Section 13.51 

Proof of Theorem I2.29L We construct by induction on fc a valuation Vk so 
that Vk(Uj) = I3j for j < k. Let Uq = x, Ui = y and Po = /3i = h'{y). Assume 
i^k val[(JX,)o; {Pj)o] has been defined. By Theorem [THl iy{(p) > Vk{4') for (j) E R. 
As i'{x) = Vk{x) this also holds for (j) E C{x)[y]. li v = Vk, then we are done. If 
not, set Vk := {(j) E C{x)[y] ; v{4>) > Vk{4>)}- 

Lemma 2.32. 7)^ defines a prime ideal in gr^,^ C{x)[y\. 

Proof. Let us check that Vk is well defined in gr,^^ C{x)[y]. Pick 0' E 
C{x)[y\ with = 0' modulo Vk- (j) E Vk but 0' ^ Vk, then i/(0') = Vk{<i>') = 
Vk{4>) < v{4>)- So 1^(0—0') = v{4>') = Vk{4i') < Vk{4>— 4>')i a contradiction. To show 
that Vk is a prime ideal is easy and left to the reader. □ 

We continue the proof of the theorem. Recall that gr,^^ C(a;)[j/] is a Euclidean 
domain. Hence Corollary 12.251 and Lemma 12.71 show that Vk is generated by a 
unique irreducible element Uk+i — U^'' — dk Ilj^o C/™*"'' with 9k & C* , < mkj < 
Uj for j > 1 and mkfl > 0. Define Pk+i ■— viUk+i)- It is easy to check that 
[(f^i)o'''^ 0j)o~^^] is an SKP. This completes the induction step. 

Either the induction terminates at some finite k, or we get an infinite SKP 
[{Uj); {(3j)]- In the latter case we claim that f = val[(t/j); {Pj)]- This amounts to 
showing that if € i?, then the increasing sequence i'fe(0) converges to 

If t'fc(0) = J^(0) for fc ^ 1 then we are done, so assume i^fc(0) < i^(0) for all 
k. Then E Vk so Uk+i divides in gr^^ C(x)[y]. In particular, i^fc+i(0) > Vk{4>)-, 
and degj,(0) > <iegy{Uk+i) = dk+i- Hence dk is bounded, and = 1 for fc 3> 1. 
By Theorem l2.22l Uk — > C/oo in R- Moreover Uoo divides in i? or else z^fc(0) would 
be stationary for k large. But then z/(0) > limi/fc(0) = oo so Vk{<t>) ~^ '^(0)- This 
completes the proof of the theorem. □ 

2.5. A computation 

We now compute i^(0) for a normalized valuation v and G m irreducible in 
terms of SKP's. This computation will be crucial to describe the parameterization 
of valuation space; see Lemma 13.321 

Let be the curve valuation associated to 0. Write v — val[([/j); (/3j)] and 
= \al[{U'^); Assume v and define the contact order of v and by 

con(z/, = max{j ; [/, = [/j^}. (2-13) 

Let n| be the integers defined by (|2.2(l for and set 7^ = nj>fc fo'' A: > 1. 
These products are in fact finite as =1 for j 1. 
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Proposition 2.33. If cj) — x (up to a unit), then v{4>) — /3o- Otherwise 

y{4>) - it Pt) ^^1, Po/Pt}^ (2-14) 

where k = con(i/, i^^). 

Later on we will be interested in the quotient h'{4i)/m{(j)). Applying Proposi- 
tion to = i^m we obtain m{(j>) = jf /Pq \i tp ^ x\ this leads to 

Proposition 2.34. IfveV and cj) em is irreducible, then 



m{(j)) 



i{/3fe,/3nmin{/3o,/3o*'}> 



where k = con(iy, ly^) and dk = dcgy Uk ~ Jli ^ ^j- 

Proof of Proposition 12.331 The case (f> = x is trivial, so assume (f) x, i.e. 

< oo. We may then assume (j) = Uf , where I :— length i^^ S [fc,oo]. Note that 
min{/3o,/3i} — min{/3Q,/3f} = 1 since v and are normalized. 

Let us first consider the case when = /3o and /3i = pf; this holds e.g. if 
k > 2. Then (3j = pf for < j < k. If / = fc, then = Uk so = /3fc 

and isf = oo, which implies H2.14|l . Hence assume I > k. Define £,j = P^+j ^'^'^ 
77, = rmn{i3k,j3t}itht^^ ior < j < I - k. Then ,y^{Ut+^) - for j > and 
'^{Uj) = /3j for < j < fc. We will prove inductively that v{U'^^-) = rjj for j > 1; 
when j = I — k this gives H2.14|l . The induction is based on (|2.3|l . which reads 

= - n (C^f )™-- - S,- (2.15) 

i=0 

Let us first show that i'{U^_^^^) = ?7i, using (|2.15() for j = 0. There are three 
cases, depending on /3k and pf. The first case is when Pk > Pf. Then nf, Pk > 
""'t^t = So~^ ''^t,ii^i^ SO using (|2.15|l we obtain v{U'l^^) = Pfnf. = rji. Similarly, 
in the second case, Pk < Pf, then J2q~^ ^t,i(^i = ^t^t > "-fc/^fc, so that v{Uk+i) = 
nkPk = Vi- The third case is when Pk = Pf.- Set Vk := ya\[{Uj)^\{P-j)'^]. Then 
Wj^^^ is irreducible in gr^,^ C{x)[y\ and i^kiU^^^) — Pknf. — rji. If length = fc then 
V — Vk and v{U^^^) = rji so assume length i/ > fc. By assumption ?7^^_]^ ^ f^fe+i, 
hence J/^^^ does not belong to the ideal generated by Uk+i in gi"i/fc C(a;)[y]. But 
this ideal coincides with {v > i/k} by Theorem 12. 291 so v{U^_^_^) — VkiU'^j^^) = rji. 

Now fix 1 < j < ^ — fc and assume that v{U^^^) — r]i for 1 < i < j. We will 
prove that v{U^^j_^_^) — ry^+i using (|2.15|) . Write = ''^t+j k+i for < i < j and 
c = "•fe+j- Then = crjj and 



1 1 j— 1 i—l 

> X ^"fc+i,^/^^'^ +X ~C*) " +X ~^»)- 

1=1 1=0 i=0 
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To show that i'{U^_^j_^-^^) = r/j+i we only need to show i'(-Bj) > cr]j or simply 
Y^Q~^ ai{^i — rji) > c{^j — rjj). Note that (n^i < c^j and that the sequence 

{Vi/^i)o is strictly decreasing. Set pi = ai(,i/Y,o~ '^i^i- Then Y^l~ = 1 so 

Ea,te - r,,) = (^a,^}j £k " |) < " |) = " 

This (;oniplctcs the proof when = (3q and (3i ^ pf . The remaining cases all 
have k = 1 and are as follows: (3o > (3i = 1 and I = < /3f; /3o > (3i = 1 and 
> = 1; 1 = ;3o < /3i and 1 = < /3f ; 1 = /3o < /3i and > /jf = 1. These 
are handled in the same way as above. The details are left to the reader. □ 



CHAPTER 3 



Tree structures 

In this third chapter we show that valuation space V has the structure of a 
tree; we shall subsequently refer to it as the valuative tree. 

Roughly speaking, a tree^ is a union of real intervals welded together in such a 
way that no cycles appear. We will more precisely distinguish between three types 
of tree structures, see below. The main result of the chapter is then that valuation 
space can be naturally equipped with all three of these structures and even a bit 
more. What we obtain is effectively a coordinate free visualization of the encoding 
of valuations by SKP's (which are defined using a fixed choice of local coordinates). 
Indeed, SKP's play an instrumental role in most proofs in this chapter. 

It is good to keep in mind that the quite intricate structure of the valuative 
tree that we are about to develop all derives from the definition of an element of 
V as a function on R satisfying certain axioms. In Chapter we shall arrive at the 
same tree structure using a purely geometric construction. 

The organization of this chapter is as follows. In Section I^Tl we discuss three 
different types of trees. First we have nonmetric trees, defined as partially ordered 
sets satisfying certain axioms. In particular, every "full" , totally ordered subset can 
be parameterized (in a noncanonical way) by a real interval. This notion seems to 
be new, although related to the approach of Berkovich Be . Then we have param- 
eterized trees. These are nonmetric trees that come with a fixed parameterization. 
Finally we have metric trees (typically called R-trees in the literature). Metric 
trees are closely related to parameterized trees, and are defined as metric spaces 
satisfying certain conditions. 

As we show in Section|^21 the natural partial ordering on V induces a nonmetric 
tree structure. We analyze this structure in detail. In particular, we show that the 
set Vqm of quasimonomial valuations is exactly the tree V with all ends removed, 
hence in itself is a nonmetric tree. 

In Sections 13.31 13.41 13.61 we introduce two natural parameterizations of V and 
Vqm and show they can be used to exhibit these spaces as metric trees. These 
parameterizations will play a fundamental role in applications FJl FJ2 , FJSj. 

We first define in Section f3.3l a numerical invariant of a valuation, its skewness. 
This gives the first parameterization of both V and Vq,n. 

We then define in Section r3.4l a discrete invariant, the multiplicity of a valuation. 
This invariant naturally extends the notion of multiplicity of a curve. To a divisorial 
valuation is also associated a generic multiplicity. 

Multiplicity is an increasing function on V with values in N. By analyzing the 
points where it jumps, we can define a canonical approximating sequence of a given 
valuation ('Section l3.5|l . 



We use the term "tree" instead of "R-tree" when the tree is modeled on the real line. 
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Using multiplicity and skewness, we define in Section 13.61 a third important 
invariant of a valuation: its thinness. It has a particular geometric interpreta- 
tion which makes it extremely useful for applications. Thinness is obtained by 
integrating multiplicity with respect to skewness and hence gives the second pa- 
rameterization of V and Vqm as mentioned above. 

In Section O we use the approximating sequences to compute the value group 
of a valuation, as well as the generic multiplicity of a divisorial valuation. 

After that, we present a different but intriguing approach to the valuative tree. 
Namely, we show in Section 13.81 that a quasimonomial valuation can be identified 
with a ball of irreducible curves in a particular (ultra-)metric. The partial ordering, 
skewness and multiplicity on the valuative tree then have natural interpretations 
as statements about balls of curves. 

We conclude the chapter by a study of the relative valuative tree. By defini- 
tion, this is the (closure of) the set of centered valuations on R normalized by the 
condition v^x) = 1, where {x = 0} is a smooth formal curve; such a normalization 
is natural in several situations. As we show, the relative valuative tree Vx has a 
structure which is very similar to that of V. 

3.1. Trees 

In this section we discuss different types of trees. 

3.1.1. Rooted nonmetric trees. Consider a partially ordered set, or poset 
(T, <). Let us say that a totally ordered subset 5 C T is full if cr, fj' G 5, r G T 
and a < T < a' imply t £ S. 

Definition 3.1. A rooted nonmetric tree is a poset (T, <) such that 
(Tl) T has a unique minimal element tq, called the root of T; 
(T2) if T G T, then the set {cr G T ; cr < r} is isomorphic to a real interval; 
(T3) every full, totally ordered subset of T is isomorphic to a real interval. 

Statements (T2) and (T3) assert that there exists an order preserving bijection 
from a real interval onto the corresponding set. However, there may not be a 
canonical choice of bijection. 

Remark 3.2. Condition (T3) may seem superfluous in view of (T2) but is 
necessary to avoid a "long half-line" , i.e. a totally ordered set (T, <) with a (unique) 
minimal element tq for which every set {tr G T ; tq < a < t} is isomorphic to a 
real interval but the full set T is not. 

Remark 3.3. In fact, it is useful — and not hard to see — that if (T1)-(T2) hold, 
then (T3) is equivalent to 

(T3') if 5 is a totally ordered subset of T without upper bound in T, then there 
exists a countable increasing sequence in S without upper bound in T. 

Remark 3.4. More generally, if A is a totally ordered set, then a rooted non- 
metric A-tree is a partially ordered set such that (T1)-(T3) hold, with the intervals 
in (T2) and (T3) being intervals in A. Besides A = R, interesting examples include 
A = N, A = N and A = Q. 

It follows from the completeness of R that every subset S C T admits an 
infimum, denoted by AreST. Indeed, the set {ct G T ; a < r Vr G 5} is isomorphic 
to the intersection of closed real intervals with common left endpoint. 
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If T is a rooted, nonmetric tree and ti, T2 are two points in T, then we set 

[n, T2] := {r e T ; n A T2 < T < Ti or n A r2 < r < T2}. 

We call [Ti,r2] a segment, and define [ti,T2[:= [Ti,r2] \ {t'2}. The segments ]ri,T2] 
and ]ri, r2[ are defined similarly. 

If »S, T are rooted nonmetric trees with roots gq,tq, then a mapping $ : »S ^ T 
is a morphism of rooted nonmetric trees if for any a G S, ^ gives an order preserving 
bijcction of [cro,cr] onto [ro,$((T)]. If <I> is also bijcctive, then it is an isomorphism 
of rooted nonmetric trees, and we say that S and T are isomorphic. 

A subtree of a rooted nonmetric tree (T, <) is a subset S such that a G S, t G T 
and T < a implies t G S. Clearly S is then a rooted nonmetric tree with root tq. 
We say that »S is a finite (countable) subtree if <S has finitely (countably) many 
branch points and the tangent space at each branch point is finite (countable). 

A rooted nonmetric tree T is complete if every increasing sequence {Ti)i>i in 
T has a majorant, i.e. an element Too G T with n < Too for every i. Thanks to 
(T3), any rooted nonmetric tree T has a completion T obtained by adding points 
corresponding to unbounded increasing sequences Ti in T. A maximal point in T 
(under <) is called an end of T. Hence all points in T\T are ends. We sometimes 
use the notation T° for the sets of elements of T that are not ends, i.e. the set of 
nonmaximal elements of T. 

3.1.2. Nonmetric trees. In some situations, the choice of root in a rooted 
nonmetric tree is not so important. By "forgetting" the root, we obtain an object 
called a (nonrooted) nonmetric tree. 

Let us be more precise. Consider a rooted, nonmetric tree (T, <) with root 
Tq. Pick any point Tq G T and define a new partial ordering <' on T by declaring 
Ti <' T2 iff [to,ti] C [tq,T2]. Then (T, <') is a nonmetric tree rooted at Tq. One 
easily verifies that segments in (T, <') are the same as segments in (T, <). 

More generally, for any set T, let P = P{T) be the (possibly empty) set of 
partial orderings < on T such that (T, <) is a rooted, nonmetric tree. If <i and 
<2 are partial orderings in P, then we say that <i and <2 are equivalent if the 
segments in (T, <i) and (T, <2) are the same. It is straightforward to verify that 
two partial orderings are equivalent iff one is obtained from the other by changing 
the root as above. 

This leads to the following definition. 

Definition 3.5. A nonm,etric tree is a set T with P{T) ^ 0, together with a 
nonempty equivalence class in P{T). 

If T is a nonmetric tree, we obtain a canonical rooted, nonmetric tree (T, <) 
by fixing a point (the root) in T. 

Concepts on rooted, nonmetric trees that can be formulated purely in terms of 
segments carry over to the nonrooted setting. For instance, a nonmetric tree T is 
complete if the rooted nonmetric tree (T, <) is complete for some choice of root. 
This makes sense since T is complete iff every open segment in T is contained in a 
closed segment. 

Given a nonmetric tree and a point t gT we define an equivalence relation on 

T\ {t} by declaring cr, a' to be equivalent if the segments ]t, cr] and ]t, ct'] intersect. 
An equivalence class is called a tangent vector at r and the set of tangent vectors is 
called the tangent space at r, denoted Tr. We say that the point a represents the 
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tangent vector. The tangent spaces should be thought of as projectivized. This is 
natural since there is no canonical parameterization of segments by real intervals. 

A point in T is an end if its tangent space has only one element. It is a regular 
point if the tangent space has two elements, and a branch point otherwise. 

Notice that the concept of end differs slightly between rooted and nonrooted 
nonmetric trees: the root of a rooted, nonmetric tree (T, <) may be an end in the 
associated nonrooted tree but is never an end in (T, <) itself. 

Two nonmetric trees 71 and T2 are isomorphic if there exists a bijection $ : 
71 — > 72 and partial orderings <i and <2 such that $ is an isomorphism of the 
rooted nonmetric trees (Ti,<i) and (72, <2), i-e. $ is order-preserving. Then <!> is 
called an isomorphism of nonmetric trees. 

3.1.3. Parameterized trees. A parameterization of a rooted, nonmetric tree 
(T, <) is an increasing (or decreasing) mapping a : T — > [—00, +00] whose restric- 
tion to any full, totally ordered subset of T gives a bijection onto a real interval. 
A rooted, nonmetric tree is parameterizable if it admits a parameterization. 

Note that by postcomposing with a suitable monotone function, we may require 
the parameterizations to be increasing with values in [0, 00] or even in [0, 1]. In the 
rest of this chapter, we shall always work with such parameterizations. 

Let us point out that in some situations (notably for the much of the analysis 
in Chapter |7| and its applications in Chapter [SJ the choice of parameterization is 
important. At any rate, on the valuative tree, all the parameterizations that we 
shall be concerned with are increasing, with values in R+. 

Consider a rooted nonmetric tree (7", <) with root tq and a parameterization 
a ; T — > [0, 1]. Pick any Tq and consider the equivalent partial ordering <' rooted in 
t'q. Then the function a' : T' ^ [0,2] defined by a' (r) = a(r) a(r^) - 2a(T A r^), 
where A defines the minimum with respect to < , gives a parameterization of the 
rooted, nonmetric tree (T, <'). We may therefore define a (nonrooted) nonmetric 
tree T to be parameterizable if (T, <) is parameterizable for any choice of root. 

It follows easily that a nonmetric tree T is parameterizable iff its completion 
T is. We do not know if there exists a non-parameterizable nonmetric tree. All 
nonmetric trees we consider in this monograph will be parameterizable. 

A morphism oj parameterized trees between (Ti, ai) and (72, 02) is a morphisni 
$ : 7i — > 72 of the underlying rooted, nonmetric trees, such that 0:2 ° 5' = Q^i. If 
is moreover a bijection then it is an isomorphism of parameterized trees and we say 
that (Ti, ai) and (72, 02) are isomorphic. Of course $ is then also an isomorphism 
of the underlying (rooted) nonmetric trees 7i and 72. 

Example 3.6. Fix a set X and set T — X x [0,oo)/ ~, where (x,0) ~ (y, 0) 
for any x,y £ X. Then T is a rooted, nonmetric tree under the partial ordering < 
defined by (a;, s) < {y, t) iff either s — t — 0, orx — y and s < t. 

Given g : X —> (0,00) define a parameterization ag : T — > [0,cx)) on T by 
ag{x,s) = g{x)s. The identity map (T,ag) — > {T,ah) is then an isomorphism of 
parameterized trees ]S. g = h. 

3.1.4. The weak topology. A nonmetric tree carries a natural weak topology 
defined as follows. If u G Tt is a tangent vector at a point t E T, set 

U{v) := {a G T \ {r} ; a represents v}. 

Then the weak topology is generated by the sets U (v) (i.e. the open sets are unions 
of finite intersections of such sets). 
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We shall study the weak topology in more detail in Section 17.21 but let us 
summarize the main features. The weak topology is HausdorfF. Any complete 
subtree 5 of T is weakly closed in T and the injection 5 ^ T is an embedding. 
In particular, any segment 7 = [r, r'] in T is closed, and the induced topology on 
7 coincides with the standard topology on [0, 1] under the identification of 7 with 
the latter set. However, the branching of a nonmetric tree does play an important 
role for the weak topology: 

Example 3.7. Let T ^ X x [O.oo[/ ^ be as in Example 13.61 Assume that 
X is infinite and pick a sequence {xn)T of distinct elements of X . Then (a;„, 1) 
converges weakly to the root (x, 0) as n ^ 00. 

See Proposition 17.51 for a precise criterion of weak sequential convergence. In 
Section 17.21 we shall prove that any parameterizable, complete, nonmetric tree is 
weakly compact. Note that a nonmetric tree T which is not complete cannot be 
weakly compact: a sequence in T that increases (with respect to some choice of 
partial ordering) to an element in T \ T cannot have a convergent subsequence. 

Proposition 3.8. If a : T ^ [0, cxd) is a parameterization of a rooted, non- 
metric tree, then the function a is weakly lower semicontinuous. 

Proof. We have to show that the superlevel set 7^ = {r ; Q;(r) > t} is open 
for every t. Consider t such that % is nonempty and pick t £ %. Pick t' < t with 
(^{t') > t and let v be the tree tangent vector at a' represented by r. Then U{v) is 
an open neighborhood of r on which a > t. This completes the proof. □ 

Remark 3.9. The function a is not weakly continuous in general as can be 
seen from Example 13 . 61 wit h g = 1 and X an infinite set. See also Propositions 13 . 3 ll 
and lTTfl 

3.1.5. Metric trees. Closely connected to parameterized trees are metric 
trees. ^ These are metric spaces in which every two points is joined by a unique 
arc, or segment, and this segment is isometric to a real interval. It is known M(2j 
that a metrizable topological space is a metric tree (i.e. admits a compatible metric 
under which it becomes a metric tree) iff it is uniquely pathwise connected and 
locally pathwise connected. 

Roughly speaking, metric trees are to parameterized trees what nonmetric trees 
are to rooted, nonmetric trees. Let us make this precise. First, a metric tree 
(T, 0?) gives rise to a nonmetric tree. Indeed, fix tq G T (the root) and define a 
partial ordering < on T: r < r' iff r belongs to the segment between tq and r'. 
Clearly (T1)-(T3) hold. Moreover, different choices of tq give rise, by the very 
definition, to equivalent partial orderings on T. Thus T is naturally a (nonrooted) 
nonmetric tree. We say that the metric d on T is compatible with the nonmetric 
tree structure. 

Second, if (T, d) is a metric tree, then given any choice of root tq G T, the 
function a : T — > [0, 00) defined by q;(t) ~ d{T, tq) gives a parameterization of the 
rooted, nonmetric tree (T, <). 

Conversely, consider a rooted, nonmetric tree (T, <) with a parameterization 
a:T ^ [0, 1]. Define a function d : T x T [0, 2] by 

d{a, t) = {a{a) — a{a A r)) + (^(t) — a{a A r)). 



Metric trees are normally called R-trees in the literature but this terminology would not be 
precise enough for our purposes. 
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Proposition 3.10. (T, d) is a metric tree. 

Proof. It is straightforward to verify that (T, d) is a metric space in which 
every two points is joined by an arc isometric to a real interval. What remains to 
be seen is that there is a unique arc between any two points in T. For this, consider 
a continuous injection i : I {T,d) of a real interval / = [ti,t2] into T, and let 
Ti = i{ti). By declaring ti to be the root of T, we may suppose ri < T2. Define 
7r(<) = ^(^) A T2, and suppose TT~^{t} has an interior point for some t G I. If [a, b], 
a < b denotes a non trivial connected component of Tr~^{t}, the tree structure of 
T implies i{a) = i{b). This contradicts the injectivity of i. From the fact that 
the preimage by tt of any point in [ti, T2\ has empty interior, we infer that i maps 
/ into the segment [Ti,r2]. The injectivity of i then gives that i is an increasing 
homeomorphism of / onto [ti , T2\ ■ This completes the proof. □ 

If a metric tree T is complete as a nonmetric tree, then (T, d) is a complete 
metric space for every compatible tree metric d on T. As a partial converse, if a 
nonmetric tree T admits a compatible, complete tree metric d of finite diameter, 
then T is complete as a tree. Notice, however, that R with its standard metric is 
complete as a metric space but not as a nonmetric tree. 

If a metric tree T has finite diameter, then the completion of T as a metric 
space agrees with the completion of T as a nonmetric tree. Moreover, it is always 
possible to find an equivalent metric in which T has finite diameter. 

3.1.6. Trees from ultrametric spaces. There is a natural way to construct 
trees from ultrametric spaces. This procedure will be used to illustrate the connec- 
tion between quasimonomial valuations and curves in Section 13.81 

Recall that a metric d on a space X is an ultrametric if it satisfies the stronger 
triangle inequality d{x, y) < max{(i(x, z), d(y., z)} for any x,y,z £ X. 

Let {X,dx) be an ultrametric space of diameter 1. Define an equivalence 
relation ~ on X x (0,1) by declaring (x, s) ~ {y,t) iff d{x,y) < s — t. Note that 
{x, 1) ~ (y, 1) for any x, y. The set Tx of equivalence classes is a nonmetric tree 
rooted at (x, 1) under the partial order (x, s) < (y,^) iff d{x,y) < s > t. It is 
a metric tree under the metric defined by d{{x,s), (x,t)) = |s ~ i| and d{a,T) — 
d{a, cr A r) + d(T, cr A t) for general cr, r g Tx ■ It can also be parameterized by 
declaring a{x,t) — t^^. 

If the diameter of any ball of radius r equals r (!), then we may think of 
(x, t) e Tx as the closed ball of radius t in X centered at x. 

3.1.7. Trees from simplicial trees. Next we show how the classical notion 
of simplicial tree fits into our framework. 

Recall that a simplicial tree is a set V (vertices) together with a collection E 
(edges) of subsets of V of cardinality 2, such that the following holds: for any two 
distinct vertices <7,t € V there exist a unique sequence a = ao, cri, . . . , (Jn — t of 
distinct vertices such that {ai-i,ai} € E for all i = 1, . . . ,n. We write [cr, t] = 
{cTilg. A rooted simplicial tree is a triple {V,E,to) consisting of a simplicial tree 
(y,i?) together with a marked vertex tq G E (the root). 

If {V^E,To) is a rooted, simplicial tree, then we can define a partial ordering 
on V by declaring r < r' iff [to,t] C [To,r']. It is straightforward to verify that 
(y, <) is a rooted, nonmetric N-tree in the sense of Section l^.l.ll Conversely, to any 
rooted, nonmetric N-tree (T, <) we can associate a rooted, simplicial tree {V, E, tq) 



3.1. TREES 



45 



as follows: V — T, tq is the root of T, and {t,t'} e iff the segment [t, t'] in 
T contains exactly two elements. One easily verifies that {V,E,tq) is a rooted 
simplicial tree, and that the two operations just defined are inverse to each other. 
Moreover, changing the root of (V, E, tq) leads to an equivalent partial ordering 
on T — V, and vice versa. We thus conclude that (rooted) simplicial trees can be 
identified with (rooted) nonmetric TSI -trees. 

Notice that any rooted, nonmetric N-tree (T, <) has a unique parameterization 
a : T — > N satisfying a(ro) = 1: this is given by q;(t) ~ =ff{(J < r}. 

To any rooted (nonmetric) N-tree ('7n,<) with root tq we can associate a 
rooted, nonmetric R-trcc (7r, <) by "adding the edges" as follows: we set 

rR = {(ro,0)}U((rN\{ro})x]-l,0]) 

and define the partial ordering on 7r by lexicographic ordering: (r, s) < (r', s') iff 
T < r' or T = t' and s < s'. It is straightforward to verify that Tr is a nonmetric 
R-tree rooted in (ro,0). Notice that Tr, naturally contains Tisr — ^ x {0} as a 
subset. In fact, Tr, is the minimal rooted, nonmetric R-tree with this property. 
We leave it to the reader to make the last statement precise, as well as to verify 
that equivalent partial orderings on 7n give rise to equivalent partial orderings on 
7r. Finally notice that the canonical parameterization a : Tn N extends to a 
parameterization a : 7r — s- R+ by setting a(r, s) = a(r) -I- s. 

3.1.8. Trees from Q-trees. As we show in this section, there is a natural 
way of passing from a Q-tree to an R-tree by "adding irrational points" . This 
construction will be used in Section IfTTl 

First, notice that definition of Q-trees does not involve any arithmetic prop- 
erties of the set Q but only its structure as a totally ordered set. As such, it is 
characterized by 

Lemma 3.11. A totally ordered set A is isomorphic to an interval m Q iff A 
is countable and has no gaps in the sense that if A, A' G A and A < A' then there 
exists X" e A with A < A" < A'. 

Proof. Clearly any interval in Q has the stated property. For the converse, fix 
a countable, totally ordered set A with no gaps. We wish to show it is isomorphic 
to an interval in Q. There is no loss of generality in assuming that A contains 
its infimum and supremum. The proposition will follow if we can produce an 
isomorphism x from A onto the set D of dyadic rational numbers in [0,1], i.e. 
0,1 and all numbers of the form i/2^, j > 1, < i < 2^. Indeed, we can then 
post-compose with an isomorphism from D onto [0, 1] H Q. 

Let (A„)g° be an enumeration of A. Assume that Ao = min A and Ai = max A. 
Set x('^o) = and x('^i) = 1- Inductively, suppose n>2 and that we have defined 
x(Am) for m < n in an order-preserving way. Define A' = max{A„i ; m < n, Am < 
A„} and A" = min{Am m < n, A„i > A„}. Then pick x(A„) to be a dyadic rational 
in ]0, 1[ with minimal denominator such that x(A') < xW < 

It is clear that this gives an order-preserving mapping of A into the set D. The 
fact that it is onto follows from the assumption that A has no gaps. □ 

We now formulate the way in which a Q-tree is canonically embedded in an 
R-tree. 

Proposition 3.12. Given a rooted, nonmetric Q-tree Tq there exists a rooted, 
nonmetric R-tree 7r and an order-preserving injection i : Tq 7r such that: 
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(i) i('7q) is weakly dense in 7r; 

(ii) every point in Tr \ «(7q) is a regular point of 7r; 

(iii) if i' : 7q — > 7^ is an order-preserving injection into another rooted, non- 
metric R-tree with weakly dense image, then there exists an injective mor- 
phism $ : Tr. 7^ of rooted, nonmetric trees such that ^ o i — i' and 
such that $ extends to an isomorphism of rooted, nonmetric trees between 
the completions of Tr, and T^. 

Moreover, given a parameterization aq : 7q Q+ of 7q there exists a unique 
parameterization q;r. : Tr such that q;r, o i — aq . 

Proof. We first show how to define 7r and i. Define Tr. as the set of equiv- 
alence classes [/,] of decreasing sequences /, = (/n)o° of closed segments in 7q 
so that n„>o/n contains at most one point. Here J, and J, are equivalent iff for 
every n there exists m such that C J„ and C /„. Further, if ct G 7q, 
then ?((7) S 7r is defined to be the equivalence class containing /, — (/ri)o°; where 
In = [f, cr] for all n. 

Let us show that 7r is naturally a rooted nonmetric R-tree, i.e. that it admits 
a natural partial ordering satisfying (T1)-(T3). This partial ordering is defined as 
follows: [/,] < [J,] iff there exist increasing sequences (uk)^, {mk)f^ and, for every 
k, elements e Tk G Jm^ with ak < t^. We leave it to the reader to verify 
that this is well-defined and that i : 7q — > 7r is an order-preserving injection. If 
ctq is the root of 7q, then clearly i{ao) is the unique minimal element of 7r, so 
7r satisfies (Tl). We now consider (T2). We have to show that if [/,] e 7r, then 
{[J*] G 7r ; [J,] < [/,]} is a totally ordered set isomorphic to a real interval. First 
suppose [/,] — i(a) for some a g 7q. The segment [(To,cr] is a totally ordered set 
isomorphic to [0, 1] H Q. But it is well-known that if we perform the construction 
above on the nonmetric Q-tree [0,1] n Q, then we end up with [0,1] n R. Hence 
we are done in this case. If [/,] is not of the form i{a), then there still exists a 
decreasing sequence (t„ in Tq such that i(cr„) decreases to [/,]. Then {[J,] < [/,]} 
is isomorphic to the intersection of real intervals [0, s„] C R, where (sn)j" is a 
decreasing sequence of real numbers with Soo = lims„ > 0. As {[J.] < [/.]} has a 
maximal element, it must be isomorphic to the real interval [0, Sqo]- 

Thus (T2) holds. Instead of proving (T3) we prove the equivalent state- 
ment (T3') in Remark 13.31 Consider a totally ordered subset 5r C 7r without 
upper bound in 7r. We may assume that 5r is full. Then Sq :~ «^^(5r) is a 
nonempty, totally ordered subset of 7q without upper bound. Since 7q is a Q-tree, 
there exists an increasing sequence (cr„) in Sq without upper bound in 7q. Then 
it is easy to see that {t(an)) is an increasing sequence in 5r without upper bound 
in Tu- 

We conclude that 7r is an R-tree. It follows from the construction that 'jr\t{TQ) 
is weakly dense in 7 for every segment 7 C 7r, where 7 is equipped with the 
topology induced from R. Hence i{Tq) is weakly dense in 7r. That all points of 
7r \ i(7Q) are regular points of 7r is clear from the construction. Thus we have 
proved (i) and (ii). 

Finally, suppose i' is an order-preserving injection of 7q into an R-tree 7^ 
with weakly dense image. Let us construct the mapping $ : 7r — > 7^ as in (iii). 
The construction is based on the following result, the proof of which is left to the 
reader: 
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Lemma 3.13. If X and Y are countable dense subsets of the real interval [0,1] 
and X '■ ^ ^ Y is an order-preserving bijection, then x extends uniquely to an 
order-preserving bijection (i.e. an increasing homeomorphism) o/ [0, 1] onto itself. 

We continue the proof of the proposition. The fact that i'{Tq) is weakly dense 
in 7^ implies that the root of 7^ is i'{<tq), and that z'([(To,cr]) is dense in the 
segment [%' {a-o),i{a)] in 7^ for any a € Tq (this uses the fact that 7q is a Q-tree 
and does not follow from the fact that i'{Tq) is a weakly dense subset of 7^). 
Lemma 13.131 then implies that for any a G 7q there is a unique order-preserving 
bijection : [i{ao),i{a)] — > [i' {ao) , i' (a)] such that o i — i' on [ao,(T]. These 
bijections patch together to form an order-preserving injection $ : 7r. 7^ with 
<I>oi = on Tq. Since «'(7q) is dense in 7^, $ extends to an isomorphism of rooted 
trees between the completions of 7r and 7^, completing the proof of (iii). 

Finally, the fact that any parameterization of 7q extends uniquely to a param- 
eterization of 7r, is again a consequence of Lemma 13.131 □ 

3.2. Nonmetric tree structure on V 

We now show that the natural partial ordering on valuation space V turns it 
into a rooted, nonmetric tree, the valuative tree, and describe its structure. 

3.2.1. Partial ordering. Recall that we have normalized the valuations in V 
by h'iyn.) — 1 and that the partial ordering < on V is given hy v < jj, iS i^iip) < m(0) 
for all (j> G R. The multiplicity valuation is given by iym{4') = 'rn{(j>). 

Theorem 3.14. Valuation space V is a complete nonmetric tree rooted at i>m- 

The general properties of nonmetric trees then give: 

Corollary 3.15. Any subset ofV admits an infimum. 

Remark 3.16. If {i^i) are valuations in V, then the infimum i' := /\Vi e V can 
be constructed using the following properties: v{4>) = miiVi{(j)) for all irreducible 
e m and i^{(j)tp) = -|- i^(V') for all 0, ■0 S m. 

This construction does not work on more general rings. For instance, consider 
monomial valuations Vi, i = 1,2,3 on C[[a:i, a;2, X3]] defined by i^i{xj) — 3 if i ^ 
j and Vi{xi) = 1. Define v — min.^ i/^ by the construction above and consider 
4> = X1X2 — X2X'i -\- x^xi, ip = X1X2 + X2X^ — x^xi. Then v{4>) = — 4 but 

i'{4> -|- ■0) = 2, so 1/ is not a valuation. 

A similar calculation shows that the natural partial ordering on the set of 
normalized valuations on C[[a;i, a;2, 0:3]] does not define a tree structure. 

Any invertible formal mapping / : (C'^,0) — > (C^,0) induces a ring automor- 
phism /* : i? — > i?. Since /*m = m, we have an induced mapping : V V given 
by = v[f*<l)). If ^ < t^, then clearly < f^v. Hence we get: 

Proposition 3.17. Any invertible formal mapping f : (C^,0) — > (C^,0) in- 
duces an isomorphism f^,:V—>Vof rooted, nonmetric trees. 

We now turn to the proof of Theorem 13.141 It is proved by describing the 
partial ordering on V in terms of SKP's: 
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Proposition 3.18. Let v and v' he valuations in V , v ^ v' . Pick local co- 
ordinates {x,y) such that 1 = — v'{x) < min{i/(y), ;/'(?/)}. Write v = 
val[(JX,-); and v' = val[([/j); (/3^-)]- T^^^^ v < v' iff 

length(i/') > lcngth(j/) fc < oo, Uj = for < j < k and > /3k. 

As a direct consequence, the infimum of any family of normalized valuations 
exists and is computable in terms of SKP's, at least as long as we can choose the 
coordinates [x, y) conveniently. 

Corollary 3.19. Let be a family of valuations in V and suppose we 

can find local coordinates {x,y) such that 1 = < i'''{y) for all i G /. Write 

— val[([/*); Then the infimum of the v"^ exists and is given in terms of 

SKP's by 

iei 

where 1 < k < oo is maximal such that J7j = U'!j =: Uj for < j < k and i, i' G /, 
and Pj = (3j ==: (ij for < j < k and i, i' G /. 

Proof of Proposition 13. It^ First suppose the three displayed conditions 
hold. Then property (Q2) of Theorem Ol implies i/' > i^o = val[(f7j)g; (/3j)o"\ /^IJ- 
But Vq > v, so v' > V. 

Conversely assume val[(J7j); (/3^)] ^ v' > v ^ val[(C/-,)§; with l<k<oo. 

Let us show inductively that [/j = Uj for j < k. This is true by definition for 
j ~ 0, 1. Assume we proved it for j < k. Define i/j^i — val[(J7;)j^~^ ; (A)o~^]- Then 
v'{Uj)>v{Uj) > Vj-i{U.j). Hence Theorem ^TM implies t/j = U.j. Finally, k < oo 
(or else v = v') and = v'{Uk) > v{Uk) = Pk- □ 

Proof of Theorem I3.14L It is clear that (V, <) is a partially ordered set 
with unique minimal element Vxn- Thus (Tl) holds. 

To prove (T2), fix G V with v > v^- We will show that the set / {/i ; < 
M < i^} is a totally ordered set isomorphic to an interval in R_|_. 

We may pick local coordinates {x,y) such that 1 = v{x) < v{y). Write v = 
val[(f7j)o; (/3j)§]. First assume k < oo. Set dj = degy{Uj) for 1 < j < fc and 
do = oo by convention. Recall that the sequence [Pj/dj) is strictly increasing (see 
Lemma f2 .411 ■ We claim that / is isomorphic to the interval J = [l,/3fe/c?fc]. To see 
this, pick t G J. There exists a unique integer / G [1,A:] such that < t < 

Pi/di. Set vt = ^sl[{Uj)l; (/3j)'CQ, td/]. Proposition 13 . 181 then shows that this gives 
an isomorphism from J onto /. The case fc = oo is treated in a similar way. 

As for (T3), it is easier to prove the equivalent statement (T3') given in Re- 
mark lTSl Moreover (T3') clearly follows if we can prove that every totally ordered 
subset of V has a majorant in V. This will in fact also prove that V is a complete 
tree. Thus consider such a totally ordered subset S C V. We may pick local co- 
ordinates {x,y) such that 1 = I'ix) < I'iy) for every v S. By Proposition 13.1?^ 
the SKP defining v £ S has a length that is a nondecreasing function of v. When 
length 1/ — !■ oo, Theorem l2.22l shows that v tends to a curve valuation or an infinitely 
singular valuation dominating all the v's. Otherwise length v is constant for large 
ly, v £ S, and we can write = val[(J7j)Q; iPj)^''^ , Pn^]. By Proposition l3.18l Pn^ 
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is an increasing function of v, hence is dominated by some /3„ G R+. The valuation 
ji = val[(C/j)Q ; {(3j)Q] dominates aU the z^'s. Thus V is a complete tree. □ 

3.2.2. Dendrology. We now undertake a more detailed study of the non- 
metric tree structure on valuation space. Recall from Section 12.21 that we have 
classified the valuations in V into four categories: divisorial, irrational, infinitely 
singular and curve valuations. Moreover, we called a valuation quasimonomial if it 
is either divisorial or irrational; see Definition 12. 231 

This classification was defined in terms of SKP's and a priori depended on a 
choice of local coordinates. We saw in Theorem 12.281 that the classification could 
also be formulated in terms of numerical invariants and in particular did not depend 
on coordinates. Here we show how the nonmetric tree structure interacts with the 
classification. 

Proposition 3.20. The rooted, nonmetric tree structure on valuation space V 
has the following properties: 

(i) the root ofV is the multiplicity valuation 1/^; 

(ii) the ends of V are the infinitely singular and curve valuations; 

(iii) any tangent vector in V is represented by a curve valuation as well as by 
an infinitely singular valuation; 

(iv) the regular points of V are the irrational valuations; 

(v) the branch points of V are the divisorial valuations. Further, the tangent 
space at a divisorial valuation is in bijection with P^. 

Remark 3.21. The bijection in (v) will be made much more precise in Appen- 
dix^ In particular we will show that each tangent vector has an interpretation 
both as a point on a rational curve and as a KruU valuation. 

Remark 3.22. The nonmetric tree structure on V does not allow us to distin- 
guish between a curve valuation and an infinitely singular valuation. In Scction f3.4l 
we will define the multiplicity of a valuation. This multiplicity is an increasing 
function on V with values in N and the infinitely singular valuations are the ones 
with infinite multiplicity. 

Proof of Proposition 13. 2(?1 We have already proved (i). For (ii), let v eV 
be quasimonomial and pick local coordinates {x,y). Then — val[(J7j)Q; (/3j)q], 
with k < oo and Pk < oo. By Proposition 13. 18l i/ is dominated by any valuation of 
the form val[(t/j)§; {(ij)^'^ , P^^], where > f3k- Thus no quasimonomial valuation 
is an end in V. The same proposition also shows that no valuation with an SKP 
of infinite length or with length k < oo and = oo can be dominated by another 
valuation. Thus curve valuations and infinitely singular valuations are ends in V, 
proving (ii). 

The proof of (iii) is similar. Indeed, consider ly Cz V and a tangent vector v 
at 1^. First assume H is not represented by i^m- By (ii), is then quasimonomial 
and a is represented by another quasimonomial valuation /i. Pick local coordi- 
nates (x, y) and write = val[(C/j)o; (/3j)o], where k, /3k < oo. The curve valuation 
val[([/j)g; (^j)q~^,oo] then dominates fi and hence represents H. We can also con- 
struct an infinitely singular valuation dominating /i: pick G Q with > Pk and 
inductively extend the SKP [(C/j)§; iPj)o'\ P'k] to an infinite SKP [{Uj)^; {P'j)^] 
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Figure 3.1. The nonmctric tree structure on the vahiative tree V. 
The valuations marked by dots are, from left to right: the multi- 
plicity valuation Vm, an irrational valuation, a divisorial valuation, 
an infinitely singular valuation and a curve valuation. 

where f3'j = Pj for < j < and such that dj := degy{Uj) oo. The valuation 
va\[{Uj)^; (/3j)o°] is infinitely singular and dominates /x; hence it represents v. 

If V if represented by Vm, then v i>m- Assume the local coordinates have 
been picked so that v{y) > ^{x) = 1. By CoroUarv 13.191 the curve valuation 
with SKP [(x, y); (oo, 1)] represents a tangent vector w at Um different from the one 
represented by v. From the preceding argument, w is represented by both a curve 
valuation (e.g. Vy) and by an infinitely singular valuation. These valuations then 
also represent the tangent vector if. Thus we have proved (iii). 

Next consider a quasimonomial valuation v and a tangent vector v g Tv rep- 
resented by a curve valuation i>c- First assume that vq t\v < v- Then the segment 
vc\ intersects \ &t vq t\v ?,o v is the tangent vector represented by v^. 

Otherwise, vq > v- First suppose v is irrational. We claim that all curve 
valuations vc with vc > represent the same tangent vector. Indeed, in general, if 
vc and vd are distinct curve valuations, it follows from CoroUarv 13.1 91 that vc two 
is divisorial. Thus if vctJ^d > v and v is irrational, then vc t\VD > v 'bo vq and 
Vd represent the same tangent vector at v. This proves (iv). 

When V is divisorial, write v = val[(C/j)g, (/?j)§] with k < oo and /3fc G Q. 
For jjL > v, either ^{Uk) > y[Uk) = Pk, or ^{Uk) = l3k- In the former case, /i 
represents the same vector as j/qo = val[(C/j)Q, (,9j)o~^j oo]- In the latter case, The- 
orem l2.8l fQ2'l shows that there exists a polynomial Uk+i = UJ!'' — 6Y[q~^ jj^^j with 
9 — 9{fi) e C*, such that ifcj) e R then /i(0) > iff Uk+i divides (j) in gr^ C(a;)[?/]. 

Define ve = t^u^+i and (3k+i = M(C^fe+i)- Then fiAvg > val[(;7,)o+\ 0j)o^^] > v so 
that /X and vg define the same tangent vector. Conversely ve /\ vgi = v as soon as 
9 ^ 9' . The set of tangent vectors at v is hence in bijection with {vxn, i^oa t^ejeec* 
which is in bijection with P^, proving (v). □ 

3.2.3. A model tree for V. The identification of valuations with SKP's gives 
an explicit model for the tree structure on V. Namely, let T be the set consisting 
of (0) and of pairs (s, 9) with s — (si, . . . , Sm+i), 9 = {9i, . . . , 6',„), < m < oo, 
Sj € Q!|_ for 1 < J < TO -t- 1, Sm+i G (0, oo] if m < oo, 9j S C*. Define a partial 
ordering on T by {s,9) < {s',9') iff to < m', sj = s'^ and 9j = 9j for j < m and 
Sm < ^'^d by declaring (0) to be the unique minimal element. Then (T, <) is 
a complete nonmetric tree rooted in (0). 

Define « : T ^ V as follows. Fix local coordinates {x,y). First set i(0) = i/x- If 
(s, 9) G T, then set Pq — 1/ min{l, si}, /3i = si/ min{l, si}, and define, inductively, 
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Uk = min{n ; nfik G I]o f^j"^} ^nd (3k+i := rikPk + Sfe+i- Define Uk by (P2) and 
set i{s,9) := va.\[(Uk); (Pk)]- Proposition 13.181 shows that i is an isomorphism of 
nonmetric trees. 

The map i is in fact an isomorphism of rooted nonmetric trees if we take Vx to 
be the root of V. We shall study this situation more closely in Section 

3.3. Parameterization of V by skewness 

While the nonmetric tree structure on V induced by the partial ordering is 
quite appealing, it only reflects some of the features of the valuative tree. For 
applications it is crucial to parameterize V. As we will see, there are two canonical 
parameterizations. Here we will discuss the parameterization by skewness. The 
second one — thinness — will be introduced in Section IBT^ after we have defined the 
concept of the multiplicity of a valuation. 

3.3.1. Skevifness. We first introduce a new invariant of a valuation. It mea- 
sures in an intrinsic way how far the valuation is from the multiplicity valuation 

Definition 3.23. For v eV, define the skewness a{iy) g [l,oo] by 

a{i^) :=sup|4^ ; 0eml. (3.1) 



m(0) 

This quantity is an invariant of a valuation, in the following sense: 

Proposition 3.24. /// : (C^,0) (C^,0) is an invertible formal map, and 
/* : V — !• V the induced map, then a{f^v) ~ ol{v) for any v £ V. 

Proof. This is immediate since 

a{f^v) = sup = sup — — - = a[v). 

□ 

A main reason why skewness is useful is the following result that will be used 
repeatedly in the sequel. 

Proposition 3.25. For any valuation v £ V and any irreducible G m we 
have 

v{4>) = a{v A v^)m{(l)). 
In particular v{4>) < a(v)m{(j)) with equality iff > v. 



3.3.2. Parameterization. As the following result asserts, skewness provides 
a good parameterization of the valuative tree. 

Theorem 3.26. Skewness defines a parameterization a : V — > [l,oo] of the 
valuative tree V rooted in the multiplicity valuation Vm . Moreover: 

(i) if V is a divisorial valuation, then a{v) is rational; 

(ii) if V is an irrational valuation, then a(i^) is irrational; 

(iii) if V is a curve valuation, then alv) = oo; 

(iv) if v is infinitely singular, then a{v) G (l,oo]. 
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Figure 3.2. The value v{(j)) for e m irreducible depends on 
the multiplicity m(^) and the relative position of v and the curve 
valuation in the valuative tree V. See Proposition 13 . 2 51 




Figure 3.3. Skewness is used to parameterize the segment [vm^ v^] 
by v,p.t, 1 < i < oo. We have v^,t — i^i>,s iff s = t < a(i^0 A v^). 
See Theorem and Definition ITTtI 

It follows that skewness also defines a parameterization a : Vqm — > [l,oo). 
We refer to Appendix fXl for a construction of an infinitely singular valuation with 
prescribed skewness t e (1, oo]. 

Definition 3.27. Fix an irreducible curve C and pick t G [l,oo]. We denote 
by i^c,t the unique valuation in the segment [t'mj^'c] having skewness a{iy) — t. If 
C = = 0} for G m irreducible, then we also write i^^^t = vc,t- See Figure rOI 

Remark 3.28. The parameterization of V by skewness does not allow us to 
distinguish between curve valuations associated to smooth and singular curves since 
both have infinite skewness, as do some infinitely singular valuations. The distinc- 
tion will be made in Section 13.41 bv the multiplicity function on V. 

Before proving the theorem, let us note two additional results. 

Corollary 3.29. If v G V and € m is irreducible, then v > Vcj,,t, where 
t — v{(j))/m{(j)). 

Proof. By Proposition 13 . 251 we have t = a{v A v^). Since Av^ £ ['^m,i^4,] we 
must have v /\v,j, — v,f,_f Thus v > V(t,^t- D 
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Corollary 3.30. // e V, e m zs irreducible and v{4>) is irrational, then 
= i^(j>,t where t — v[(j))/m{(j)). 

Proof. Define t — v{(f)/m{(f). By Corollarv l3 . 291 we have v > v^^t- Since v^^t 
is irrational, either equality holds, or else v > i^^.s for some s > t, in which case 
^^(0) ^ sm{(f)) > tm((j)), a contradiction. □ 

Proposition 3.31. Skewness a : V ^ [1,cxd] is lower semicontinuous, but not 
continuous, in the weak tree topology on V. 



Proof. Lower semicontinuity follows from Proposition 13.81 and the fact that 
skewness defines a parameterization of V. Consider the sequence = Vy-nx,2 in 
V. We have a(t'„) = 2 for all n, but Vn and a{vm) = 1. Thus skewness is not 

weakly continuous. □ 

3.3.3. Proofs. The proofs of all the statements about skewness go by trans- 
lating them into properties of SKP's. Hence we first prove 

Lemma 3.32. Let i' G V and write v — val[(C/j)Q; (/3j)o] in coordinates {x,y). 
Then the following hold: 

(i) if v is guasimonomial, then a{i^) — d^^PkPoi where dk = degyUk; in 
particular a{h') is rational iff v is divisorial; 

(ii) if V is a curve valuation, then a{i>) — oo; 

(iii) if v is infinitely singular, then a(i>) — limj^oo d~^f3j(3o G (l,oo]. 

Proof, li v — is a curve valuation, then a(j^) > v{(j))/m{(j)) — oo, which 
proves (ii). As for (i) and (iii) note that it suffices to use (j> irreducible in H3.1|l . 
Indeed, if J^(0) < a m(<j)) for €E tn irreducible and (j) = Y\4'i is reducible, then 

^(<^) X! ^('^'^ - "^("^^^ ^ am{(j)). 

i i 

So assume (p irreducible and write = val[([/^); (Z?!*)]. Let I = con(j/, i^^) as 

defined in H2.13|) . Then I < k. Recall that the sequence (rfj^/3j)i is increasing. We 
apply Proposition 12 . 341 

= dr'min{A,/3f}min{/3o,/3o*} < svLpdJ^P^Po- (3.2) 
m[(p) j<fc 

If 1/ is quasimonomial, i.e. k < oo, then equality holds in (|3.2|) if ^ = A: and (3f = (3k, 
proving (i). 

If ly is infinitely singular, so that k < oo, then for any j we may pick (j) with 
I = j and (if = (3i. Then v{(j))/m{(j)) > d~^(3j(3o. Letting j ^ oo yields (iii). □ 

Proof of Theorem I3.26L Assertions (i)-(iv) follow from Lemma 15.321 To 
show that a defines a parameterization it suffices to show that if is an end in 
V, i.e. a curve or infinitely singular valuation, then a restricts to an increasing 
mapping of [j^rn,J^[ onto [l,Q;(i/)[. 

Pick local coordinates {x,y) such that i'{x) = 1 < i^iy)- In terms of SKP's, 
write I' — val[(?7j)o; {Pj)o]- Here either k — oo or (3k — oo. Let di ~ deg^^ Ui. RecaU 
that the sequence {(3i/di)\ is strictly increasing. By Proposition 13.181 any valuation 
M Gjt'tn, can be written (uniquely) in the form 

/x = val[(C/,)[,;(/3,)^-\/3] 
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where 1 < ^ < min{fc,cxi}, /3 < oo if / = fc < oo, and where di\dij3i-\ < (3 < Pi- 
By Lemma 13.321 we have a(/i) = P/di. This easily imphes that a is an increasing 
bijection of [j^mji^i onto □ 

Proof of Proposition 13.251 Keep the notation of Lemma l3 . 32l and its proof. 
If 1/ — v^, then v A ly^f, — and the resuh follows from (ii). Otherwise I := 
con(j/0, 1') < oo and v Av^ — val[(?7j)o; (/3j)g~^, /3], where (3 — mm{/3i, fif). Then 

ai^f A ly^,) = d^^fiPo = v{(j))/m{(j)), 

which completes the proof. □ 

Remark 3.33. Skewness is closely related to volume as defined in |ELS| . In- 
deed, if we define Vol(:^) — limsup^^g^ 2c~^ dime R/{i^ > c}, then we have 

Vol(z/) = aii^r^ (3.3) 

We sketch the proof, referring to |ELSI Example 3.15] for details. Write ly = 
val[(f7j)§; (/3j)o] and suppose for simplicity that k is finite. For any c > 0, a basis for 
the vector space R/{v > c} is given by the monomials Uq° . . . Ujl'' where < < nj 
for 1 < j < fc — 1, and rj(3j < c. The number of such monomials is given (up 
to a bounded function) by Hi"^ "^i ' Area{ro + jSkru < c ; ro, r/c > 0} ~ dkC^ /2(3k- 
This gives (E3J. 

3.3.4. Tree metrics. Skewness defines a parameterization of the valuative 
tree. As we have seen, there is a close connection between parameterized trees and 
metric trees. Here we use this relationship to define natural tree metrics both on 
the valuative tree V and on the subtree Vq,n consisting of quasimonomial valuations. 

We start with the quasimonomial case. For v, ^ ^ Vqm set 

c^qm(Ai, = (a(A*) - "(m a v)) + {a{v) - a(pL A v)) . (3.4) 

This makes sense since any quasimonomial valuation has finite skewness. As an 
immediate consequence of Proposition 13 . l()l we have 

Theorem 3.34. The metric dqm defines a metric tree structure on the set Vqm 
of quasimonomial valuations. 

As a general valuation can have infinite skewness, (|3.4|) does not define a metric 
on V, at least not in a standard sense. This problem can be resolved by postcom- 
posing skewness by a positive, monotone, bounded function on [l,oo]. In view of 
a later application (see Theorem I3.57|l we use the function a i— )■ a^^. Hence we 
define 

dip, v) = (—^ — ^ - ^ ) + (—^ — ^ - . (3.5) 

\a{iJ,Avj J \a[fj, A I') oiyv) J 

for any valuations u, fi in V. 

Theorem 3.35. The metric d gives valuation space V the structure of a metric 
tree. Further, (V, d) is complete. 

Proof. A simple adaptation of the proof of Proposition l3.1Ul shows that (V, d) 
is a metric tree. Completeness of (V, d) follows from completeness of V as a non- 
metric tree. □ 
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Remark 3.36. ProDOsition l3.24l shows that the metrics d and dqm are invariant 
metrics in the sense that if / : (C^, 0) — + (C^, 0) is an invertible formal map, then 
the induced maps /* : V — > V and : Vq,n Vqm are isometrics for (V, d) and 
(Vqmjrfqm), respectively. 

3.4. Multiplicities 

Consider the maximal, increasing function to : V — > N such that m{vc) — to(C) 
for every irreducible formal curve C . Concretely, this is given as follows: the 
multiplicity m{v) of a quasimonomial valuation v G Vqm is defined by 

m[u) = min{TO(C) ; C irreducible, vq > i'}- 

This multiplicity can be extended to arbitrary valuations in V by observing that 
v I—!- m{i') is increasing. We then have to allow for the possibility that to = oo. 

Proposition 3.37. If ij.<v then ni{y) divides ■m{i'). Further: 

(i) m{v) = oo iff V is infinitely singular; 

(ii) m{v) — 1 iff v is monomial in some local coordinates {x,y). 

Proposition 3.38. The multiplicity function to : V — > N is lower semicontin- 
uous, but not continuous, in the weak topology on V. 

We postpone the proofs to the end of this section. 

We also define m{v) for a tangent vector v E Tv as follows: if v is represented 
by then m{v) :— to(j/). Otherwise, m{v) is the minimum of m{C) over all 
i^c representing v. As there are uncountably many tangent vectors at a divisorial 
valuation, it is useful to know that their multiplicities are well behaved: 

Proposition 3.39. Let v be a divisorial valuation. Then there exists a positive 
integer b{v) divisible by m{v) such that exactly one of the following holds: 

(i) all tangent vectors at v share the same multiplicity m(v); in this case we 
set b(v) — m(v); 

(ii) among the tangent vectors at v , there are exactly two with multiplicity 
m(y) and one of them is determined by Vxni o,^^ other tangent vectors at v 
share a common multiplicity b(v) > m(v). 

Definition 3.40. We call b(y) the generic multiplicity of v. 

Remark 3.41. As we shall show in Chapter |H1 the generic multiplicity h = 
b(v) has the following geometric interpretation. There exists a composition of 
blowups : X ^ (C^, 0) and an irreducible component E of the exceptional divisor 
7r^^(0) such that tt* div^ = hv. Moreover, if C is an irreducible curve whose strict 
transform intersects E transversely at a point of E which is smooth on tt^^ (0), then 
C has multiplicity to(C) = 6. The situation h(v) = m{v) happens exactly when 
TT = tt' o TT and E is the exceptional divisor of the blowup tt of a smooth point on 

(V)-Ho). 

Let us now turn to the proofs of Propositions 13 . 371 13 . 381 and 13 . 391 They all rely 
on a translation to statements about SKP's. 

Lemma 3.42. Consider a valuation v E V and pick local coordinates {x,y) 
such that 1 = i/(a;) < Write v — val[(C/j)o; (;9j)q], 1 < < oo. Then the 

multiplicity m{v) is the maximum of the degree in y of the polynomials Uj. 
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Proof. By Lemma 12.51 we know that m{Uj) = dj = dcgyUj, which is an 
increasing function in j. The resuh then foUows easily from the definition of m(h') 
and from Proposition l3.18l The details are left to the reader. □ 

Proof of Proposition IH.HTI First pick < v. Write v = val[(t/j)§; {f3j)o], 
1 < A; < oo. By Proposition lTTHl we have v = val[(C/,)g'; (/3j)o'"\/3^,], with k' < k 
and /3^, < Pk'- By Lemma 13.421 and Lemma 12.41 we get m{ii) = Yio ^ "-i ^^"^ 
™(^) — rio ^ "i- Whence m(/i) divides m{v). 

Definition 12.231 and Lemma 13.421 immediately imply that m{v) = oo iff is 
infinitely singular. Thus (i) holds. 

As for (ii) it is clear that if v is monomial in coordinates {x,y), then v < 
or V < Vy, which implies m(z^) = 1. Conversely, suppose that m{v) = 1. Pick an 
irreducible formal curve C such that I'c ^ ^ smd m{C) = m{v) = 1. We may then 
pick local coordinates {x,y) with C = {y — 0}. Thus vc — Vy For each t £ [l,oo], 
let ut be the monomial valuation in coordinates {x,y) with utix) = 1, I'tiy) — t in 
the sense of H2.4|l . It is then clear that < i^y and that a(z^t) has skewness t. As 
V is a tree, i>t — Vy.t- This shows that all valuations in the segment [i'm,^'a] are 
monomial. In particular v is monomial. □ 

Proof of Proposition 13.381 We first show that m is lower semicontinuous 
on each segment of V. Pick an increasing sequence of valuations i/„ — *■ v. We 
want to prove m{v) = \m\m{vn). To do so write v = val[(t/j)§; (/3j)o]. Then 
Proposition 13.181 implv that for n large enough, Vn = val[([/j)Q; tP^] with 

increasing to (3k- We conclude by Lemma [3.421 above. 

Lower semicontinuity on all of V is then proved in much the same way as 
Proposition 13. 81 We have to show that the superlevel set {v ; ■m{v) > t} is weakly 
open for any real t. Pick any £ V with miyo) > t. If vo ~ then t < 1 and 
m{u) > t for all v £ V. Hence suppose ^ Vm- Since m is lower semicontinuous 
and increasing on the segment [i'mj^'o]i we may find i-i < v such that m(/i) = 
m(i'o) > i- Let v be the tangent vector at /i represented by vq. Then m > i on the 
open neighborhood U{v) of vq. 

Thus m is lower semicontinuous. The example Vn = i^{y+nx)^+x^ in coordinates 
{x,y) shows that it is not continuous: m{vn) = 2, — > Um but m(i^m) = 1- D 

Proof of Proposition 13.391 We use the description of the tgt space at a 
divisorial valuation in terms of SKP's that is given in the proof of Proposition l3.18l 
Fix a divisorial valuation v — val[(C/j)o; (/3j)o]- Let rik — min{Z ; lj3k G X^o^^ 
and write n^Pk — ^''"^kjPj with < rakj < tij as in 12.2(1 . For any G C* we 
define Uk+i{e) ^U]^'' -O-W Up\ 

Then any tangent vector at v which is not determined by Vm is represented by 
one and only one of the following curve valuations: with = Uk, or (j) — Uk+i{0) 
for some 9 E C* . This representation gives a bijection between Ti/ and P^. 

Let us now prove the proposition. Pick coordinates (x, y) such that I'iy) > v{x). 
Write V = val[(J7j)§; (/3j)o] and pick v e Tv. When v is represented by Vm, its 
multiplicity is m{v) by definition. When v is represented by the curve valuation 
associated to Uk, the multiplicity of v is bounded from above by m{Uk) — m{i>) 
and hence equals m{i>). 

Otherwise, v is represented by a curve valuation associated to Uk+i = Uj^'' — 
eUo UP', for some 6* e C*. The muhiplicity of V is hence at most m[Uk+i) = 
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nkm{Uk) — nkm{v) (see Lemma 12.511 . On the other hand, pick any curve valuation 
Vcj, representing v. As ly^ > v the SKP defining j/^ starts with [Uj)^. When 
V(ji(Uk) > Pk, Vff, determines the same tangent vector as Uk- Therefore iy^{Uk) — Pk 
and the next polynomial in the SKP of Vcj, is of the form — 9' Ho"^ 

and Uk+i determine the same tangent vector, 9' = 6. The multiplicity of <j) is 
the supremum of the multiplicity of the polynomials appearing in the SKP of 
hence m((/)) > m{Uk+i) = nkm{v). We conclude that m{v) = nk'm{v). 

When Uk — 1, we have proved that all tangent vectors have the same multi- 
plicity. When Uk > 2 all tangent vectors but two have the same multiplicity, and 
this multiplicity is a multiple of m{v). The remaining two tangent vectors have 
multiplicity m{v). This completes the proof. □ 

Note that the proof gives 

Lemma 3.43. Consider a divisorial valuation v d V and pick local coordinates 
{x,y) such that 1 — ^{x) < v{y)- Write v — val[(t/j)Q; (/3j)o]; 1 < fc < oo. Then 
the generic multiplicity h{v) is equal to the product Ukdk, where dk — degy{Uk) and 
rik is defined by condition (P2) in Definition \2.1\ 



3.5. Approximating sequences 

As the multiplicity function m is increasing, it is piecewise constant on any 
segment and the set of jump points is discrete. By Propositions 13 . 3 71 13 . 381 and 13 . 391 

this observation immediately gives 

Proposition 3.44. For any valuation G V of finite multiplicity, there exists 
a finite sequence of divisorial valuations Vi and a strictly increasing sequence of 
integers rui such that: 

Vm ^ < Vl < ■ ■ ■ < Vg < Vg+l = V (3.6) 

and such that m{pL) — mi for fi gji^i-i, Vi], 1 < « < .g + 1. Moreover mi — 1, mi 
divides mi+i and Vi has generic multiplicity h(vi) mi+i. See Figure 



Figure 3.4. The approximating sequence of a valuation of finite multiplicity. 



Definition 3.45. We call the sequence (i^i)f^o the approximating sequence 
associated to v. The concept of approximating sequences extends naturally to 
infinitely singular valuations: in this case they are infinite, of the form (^'i)§°. 

In Chapter |B1 we shall give a geometric interpretation of the approximating 
sequence: see Remark [6.411 

As we show in Appendix lD.il the approximating sequence of a curve valuation 
can be used to extract the classical invariants of the associated irreducible curve. 
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3.6. Thinness 



As we have indicated above, skewness is the first out of (at least) two natural 
parameterizations of the valuative tree. Having defined multiplicities we are now 
in position to introduce the second. Namely, we define the thinness^ of a valuation 
1/ G V by 



is quasimonomial or a curve valuation, and as a suitable increasing limit if v is 
infinitely singular. 

Concretely, if v has finite multiplicity and (i^i)f^Q is its approximating sequence, 
then 



i=l 

where a; = a{i>i). This formula extends naturally to infinitely singular valuations, 
in which case g ~ oo. 

Proposition 3.46. Thinness defines a parameterization A : V ^ [2, oo] of the 
valuative tree. Moreover: 

(i) if V is divisorial, then A(y) is rational: 

(ii) if V is irrational, then A(y) is irrational; 

(iii) if v is a curve valuation, then A{i>) = oo; 

(iv) if v is infinitely singular, then Alv) £ (2,oo]. 

It follows that thinness also defines a parameterization A : Vqm [2, oo) of the 
tree Vqm of quasimonomial valuations. 

We refer to Appendix ^ for a construction of an infinitely singular valuation 
with prescribed thinness t G (2, oo]. 

Proof. AU of this follows from (E3J| and Theorem IX^ □ 

Proposition 3.47. Thinness ^ : V — > [2, oo] is lower semicontinuous, but not 
continuous, in the weak tree topology on V. 

Proof. Lower semicontinuity follows from Proposition 13.81 and the fact that 
thinness defines a parameterization of V. The same example m„ = i'y-nx,2 that 
was used for skewness (see Proposition I3.3l|l serves to show that thinness is not 
continuous in the weak topology. □ 

Let us further analyze the relationship between skewness, thinness and mul- 
tiplicity. When viewed as functions on V, any two of them determines the third. 
Indeed, (|3.7|l gives thinness in terms of skewness and multiplicity. We can then 
recover skewness from thinness and multiplicity: 



Finally, multiplicity can easily be recovered from thinness and skewness by differ- 
entiating either H3.7|) or H3.9|) . 

■^We normalize A such that A{i'xn) = 2. This is natural in view of Remarks 13.491 and 13 . 5UI 
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(3.8) 




(3.9) 
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Alternatively, we can try to relate skewness, thinness and multiplicity for a 
fixed valuation. There is no general formula, but the following elementary bounds 
are useful for applications. 

Proposition 3.48. For any valuation v €V we have 

(i) A^p) > 1 + a{i') with equality iff m{v) — 1, i.e. if v is monomial in some 

local coordinates; 
ill) if m{i>) > 1, then A{i>) < m{iy)a{i'). 

Proof. The first statement is immediate. As for the second we use the ap- 
proximating sequence (i'i)Q. Then to(i^) = mg+i, a^iy) — Og+i and 

Ally) — m{i')a{v) = 1 - (7712 — — ("^-3 — rn2)a2 + • • • + {nig+i - mg)ag 

< 1 - Qfl < 0. 

This concludes the proof. □ 

Remark 3.49. The name "thinness" was chosen with the following picture in 
mind. Suppose v is quasimonomial and write v = i/^ ^ with m(0) = m{v). Assume 
we have picked local coordinates {x,y) with = Vxn- Then, for r > small, 

the region 

n{r) = {(x,y) e C2 ; \x\ < r, < Ix^^*^} C 

is a small neighborhood of the curve <j) — (with the origin removed). See Fig- 
ure l3.5l A large value of i (and hence A(i')) corresponds to a "thin" neighborhood. 
In fact the volume of ri(r) is roug 

^2AH^ Re gions of this type, called character- 
istic regions, are important in |FJ2| . where they are used to define the values of i/ 
on plurisubharmonic functions. See also Section IT. 5. 41 




Remark 3.50. In case v is a. divisorial valuation, thinness has the following 
algebraic characterization. We shall freely use results from ChapterEl As the value 
group of v is isomorphic to Z, the maximal ideal of the valuation ring R^, is 
principal, and any other ideal is a power of m,y. We may define an ideal Jr^/r 
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inside the valuation ring R^, called its Jacobian ideal. By definition, this is the 0-th 
Fitting ideal of the sheaf of differentials of Rv over R. 

Geometrically the situation is as follows. Let tt be a composition of blowups 
above the origin, and E C 7r~"'^(0) an irreducible component of the exceptional 
divisor 7r~^(0) such that Tr^div^; — bv for some h G N*. Then an element (f> e 
R^ C K belongs to iff TT*(j) defines a regular function at a generic point on E 
and vanishes to order at least one. Similarly, € Jr^/r iff 7r*(/) defines a regular 
function at a generic point on E and vanishes to at least the same order as the 
Jacobian determinant Jtt. Write a — 1 = div£;(j7r). Then, we have i^(mjy) = b~^, 
and v{Jr^/r) = {a — 1)/^- Thanks to Theorem l6.22l the Farey parameter coincides 
with the thinness, i.e. we have A{v) — a/b, whence A{v) — v{Jii^/jf m^). 

Remark 3.51. Associated to the parameterization by thinness are tree metrics 
Dq,n and D on Vqm and V, respectively. They are defined similarly to the tree 
metrics dqm and d induced by skewness: see (13. 4f) and (|3.5|) . More precisely, set 

i?qm(M, = {Mp) - A v)) + {A{u) - A{^l A v)) , (3.10) 

for V, £ Vqm and 

D{p, u) = {A-^(ii hv)- A-\^l)) + {A-^{^l hv)- A-\v)) (3.11) 
for v, fi £ V. We shall compare these metrics with dqm and d in Chapter |5l 

3.7. Value semigroups and approximating sequences 

The approximating sequence encapsulates most of the structure of a valuation. 
We use it here to compute the value semigroup of a general valuation, and the 
generic multiplicity of a divisorial valuation. 

Proposition 3.52. Let v £V he a valuation and let {vi)^ he its approximating 
sequence (g possibly infinite). Then the value semigroup v{R) is given by 

9+1 

Ki?) = 51 (3.12) 

i=0 

where Vg+i if g < oo, — a{h'i) and mi — m{i>i). 

Proposition 3.53. Let v £ V be a divisorial valuation with approximating 
sequence (1^1)0 • Write at — a{i>i) for < i < g. Then the generic multiplicity of v 
can be characterized by the equations: 

a 9 
b{u) = inf{6 e mN ; ba e ^TOjajN} = inf{& G mN ; ba G ^rriiajZ}, (3.13) 

1=0 1=0 

where m — m(y), a — a(y) and where we set mo — 1 by convention. 

Notice that this implies that for 1 < j < g, Wj+i is the smallest integer divisible 
by mj such that mj+iaj € X]i=o w^aiN. 

Proposition 3.54. Consider a valuation v £V . Then the following hold: 

(i) if V is a curve valuation with multiplicity m — m{v), then v{R) C rn^-'^N; 
moreover, if a gN, then a v{R) CN iff m divides a; 

(ii) if V is divisorial with generic multiplicity b = b{v), then v(R) C 6^^N; 
moreover, if a gN, then a v{R) ClSiiffb divides a; 
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(iii) if is irrational with multiplicity m = m{i') and skewness a ~ a(i^), then 
i^iR) C Q + moN but ^{R) ^ Q; moreover, if a ^ N, then av{R) C 
N + aN iff m divides a; 

(iv) if V is infinitely singular, then v{R) C Q but v{R) is not finitely generated. 

The proofs of these three propositions are based on the representation of a 
valuation by an SKP. Before embarking on the individual proofs, we note some 
common facts regarding the translation of approximating sequences into SKP's. 

We are working with a fixed valuation v & V . Fix local coordinates {x, y) such 
that v{y) > v{x) = 1. Write v = val[(C/,)§; (/3j)§] with /3i > /9o = 1- Also write 
dj — degyUj. Define nj as in p. 2(1 . i.e. nj min{n e N ; n(3j G X]j^=^o '^i'^J'- 
Then dk = J^Q Define a sequence (ki)^^"^ by fco = and by the conditions 
rifc. > 2 and Uj = 1 if fc^ < j < fc^+i. 

By the proof of Proposition 13.441 we have Vi = val[(J7j)Q'; (/3j)g'] and := 
m[vi) — dki- Moreover, by Lemma |3.32l ai := a{i'i) = f3ki/dki- Also recall that 
TOi+i is the generic multiplicity of Vi for 1 < i < g + I. In particular, if v is 
divisorial, then its generic multiplicity is given by = dkUk — Hi "-j- 

Proof of Proposition EHS By Theorem TTM v{R) = ^^^^ if 

h<j< k,+i, then nj = 1, i.e. /3, e J2j'<j /^/N. This gives iy{R) = J^t^ ^fe.N 
which amounts to = X^o^^ miOfiN using the translation above. □ 

Proof of Proposition 13. 5^ We have b{iy) ~ dkUk. Here Uk = min{a e 
N ; a(3k & S^=o /^i^i- ^^'^ previous proof, we have J2o^^ Pj^ — "^iO^iZ. 

Moreover, [3^ — ma, so multiplying with df. = m we get 

9 

b[v) = min{6 G mN ; ba G mia^Z}. 



Finally we can replace Z by N by Lemma [2.71 □ 

Proof of Proposition 13. 541 We first consider (u), so assume v is divisorial. 
Then k < oo. Define a = min{a G N ; av{R) C N}. Then (ii) will follow if we can 
show that a — b{v). By Theorem l2.28l we have ^{R) = X)o l^j^- Write [3j — rj/sj, 
where rj and Sj are integers without common factor and set Sj — Icmjso, si, . . . , Sj} 
for < j < fc. Then 5*0 = 1 and a = S'^^. Moreover, it is an elementary 
arithmetic fact that X^o/^i'^ = "^7^^' although Xo/^i'^ £ "^7^^ general. 
Since b{i^) — Yii n-j we are done if we can show that nj = Sj/Sj-i for 1 < j < k. 
But 

Uj = mm{n G N ; nfij G ^ /3j Z} = min{n G N ; ?i/3j G <5'7_\Z} 



= min{n G N ; nrjSj-i G SjZ} = min{n G N ; nSj-i G SjZi} 

= lcm{3j,Sj-i}/Sj-i = Sj/Sj-i. 

This completes the proof of (ii). 

Next suppose that v is a curve valuation. Let {i'i)Q be its approximating se- 
quence. Here < g < oo. It follows from Proposition l3 . 52l that = fg(i?)U{oo}. 
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Moreover, i^g is a divisorial valuation with generic multiplicity b{h'g) ~ m{iy). 
Hence (i) follows from(ii). 

As for (iii), suppose v is irrational, and let {I'i)^ be its (finite) approximat- 
ing sequence. Then 13.12|l gives i^{R) — Vg{R) + maN. As Vg is divisorial, this 
immediately yields v{R) C Q + maN but v{R) (/_ Q. Further, if a e N, then 
a v{R) C N + aN iff a Vg{R) C N, which by (ii) is the case iff b{vg) = ra{v) divides 
a. 

Finally consider an infinitely singular valuation v, with approximating sequence 
{vi)"^. Then a{vi) G Q so (ISTT^ yields v{R) C Q. Suppose that v{R) is a finitely 
generated semigroup. Then there exists 6 e N such that hv{R) C N. But by 
this implies bvi{R) C N, which by (i) gives that bi divides b. But this is impossible 
as 6i ^ oo as i ^ oo. 

The proof is complete. □ 

3.8. Balls of curves 

Above we have shown that the valuative tree V carries a very rich structure, 
induced by the partial ordering, skewness, multiplicity and thinness. The key to 
this structure was the detailed analysis of valuations as functions on the ring R. 

However, it is an intriguing fact that there are many paths leading to the val- 
uative tree. Here we show how to identify quasimonomial valuations with balls of 
irreducible curves in a particular (ultra-)metric. There are then natural interpreta- 
tions of the partial ordering, skewness and multiplicity on Vqm as statements about 
balls of curves. 

The description of a quasimonomial valuations as a ball of curves adds to the 
observation by Spivakovsky |Sp| p. 109] that the classification of valuations (in di- 
mension 2) is essentially equivalent to the classification of plane curve singularities. 

3.8.1. Valuations through intersections. The starting point is the fact 
that a curve valuation acts by intersection (see Section [l.5.5|l . Given formal curves 
C, D, let C • I? denote the intersection product between C and D (see Section [L^ . 
If C is irreducible, then for any t/j e m: 

Spivakovsky |Sp[ Theorem 7.2] showed that a divisorial valuation v acts (up to nor- 
malization) by intersection with a z^-generic curve (or z^-curvette) . See Section [6. 6. II 
for a precise statement. 

Here we give a different way of realizing a valuation as the intersection with 
curves. In fact this works for general quasimonomial valuations. 

Proposition 3.55. If ly eV is quasimonomial and tp E m then 
v{il>) = n\u\{vc{'^) ; C irr., vc ^ ^} = { "'"^ , — ^ ; C irr., I'c > 



m(C) 

Proof. By (|3.14|) we only have to show the first equality. Pick i/' G m. The 
inequality ^{ip) < i'c(V') for i/^ > is trivial. For the other inequality write 
t/i = ipi ■ ■ ■ ipn, with ipi G m irreducible. First assume that u is divisorial. Pick a 
tangent vector v ed v which is not represented by any i^^^ nor I'm, and choose C 
irreducible such that vc represents v. Then uq > v and vc A — v for all i. so 
by Proposition 13.251 we get i'(V'i) = vc{i>i) so that vi^xp) = i'c(V')- 
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Thus ProDOsition l3.55l holds for v divisorial. But if e V is irrational, then we 
may pick Vn divisorial with Vn> v and Vn decreasing to v. Fix t/; e tn. For each n 
there exists an irreducible curve C„ with vq^ > Vn> v such that h'Cni'4') = i^n{fp)- 
Since j^„(V') — > i^(V') we obtain the desired equality. □ 

3.8.2. Balls of curves. ProDOsition l3. 551 shows that a quasimonomial valua- 
tion v is determined by the irreducible curves C satisfying I'c > i^- We proceed to 
show that this gives an isometry between the subtree of quasimonomial valuations, 
and the set of balls of irreducible curves in a particular (ultra)-metric. Namely, let 
C be the set of local irreducible curves. Let us define a metric on C by 

rfc(Cr,C.) = I^^(|>^, (3.15) 

where Ci ■ C2 denotes the intersection multiplicity between the curves Ci and C2. 

Lemma 3.56. |Ga[ Corollary 1.2.3]. Equation (|3.15|) defines an ultrametric on 
C. For Ci, C2 G C, we have 

dc{C^,C2)^\d(vc,,vc.)^- \ r. (3.16) 

Further, the ultrametric space {C,dc) has diameter 1. 
The proof is given at the end of this section. 

In Section 13.1.61 we constructed a parameterized tree as well as a metric tree 
associated to any ultrametric space (of diameter 1). Write Tq for the parameterized 
tree associated to (C, dc)- Let us recall its definition. A point in 7c is a closed ball 
in C of positive radius. The partial order on Tq is given by reverse inclusion. The 
parameterization on Tq sends a ball of radius r to the real number r^^, and the 
distance between two balls Bi , B2 in the metric tree is given by (ri — r) + (r2 — r) , 
where ri, r2 and r are the radii of Bi, B2 and Bid B2, respectively. 

There is a natural multiplicity function on 7c . Its value on a ball is the minimum 
multiplicity of any curve in the ball. 

The completion of 7c can be taken in the sense of nonmetric trees or, equiva- 
lently, in the sense of metric spaces. An element in the completion is represented 
by a decreasing sequence of balls. The multiplicity function and the parameteriza- 
tion on 7c both extend naturally to the completion. An element in the completion, 
represented by a decreasing sequence of balls, has finite multiplicity iff the sequence 
has nonempty intersection in C. 

Let us define a map from Vqm to 7c by sending a quasimonomial valuation v 
to the ball B^ := {C ; > i/} (we will see shortly that this is indeed a ball). 
Similarly, B ub ■= /\ceBVc gives a map from 7c to Vqm- 

Theorem 3.57. The mappings v 1— > By and B t—^ vb preserve multiplicity and 
give inverse isomorphisms between the parameterized trees {Vqm, a) and (Tc,r^^). 

Further, these mappings extend uniquely to isomorphisms between V and the 
completion of Tq and induce isometrics between the corresponding metric trees. 

Proof. We claim that if B is centered at C and of radius r e (0,1], then 
— J^Cr-i- Indeed, if Z? g C, then vc.r-^ ^-nd vc Ai^u both belong to the segment 
[i^mjt'c]- Hence (|3.15|l imphes 

dc{C,D) < r <^ Oi{vc A vd) > r^^ <^ uc /\ vd > vc,r-^ ^ i^D > t'Cr-i- 
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Since every quasimonomial valuation is of the form uc,t , this shows that the map- 
pings B vb and v ^—t Bi, are well defined and each others inverse. They are 
clearly increasing, hence define isomorphisms between the rooted, nonmetric trees 
Vqm and Tq. As a{vc,r-^) = ^ they are in fact isomorphism of parameterized 
trees. Multiplicity is preserved by its very definition. 

The remaining facts, namely that we get an isomorphism between V and the 
completion of Tq as well as isometrics between the corresponding metric trees, are 
easy consequences and left to the reader. □ 

Remark 3.58. Similarly one may interpret a tree tangent vector w at a divi- 
sorial valuations j/ G V in terms of irreducible curves. If v is represented by i^m, 
then C n C/(^/) is the complement of the ball B^ vaC. If w is not represented by 
then C n U{v) is the open ball of radius a{i')~^ centered at any (/) g C such that 
represents v. 

Proof of Lemma 1^.561 Write Ci = {4>i = 0} for i = 1,2. Let us first show 
(|3.16|l . The second equality follows from (|3.5|l as iyc\ and I'Ca have infinite skewness. 
For the first equality we use Proposition 13.251 Assume lyci 7^ >^C2 and set ly = 
i^Ci A h'c2- This is divisorial and a{iy) = iy{(j)i)/m{Ci) as > But 1^(01) = 
vc2{(t>i) = C'l ■ C^lmiCi). Thus iTTmil holds. 

The fact that c?c is an ultrametric for which C has diameter 1 follows easily 
from the formula dc{Ci,C2) = a^^{vci A VC2) and the tree structure of V. The 
details are left to the reader. □ 



3.9. The relative tree structure 

We have normalized the valuations in V by v{xn) = 1. This condition is natural 
when we study properties invariant by the group of (formal) automorphisms of 
(C^0). However, in some situations, other normalization may be more natural. 
We shall refrain from undertaking a general study of normalizations, but rather 
focus on one particular, but important, case. 

More precisely, we will describe the set of valuations Vx normalized by the 
condition v{x) = 1, where x £ m and m{x) = 1, i.e. {x = 0} defines a smooth formal 
curve at the origin in C^. By going back and forth between the two normalizations 
j^(a;) — 1 and t^(tn) = 1, we shall see that Vx can be endowed with a natural partial 
ordering <x which induces a nonmetric tree structure. We hence refer to Vx as 
the relative valuative tree. It also has two natural parameterizations, the relative 
skewness ax , and the relative thinness Ax , as well as a relative multiplicity nix ■ We 
shall see that the theory of the relative valuative tree is much the same as that of 
its nonrelative counterpart. 

The relative valuative tree will appear in two different contexts in this mono- 
graph. The first place is in Chapter 0] where we describe valuations in terms of 
Puiseux series. The relative valuative tree appears as the quotient of the set of 
valuations on k[[y]] where k denotes the set of Puiseux series in x fTheorem l4.17ll : 
and also as a natural (metric) subtree of the Bruhat-Tits building of PGL2(C((a;))) 
(see Section . 

In Chapter (SJ the relative valuative tree appears in the following situation. 
Let TT : AT — > (C^,0) be a composition of blowups, and p be a smooth point 
on the exceptional divisor 7r~^(0). Then tt induces a map between the space of 
centered valuations on the local ring Op at p, into the space of centered valuations 
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on R. If the exceptional divisor is given by {z — 0} at p, then vr induces a natural 
isomorphism of parameterized trees between the relative valuative tree Vz and its 
image in the valuative tree V: this image is the closure of a set of the form U{v) as 
in Section im See Theorem and Figure ETTJ 

3.9.1. The relative valuative tree. Fix a smooth formal curve at the origin 
in C^, say {x — 0}, where x G m and m(x) = 1. We let Vx be the set of centered 
valuations j/ : i? — > R_|- vanishing on C* and such that I'ix) = 1, together with the 
valuation divj;, defined by diva;((/i) = max{n ; x" | 0}. (The center of diva; is the 
curve {x = 0}.) Note that Vx is compact for the weak topology. 

While it is perfectly feasible to study Vx using SKP's normalized by /3o = 1, we 
shall instead take advantage of the theory that we have already developed for V. 
Indeed, when z/ is a valuation normalized by J^(tn) = 1 and different from i>x, then 
v/v{x) belongs to Vx- Conversely, v ^Vx \ {divj,} implies v/v{m) G V. Whence 

Lemma 3.59. The map N : V ^ Vx sending v to v jvix), and Vx to div^, is a 
homeomorphism for the weak topologies. 

An immediate consequence is that, except for Vx and div^,, the valuations v 
and Nv define equivalent KruU valuations on i?, hence have the same invariants 
rk, rat. rk, tr. deg, and also the same type (see Theorem 12.2811 . We shall thus say a 
valuation in Vx is quasimonomial, divisorial, curve or infinitely singular, when its 
image in V has the required property. In the sequel, we denote by Vq,n.x the set 
of all quasimonomial valuations in Vx- By convention we consider Vc^m_,x to contain 
the valuation div^,. 

For J^i, 1^2 G Vx, we write vi <x vi when v\{(^^ < V2{4>) for all (j) ^ R. It is clear 
that divx is the unique minimal clement of Vx - 

Lemma 3.60. Let vi,V2 G Va;\{div2.}. Thenvi <x V2 iff we have [vx,N^^vi\ C 
[vxiN~'^V2] in the valuative tree V. 

As an immediate consequence (see Section I3.1.2II . we get 

Proposition 3.61. The poset {Vxt<x) is a complete, nonmetric tree rooted at 
divx- The map N : V ^ Vx is an isomorphism of (nonrooted) nonmetric trees. 

We shall write v Ax fJ- for the infimum of v and /i with respect to the tree 
structure on (V^,, <x). 

Remark 3.62. The ends (i.e. the maximal elements) oiVx under <x are exactly 
of the form Nv, where G V is not quasimonomial and v ^ Vx- Hence (Vqm.x, "Six) 
is also a nonmetric tree rooted in div^,. Recall our convention that div^. G Vqm.x- 

Remark 3.63. Both V and Vx can be viewed as subsets of the set V of centered 
valuations on R. It follows from Lemma [3.601 that 

V n = {i^ G V ; N{v) ^v} = {v (^V \ v hvx = v^} = {v (^Vx \ v >x vj^. 

Moreover, the partial orderings < and <x agree on V H Vx- 

Proof of Lemma TlfiOL Write [ii — N^^Vi. These are valuations normalized 
by /ii(m) = 1. The condition vi <x V2 is equivalent to /ii(0)//ii(x) < l^2{4>) I l^2{x) 
for all 0. Here we may assume that G m is irreducible and apply ProDOsition l3 . 2 5l 

^ii{(t>) / ni{x) ^ a(/ii A v^)a{^.2 A Vx) 
tJ'2{(f) / i^2{x) a{iji2 A v,i>)a{ni A VxY 
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First assume vi <x 1^2- We need to show that [i^^:,/!!] C [vxTfJ-i]- By choosing 
such that A /ii = i^m for i = 1, 2 we get ^jli /\Vx > 1^2 /\ Vx from (|3.17|l . If equahty 
holds, then fJ-i{x) = fJ,2ix), which together with vi <x 1^2 gives fii < fJ.2- From this 
we easily conclude [vx^ Mi] C [vx, ^J■2]■ If instead fii A Vx > A ^^x, then we claim 
that /ii g [vx, M2 A Vx]- Indeed, otherwise pick e m irreducible such that > fii- 
Then /ii A > /zi A i^x and A = /i2 A i^^; , which by H3.17|l contradicts vi <x V2- 
Thus fii e [i^x,M2 A i^x], which implies <^ ['^2:,M2]- 

Conversely assume [^^j^j/^i] C [i':r,/i2]- We want to prove N^i <x N^2 i-e. 

< ii2{4>) / l^2(x) for all 4>. The assumption implies that ^lAvx > ^■2/\Vx- 
If equality holds, then ^i{x) = ^i2{x), and the assumption gives /ii < /i2, so that 
N <x Nfi2- If instead fXi A Vx > 1^2 i^x i-e. > fJ-2{x), then the assumption 

implies that /ii S [vm, Vx]- Pick S m irreducible. If fiiAv^ < M2 A i^^, then (|3.17|l 
immediately gives < /i2 (0)//^2 (a;) . If instead ^ii A > 112 A v^, then 

^JLi A > ^,1 A Vx, and /X2 A = /i2 A so again (|3.17|) results in ^i{(f>) / ^i{x) < 
fi2{4i) / fJ-2{x) ■ Thus i^i i/2, which concludes the proof. □ 

3.9.2. Relative parameterizations. We now introduce natural parameter- 
izations on Vx, analogous to skewncss and thinness on V. The multiplicity m(0) — 
Vmifk): which plays a key role on V, is here replaced by the relative multiplicity 
mx{(j)) = Vxiff)- By (|3.14|) . this number also equals the intersection multiplicity 
between the curves {(j) — 0} and {a; — 0}. In particular mx{<j)) is an integer unless 
x divides (j) in which case it is infinite. 

Definition 3.64. Pick v ^Vx- We define 

• the relative skewness: ax{v) '■— sup^g,^ 7^^^ ^ -^^+5 

• the relative multiplicity: if v is infinitely singular, then mx{i') '■— 00; 
otherwise mx{v) '■= TaiTi{mx{<j}) ; G m irreducible, NUfj, >x v} G N; 

• the relative thinness: Ax{v) := 1 + mx{ii) dax{n) G R+. 

Notice that Q;a;(divj;) = 0, yla;(diva;) = 1 and TO2;(div2;) — 1. 
Proposition 3.65. Pick ;/ e V \ {vx} and let Nv he its image in Vx- Then 
ax{Nv) = a{v)/v{xf and Ax{Nv) = A{v)/v{x). 
The relative multiplicity is given by 



In particular, ax and Ax are finite on quasimonomial valuations, and mx{v) 
is infinite iff v is infinitely singular. We leave it to the reader to generalize Theo- 
rem [^2^1 and Propositions 13.371 13.461 In particular we have 

(i) Ax{v) > 1 + otx{i') with equality iff mx{v) ~ 1, i.e. if v is monomial in 
some local coordinates {x,y); 

(ii) if nixiv) > 1, then Ax{v) < mx{v)ax{i'). 

The main consequence of the preceding proposition is 
Corollary 3.66. The relative skewness defines parameterizations 




when V e {vx.v^., 
otherwise. 



ax - Vx ^ [0, 00] and ax : 
Similarly, the relative thinness gives parameterizations 
Ax : Vx [I, 00] and Ax : Vqra,x ' 



[0,oo[. 
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As in the nonrelative case, we can use these parameterizations to define metrics 
on Vx and Vqm,^- 

Proof of Proposition IH.6f)l Wefixj/e V\{ux}. First consider the relative 
skewness. The supremum defining ax{Nv) can be taken over irreducible elements 
€; m. For any such 0, Proposition 13 . 251 yields 

mx{(j)) v{x)vx{(t>) v{x)a{v^ Avx)m{4>) a{v^AVx)v{xY 

If V is divisorial or u ^]vxT^m\^ then we can choose (/) G m irreducible with 
> V and A Vx = v Avx- Then v Av^ = so (I3.18f) immediately gives 
{Ni'){(j))/mx{<j>) > Oi{i')/i'{x)'^, yielding the lower bound ax{Ni/) > a(i^)/i^(x)^. If 
€]vx,i^m[^s irrational, then we get the same lower bound by a simple approxima- 
tion argument. The corresponding upper bound also follows from (|^{.18(l . Indeed, 
we always have either v A Vx l£ v<p A Vx or v A < Vf/, A Vx , so {N / mx{4>) < 
a{v)/v{xY , implying a{Nv) < a(y) jvix)^ . 

Let us now relate multiplicity to relative multiplicity. We may assume that v 
is not infinitely singular, since otherwise mx(Nv) — m{v) = oo. 

li v € [vx-,Vm] then Nv <x Nvy whenever {x,y) are local coordinates. Hence 
mx{Nv) < mx{y) = Vx{y) = 1, so mx{Nv) = 1. 

If ^ [vx, i^m] then it follows from Proposition 13.611 that for e m irreducible, 
the conditions Nv^ >x Nv and v^> v are equivalent. Moreover, they both imply 
nT'x{4') — rn{(j))v{x). Hence mx{Nv) — m{v)i'{x). 

To relate thinness to relative thinness we make use of the preceding computa- 
tions. Write v' = V Avx- Then 

Ax{Niy)^l + / mx{fj.)dax{p.) + / mx{fl) dax{p.) 

Jdiv^ J Nv' 



= l + ax{Nv')+ / m{n)n{x) 



Ail.) A{,y) 

This completes the proof. □ 

Proof of Corollary 13.661 It suffices to consider the fuU tree Vx; the state- 
ments about Vqm,x will be direct consequences. 

If i > 1, then ax{Ni'x,t) = t/t'^ = t~^. Hence the restriction of ax to the 
segment [divj;,fm] gives an order-preserving bijection onto the real interval [0, 1]. 
Any end in Vx different from div^; is of the form Nv, where ^ i^a; is an end 
in V. Let us prove that ax defines an order-preserving bijection of [div^,, Nv] onto 
[0, axiNv)]. Set v' ~ vAvx- By the above calculation, ax gives an order-preserving 
bijection of [divx, Nv'] onto [0,ax{Nv')]. On the other hand, if /x G [v',v], then 
fi{x) = v'{x) so ax{N n) = a{fj,) / v' (x)'^ . It hence follows from Theorem 13.261 that 
ax gives an order-preserving mapping of [Nv',Nv] onto [ax{Nv'), ax{Nv)]. 

This shows that ax defines a parameterization of the rooted nonmetric tree 
{Vx, ^x)- The fact that relative thinness gives a parameterization is proved in the 
same way. Note that Ax{Nvx,t) = 1 + for t > 1. □ 
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Finally we have the following calculation which will be needed in Chapter^ 
The proof is left to the reader. 

Lemma 3.67. //j^, i^' G Vx, <x v andrrixiv) — rrixiv'), then Ax{v)—Ax{v'^ = 
v((\)) ~ v' {(p) for any irreducible G m such that Nv^ >x v' and mx{(t>) = mxiv')- 

3.9.3. Balls of curves. The relative valuative tree can also be understood in 
terms of balls of irreducible curves, just as in Section 

Definition 3.68. As before, let C be the space of (local formal) irreducible 
curves. Define Cx = C \ {x = 0}. The relative multiplicity of a curve C G is 
defined by mx{C) — C -{x — 0}. Thus mx{{(t) = 0}) = mx{<l>) for (/) G m irreducible. 
Given Ci , C2 G Cx set 

J /n n \ mx{Ci)mx{C2) 
ac^[^i,^2) •- c^r~C^ ' 

We leave to the reader to check the analogue of Lemma 13.561 

Lemma 3.69. For any Ci,C2 G Cx we have 

dcACuC2)^——^—— r. (3.19) 

axiNvci /\x NUC2) 

Moreover, (Cx , dc^ ) is an ultrametric space of infinite diameter. 

As in the nonrelative case we can associate a parameterized tree 7c^ to the 
ultrametric space (Cx , dc^ ) . Let us review this construction, pointing out the dif- 
ferences that we encounter in the relative setting. 

A point in 7c^ is a closed ball in Cx of positive radius. The partial ordering is 
given by reverse inclusion. In order to have a minimal element in Tc^ we also add 
the ball of infinite radius, i.e. the whole space Cx- The parameterization on 7^^ 
sends a ball of radius r to the real number r^^. 

There is a natural multiplicity function on Tc^ . Its value on a ball is the 
minimum relative multiplicity of any curve in the ball. 

The completion of 7^^ is taken in the sense of nonmetric trees. An element in 
the completion is represented by a decreasing sequence of balls. The multiplicity 
function and the parameterization on 7c^ both extend naturally to the completion. 
An element in the completion, represented by a decreasing sequence of balls, has 
finite multiplicity iff the sequence has nonempty intersection in Cx ■ 

We can now define a map from Vq^.x to 7c^ by sending a quasimonomial 
valuation i/ to the ball :— {C ; Ni/q >x i^}- (That this is a ball follows 
from (|3.19|) .) Notice that divj. is sent to the whole space Cx- 

Similarly, B i-^ vb /\x{Ni^c \ C* G B} gives a map from Tq^ to Vqm.^:. A 
straightforward adaptation of the proof of Theorem 13 . 5 71 gives 

Theorem 3.70. The mappings v ^ By and B ^-^ vb preserve multiplicity 
and give inverse isomorphisms between the parameterized trees (Vqm.i:, Q^a;) o'f^ 
(Tc^,?"^^). They also extend uniquely to isomorphisms between Vx and the comple- 
tion of Tc^ . 

3.9.4. Homogeneity. Recall that we defined V as the set of all centered 
valuations v : R ^ without any normalization. This space V is naturally a 
bundle with fibers that are rays of the form R+i^, u ^ V. The trees V and Vx, 
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consisting of elements v V satisfying h'{m) = 1 and iy{x) ~ 1, respectively, can 
then be viewed as (the images of) sections of this bundle. 

Suppose we wish to define functions skewness and thinness on the full space 
V in such a way that the restrictions to V and Vx recover skewness (thinness) and 
relative skewness (relative thinness), respectively. We also want these functions to 
be homogeneous on each ray R*^_i>. Proposition l3.t) 51 indicates that we should then 
impose a{ti') = t^a{v), and A{tv) — tA{v) for G V and t > Q. In other words, 
skewness is homogeneous of degree two, and thinness is homogeneous of degree one. 
Let us give further evidence that these are the correct degrees. 

First, as noted in Remark l3.33l the skewness aiv) of a valuation v V is equal 
to the inverse of its volume Vol{v) := limc^oo ^ dime R/{i^ > c}. It is clear that 
Yol{th') = Vol(i^). Hence keeping a = VoP^ on all of V implies the required 
homogeneity property. 

Alternatively, we shall see in Section 17.121 that there is a natural intersection 
product on V given by • i'' :— a{v A v'). In particular a{i') = v ■ v. By extending 
this intersection product in a bilinear way, restricting to V, and still requiring 
a{v) = V ■ V, we again get a{tv) — tv ■ tv — t^a{v). 

As for thinness, we rely on Remark I3.5UI Consider v divisorial. Let be the 
maximal ideal of the valuation ring and let Jr^/r be the Jacobian ideal. If 
1/ e V is normahzed by — 1, we have seen that A{v) = v{Jr^/rV!Ii,). Taking 
this as a definition for thinness, we get A{tv) = tA(y). Indeed, multiplying by a 
positive constant does not change the ideals vcii, and Jr^/r- 



CHAPTER 4 



Valuations through Puiseux series 

We now present an alternative approach, based on Puiseux series, for classifying 
valuations and obtaining the tree structure on the valuative tree V, or more precisely 
the relative valuative tree Vx as defined in Section IX^ 

Fix a smooth formal curve at the origin, say {x = 0}. Then any local irreducible 
curve, save for {x = 0}, is represented by a (non- unique) Puiseux series in x. In 
the same spirit, we show that every valuation in Vx is represented by a valuation 
on the power series ring in one variable with coefficients that are Puiseux series 
in x. Moreover, the set Vx of all such (normalized) valuations has a natural tree 
structure and the restriction map from Vx to Vx is a tree morphism. In fact, Vx is 
naturally the orbit space of Vx under the action by the relevant Galois group. 

This Puiseux approach is closely related to Berkovich's theory of analytic spaces 
and we show how the valuative tree naturally embeds (as a nonmetric tree) as 
the closure of a disk in the Berkovich projective line V^{k) over the local field 
k = C((a;)). Moreover, Vqm.a; embeds as a subtree of the Bruhat-Tits building of 
PGL2. The latter space has a natural metric and we show that the induced metric 
on Vqm.a; IS exactly the relative thin metric. 

As references for this chapter we point out |Te3j for Puiseux expansions, 
and |Be| and |BT| for Berkovich spaces and Bruhat-Tits buildings, respectively. In 
fact, many of the results presented here are contained, at least implicitly, in jBe| 
but are presented there in a different language and with less details. We also refer 
to | Ri | for a concrete exposition in a context similar to ours. 

4.1. Puiseux series and valuations 

We fix an element of R representing a smooth formal curve. In other words, 
fix X G tn with multiplicity m(x) = 1. Think of a; as a variable and let k = C((x)) 
be the fraction field of C[[a;]], i.e. the field of Laurent series in x. Let k be the 
algebraic closure of k: its elements arc finite or infinite Puiseux series of the form 

(p = ^ajx'^' with Qj e C*, Pj+i > (3j eQ (4.1) 

and where the rational numbers (3j have bounded denominators, i.e. mPj € Z for 
all j for some integer m. Notice that this implies that if the series is infinite, then 
l3j ^ CO as j ^ 00. 

We endow k and k with the valuation i^^, defined by i^^|c* = 0, and i'i,{x) — 1, 
and we let k be the completion of k with respect to j^*. The elements of k are finite 
or infinite series of the form 1)4.1(1 , with the restriction that $j ^ 00 if the series is 
infinite, but without the restriction on the denominators. Shortly we will consider 
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even more general series, dropping the condition that (3j — > oo. Clearly u^, extends 
to series of that type: we have v{(f)) = $i. 

We define k+ to be the subset of k consisting of Puiseux series (f> with > 0, 

i.e. /?! > in (|4.1|l . Similarly we define k+ and k+. 

Fix y G m such that {x, y) are local formal coordinates at C^, i.e. l\Vy = Vm- 
Think of y as a variable and consider the ring k[[y]] of formal power series with 
Puiseux series coefficients. 

We are interested in valuations £> : k[[y]\ — > R_|_ extending v^^ on k and satisfying 
C'{y) > 0. As in Proposition 12.101 any such valuation is determined by its values 
on polynomials in y and — since k is algebraically closed — in fact on its values on 
linear polynomials y — ip, ip € k. 

Proposition 4.1. Any valuation v : k[[y]\ — > R+ extending Vi, on k and sat- 
isfying v{y) > can he uniquely represented by a number [3 € R+ and a finite 
or infinite series 4> of the form H4.1(l (with no restriction on \vca j3j if the series is 
infinite) such that P > f3j > for all j, and (3 = lim/?_,- if the series is infinite. 
More precisely, we have 

j)(y -?/;)= min{/3, ^'*(?/' - $)} for all ip £k. (4.2) 

Conversely, if cj) and (3 satisfy these conditions then there exists a unique valu- 
ation v on fc[[y]] satisfying (|4.2|l and extending v^, on k 

Definition 4.2. We write val[(^;/3] for the valuation v : k[[y]] R+ deter- 
mined by the pair (0,/3) as in Proposition 14.11 Moreover, we say that i) is 

(i) of point type if (f) € k and P — oo; we then write v — 0^; 

(ii) of finite type if (f> €z k and [3 < oo; 

(iii) rational if v is of finite type and (3 is rational; 

(iv) irrational if v is of finite type and (3 is irrational; 

(v) of special type if ^ k. 

Remark 4.3. The proof below shows that if i> = val[(/); (3] is of point type or 
special type then 

i>(y -■)/)) = - 0) for aU ?/i g fc, (4.3) 
exhibiting the fact that (3 is determined by in this case. 

Proof of Proposition 14. II Pick a valuation v on k[[y]] extending Vi, and 
satisfying v{y) > 0. Let us construct (p and (3 such that 14. 2() holds. 

Set (3i := v{y) > 0. Then i){y — ■)/')> min{/3i, i/^(?/))} for all ■0 G fc. There are 
now two possibilities: either equality holds for all tp, or /3i € Q and there exists a 
unique 01 G C* such that ^'(y—^i) > (3i, where (j>i := aiXi- In the first case we stop, 
setting (j) — (j)i and (3 — Pi. In the second case we let P2 '■= i^iy — (pi) and continue. 
Inductively we construct (j)j = (pj^i -\-6jX^' with 9j € C* and (3j+i > (3j € Q, such 
that iy{y — ip) > min{/3j_|_i, Vniip — (pj)}. If this process stops at some finite step jo, 
then we set (j) — — X^i" &jX^' , $ — /3jo+i- Otherwise is strictly increasing 

with limit /3 and (f>j converges to a series (j) of the type (|4.1|) , where lim /3j = /? may 
or may not be finite. In fact (j) k iff P = 00. 

We claim that H4.2|l holds. In the case when is a finite series, i.e. the procedure 
above stops after finitely many steps, then this is clear by construction. If (j) is an 
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infinite series, then for € k we have i>{y — -0) ^ inin{/3j+i, — 4>j)} ior 
each j, with equality unless ^'*(^ — > Passing to the limit we obtain 

v{y — %lj) > min{/3, — 0)} and strict inequality would imply that — > (3j 
for all j. If (j> ^ k, i.e. (3 = oo, then this gives i'i,{ip — (j>) = cx) so that ■0 = and (|4.2() 
holds, li 4> ^ k, i.e. /3 < oo, then — cf>j) > (3j for all j leads to a contradiction, 
since G k but cj) ^ k. Thus (|4.2|l holds also in this case. 

Notice that /3 and </> are unique. Indeed, it follows from H4.2|l that the number 
(3 satisfies $ = sup{i>{y — 0) ; ip G k} (compare Definition 14.71 below) . Moreover, 
suppose that = o-jX^^ and — J2 o-'j^^^ both satisfy Il4.2|l and that /3j, /3j < (3 
for aU j. Then - 0') > /3, so = 0'. 

Finally we show that given </> and /? satisfying the conditions in the proposi- 
tion, there exists a unique valuation v satisfying 1)4.2(1 . Uniqueness is immediate 
from ((4.2|l since v is determined on its values on linear polynomials y — 0. As for 
existence, let us define u : k[y\ R+ using l|4.2ll . v\j. = Vi, and ^'(11(2/ ^ ^^i)) = 
^ v{y — ijji). The nontrivial part is to show that £> is actually a valuation on k[y], 
i.e. that 

HP + Q)> niin{i>(P), z)(g)} for all P,Q G k[y]. (4.4) 

Once we have proved ((4.4(1 . the fact that i> extends uniquely to a valuation on the 
power series ring k[[y]] is proved as in ProDOsition l2.1(JI 

To prove 1(4.4(1 let us rephrase the defining property 1(4.2(1 somewhat. First 
assume that is a finite Puiseux series and that p G Q. For a G C define (j)a — 
ip + ax^ . Then (pa G k and from 1(4.2(1 it follows that there exists a subset X{ip) of C 
containing at most one element such that if a ^ X{ip), then i>(y — ?/;) — i^*i'>p — (pa)- 
As a consequence, given P G k[y\ there exists a finite subset X{P) such that i^(P) = 
Vi,{P{<pa)) for a ^ X{P). Here P{(pa) is the element of k obtained by substituting (pa 
for 2/ in the polynomial P e k[y]. liP,Q G k[y] a.nd a ^ X{P)U X{Q)U X{P + Q)), 
we then get 

i>{P + g) = MPi^a) + Qik)) > mm{i^,iP{4>a)), ly.iQiM)} = min{i>(F), i>(g)}, 

so that i) is a valuation in this case. 

The same argument works also if is a finite Puiseux series and (3 is irrational: 
we simply replace (pa hy (p + in the argument above. Of course (p + x^ is not 
an element of k, but the computations still make sense. If (p is an infinite Puiseux 
series and /? = oo (so that (p G fc), then ((4.2(1 instead implies ^'(P) = Vi,{P{(p)) for 
all P G k[y]^ which gives ((4.4() by the same argument as above. This method in fact 
also works \i (p and /3 < oo. 

Thus u is a valuation, completing the proof. □ 

4.2. Tree structure 

Let Vx be the set of valuations v : k[[y]] R+ extending Vi, on k and satisfying 
i>{y) > 0. To Vx we also add the valuation i)^ defined by Vi,{y—(p) =0 for &\\ (p Gk 
with ^^{(p) > 0. Note that by definition this valuation is a rational valuation of 
finite type. Our objective now is to show that Vx carries a tree structure similar to 
that of the relative valuative tree Vx discussed in Section 
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Recall that the main technical tool for obtaining the tree structure on Vx was 
the technique of SKP's. Here, in the case of Vx, the situation is a bit simpler and 
Proposition 14. II provides the technical result that we need. 

4.2.1. Nonmetric tree structure. There is a natural partial ordering < on 
Vx- i) < fi iS D < fi pointwise as functions on k[y]. As k is algebraically closed, 
it suffices to check this condition on linear polynomials in y. Also notice that if 
E Vx, (f> E k and i^-t{<j)) < 0, then D{y — (f>) = i^* ((/)). Hence 

V < (i iff ^{y — tp) < p.{y — "0) for every ip E k^. (4-5) 

Proposition 4.4. The partial ordering < gives Vx the structure of a complete 
nonmetric tree rooted at i)^,. Its ends are the valuations of point type or special type. 
Its branch points are the rational valuations. Its regular points are the irrational 
valuations. 

Corollary 4.5. Write Vfin for the set of valuations in Vx of finite type. Then 
Vfin is a rooted subtree ofVx containing none of its ends (apart from the root V-^). 

We denote by A the infimum in Vx with respect to the partial ordering above. 

Proof of Proposition 14.41 The key to the proof is the following character- 
ization of the partial ordering using the structure result above. 

Lemma 4.6. Consider i'i,V2 G and write Vi — val[0i, (3i\ as in Definition \4.S\ 
Then vi < 1)2 iff $2 > $1 and i^*(02 - > $i- 

We postpone the proof of the lemma. Let us show that {Vx,^) satisfies the 
axioms (T1)-(T3) for a nonmetric tree. As for (Tl) this is easy as i)* is clearly 
the unique minimal element of Vx- Now consider (T2). Fix G Vx, ^ i^*- We 
have to show that {fi (z Vx ', fi < v} is a totally ordered set isomorphic to a real 
interval. Write — val[(/), /3] as in Definition 14.21 Thus /? > and (f> — X]J=i <^jX^' , 
where 1 < n < 00. Write (/>{ = o,jX^^ for 1 < i < n + 1. By Lemma 14.61 we 

have /i < i> iff /t = val[0i;(3!] for some i and (3i < a < Here we adopt the 

convention that (3q — and that (3n+i = /? if n < 00. Thus {fi E Vx 0^, < fi < 0} 
is isomorphic to the union of the intervals ]j3i, Pi+i], hence to the real interval ]0, /?]. 
This proves (T2). 

As for (T3), it is easier to prove the equivalent statement (T3') given in Re- 
mark l531 Moreover (T3') clearly follows if we can prove that every totally ordered 
subset of Vx has a majorant in Vx- This will in fact also prove that Vx is a com- 
plete tree. Thus consider such a totally ordered subset S CVx- By Lemma the 
Puiseux series defining u E S has a length that is a nondecreasing function of v. 
The parameter (3 is also an increasing function on S. It follows easily from this and 
from Lemma 14.61 that there exists a valuation in Vx of point type or special type 
dominating all the i> £ S. Thus Vx is a complete tree. 

It is clear from Lemma l4.6l that valuations in Vx of point type or special type are 
maximal elements, hence ends. Similarly, a valuation of finite type, say i> — val[0, [3] 
with (j) Cz k and P < 00 cannot be an end as we obtain a valuation dominating it by 
increasing (3. 

Finally, let us show that rational valuations are branch points and irrational 
valuations regular points in Vx- First consider v = val[0,/3] rational, say (j) = 
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UjX^^ and Q 3 (3 > Pj^. For a G C* define (/>a = + aa;'^ and Da — val[(/)a; cx)]. 
Then Va > for all a but if a 6, then Vahvh — v. Thus t> is a branch point. Now 
suppose V is irrational, with ^ = ^Y^^ UjX^^ and Q ^ /3 > (3jg. If i>i,£'2 > i', then 
h'i = vail[4> + 4>i; di] where on > (3 and > (3, i = 1,2. Pick A such that a > j3 

but d < di, and define /t = val[(^; d]. Then v < [1 < Pi for i = 1, 2 so that vi and 
z>2 define the same tree tangent vector at v. □ 

Proof of Lemma First suppose that P2 > Pi and Vi,{(j>2 — cj)i)> Pi- Let 
us show that vi < V2- It suffices to show that i>i{y — ij) < 1^2 {y — i') for every 
tp G k. Fix G k. By definition, — i/j) = mm{Pi, v*{(t>i — V")} for i — 1,2. The 
assumptions now give P2 > min{/3i, — t/j)} and 

i^*(02 - -0) > min{i/*(0i - 02), i^*(0i - -0)} > min{/3i, i^^(0i - up)} 

so that ~ ip) <v2{y — ip) as claimed. 

For the converse, first suppose ^'*(02 — 0i) < Pi- Pick 0; = 0i. Then vi{y—^) = 
Pi but z>2(2/-0) = min{/32, !>*(02-0i)} < A so i>i ^ i>2- Next suppose ;>*(02-0i) > 
^1 but /3i > /32- Pick ip — (p2- Then Oi{y — ip) = min{/3i, 1/^,(02 — 0i)} = Pi but 
^^2 (2/ ~ V') = /32 so again vi V2- This completes the proof. □ 

4.2.2. Puiseux parameterization. Next we parameterize Vx- 

Definition 4.7. If i> G V:r, then define the Puiseux parameter of v by 

Piv) := sup{z>(2/ - -0) ; ■0 G fc)}. 

Proposition 4.8. The Puiseux parameter defines a parameterization P :Vx ^ 
[0,00] of the nonmetric tree Vx rooted in the valuation V-^. Moreover: 

(i) if V is rational, then Piv) is rational; 

(ii) if V is irrational, then P{v) is irrational; 

(iii) if V is of point type, then Piy) = 00; 

(iv) if V is of special type, then P{i)) G (0, cx)]. 

Corollary 4.9. The Puiseux parameter also defines a parameterization of the 
tree Vfin with values in [0, 00). 

Definition 4.10. Given G fc+ and /3 > we denote by val[0;;0] the unique 
valuation in the segment [i/^, j)^] of Puiseux parameter /3. 

Proposition 4.11. If v = val[0;;0] in the sense of Definition \4.1(J\ then (14.21) 
holds. Thus the notation v — val[0; /3] is compatible with that of Definition \4-^ 

Proposition 4.12. If v eVx and G then v iff v{y — 4>) — 

Definition 4.13. The Puiseux metric is the metric on the tree Vfin induced 
by the Puiseux parameterization, i.e. the unique tree metric such that the distance 
between Vi, and i> equals /?(;/). 

Proof of Proposition 14.81 Pick v eVx and write v = val[0;/3] as in Defi- 
nition WJ]\ It follows from H4.2|) that P{v) = P- The proof of Proposition 14.41 then 
immediately gives that the Puiseux parameter defines a parameterization of Vx- 
Assertions (i)-(iv) are direct consequences of Definition 14. 21 □ 
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Proof of Proposition 14. 1 il Write v = Ya\[(j)' \ j3'] in the sense of Defini- 
tion^^ It follows from H4.2() that /3' is the Puiseux parameter of v, hence (3' = (3. 
Moreover, we have — val[(/);cxD] in the sense of Definition 14.21 so since > z>, 

Lemma [4.61 gives i'*{(l> —(/>')> f3- It is then easy to see that 

min{/3, :/^(?/' - 4>)} = min{/3, - 4)')} = i>(y - ip) 
for any ip k, which completes the proof. □ 

Proof of Proposition \4.l'Il The proof is similar to that of Proposition l4.11l 
Write /3 = Pii')- Then i> — va\[(p'; P] in the notation of Definition 14. 21 for some 0' e 

Lemma lTSl gives > iff — (/>') > p. Since i>(y — 0) = min{/3, ^'^,(1/)— 0')}, 
this is equivalent to i){y — 0) = /3. □ 

4.2.3. Multiplicities. Consider a Puiseux series (p G k written in the form 14. 
Write /3j = rj/sj with gcd(rj,Sj) = 1. We define the multiplicity of by m(0) = 
lcm(sj). Thus m(0) € N and to(0) < cxd iff g fc. 

As in the case of Vqm we can extend the notion of multiplicities from elements 
in k to valuations in Vx of finite type, using the tree structure. 

Definition 4.14. If i> € V^^ is of point type or finite type, then the multiplicity 
of i> is m{£>) = min{m((/)) ; (f> S kj^^P^ > v}. If z> is of special type then we set 
m,{v) = 00. 

Proposition 4.15. If fi < (> then m{jl) divides m{v). Further: 

(i) m(z)) — 00 iff v is of special type or of point type associated to an element 
not in k; 

(ii) •m{v) — I iff there exists a change of variables z = y — <j) with (/> G fc+, 
such that have v{z — -0) = min{/3(£'), 2/^,(0)} for every ip d k. 

Proof. We first claim that ii O E Vx of finite type or point type and O — 
val[(/); P] as in Definition l4.2l then m{£') = m{(f>). This is trivial if v is of point type. 
If v is of finite type and > v, then — 0) > /3. This implies that either 
= in which case m{ip) — m{(j)), or — (p plus higher order terms, in which 
case 771(0) is a multiple of m{(p). 

This claim together with Lemma 14.61 implies that fi < v implies that m(/i) 
divides m{C>). It also immediately gives (i). 

Finally we prove (ii). If the condition in (ii) holds then v < hy Proposi- 
tion Since e fc, to(0) — 1 and so m{i>) — 1. Conversely, if m{i') — 1, then 
we can find (p € k^ with m{i>) such that i) < v^. Thus (p £ k-^- and v = val[0; 
so we are done by Proposition l4.11l □ 

4.3. Galois action 

The Galois group G := Gal(fc/fc) acts on k and by duality on valuations in Vx- 
Here we show that this action respects the tree structure so that the orbit space 
Vx/G is in itself a tree. Later we shall show that Vx/G is in fact isomorphic to the 
relative valuative tree Vx- 
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4.3.1. The Galois group. As the field k can be viewed as the injective limit 
of field extensions, the Galois group Gal(fc/A;) is naturally a projective limit. Let 
us be more precise. 

For any to > 1, set = C((a;i/™)). The map x^/"" ^ (^.i/nm^n ^ f^^^ 
defines a field extension km — > fcmn and the fields km form an injective system with 
injective limit k. 

The Galois group Gm ~ Gal(A:,„/fc) is isomorphic to the set of complex numbers 
Lu with cj™ = 1. The action of e Gm on km = C{{x^^"^)) is denoted by lu* (or 
Lu^ which is the same as G is abelian) and satisfies a;*(x^/™) — ujx^^"^. With this 
identification, there is a group homomorphism from Gmn to Gm given by w i-^ w". 
The groups Gm form a projective system whose projective limit is the Galois group 
G = Gal(fc/fc). 

If w e G, then we write Um for its image in Gm- The action of w € G on a 
monomial x'^ ^ k is then given as follows. Write (3 = p/q with gcd{p,q) — 1 and 
pick TO such that q divides to, say to = qr. Then uj*{x^) = ujI^x^ . This does not 
depend on the choice of m. It follows that G also acts naturally on the completion 
k of k. 

It is clear that Vi,{uj* (p) — and m{uj* (p) = to((/)) for every (j) £ k. Moreover, 

if m{4)) = 1, i.e. if (j) £ k, then uj*(j) = (j). 

We extend the action of the Galois group to k[y] by declaring uj*y — y for every 
u! E G. It follows that the restriction of ut* to k[[y]] D R is the identity for every oj. 

4.3.2. Action on Vx- By duality, the Galois group G acts on valuations in Vx- 
If LU €z G, then the action of u is denoted by uj^ and is given by (uj^,i'){ip) :— v{uj*^). 
We claim that maps Vx into itself. Indeed, if v{y) > 0, then (w*i>)(y) = i>(y) > 0, 
and if v extends v^,, then so does w+f' since Vi,{u;*4>) = ^'*(^) for every (j) G k. This 
calculation in conjunction with (|4.^^(l also shows that the action is well-behaved on 
valuations of point type: oj^v^ = '^v''4> ^'^^ every (j> G where 77 = lu~^ G G. 

Proposition 4.16. If uj e G, then : {Vx,$) {Vx,0) is an isomorphism 
of parameterized trees and preserves multiplicity. 

Proof. We have to show that is a bijection that preserves the partial 
ordering, the Puiseux parameter and the multiplicity. 

That is a bijection is obvious since UJ^^U!■^, — lu^lo'^^ = id. That it preserves 
the partial ordering, and the Puiseux parameter are simple consequence of the 
equation 

(Lu^i'){y — ip) = {/{y — Lu*tp) for i) £ Vx and ip £ k. (4-6) 
Indeed, H4.5|l and H4.6|) immediately give that v < fi iff uj^i> < Lu^fi. Similarly, 
Definition and 14.6|l yield f3{u)^,v) — I3{v) for every v e Vx- 

Finally let us show that m{u}^,i>) = m{v) for v g Vx- Consider e fc such 
that i/^y V and m{(j3) — m(y). Write ip = {u}^^)*(j). Then m{ilj) — m{(j)) — m{i)) 
and i>_^ — uj^i>^ > u^v. Hence m(ti>*i)) < m{i'). The reverse inequality follows by 
applying the same argument to uj^^ rather than u. □ 

4.3.3. The orbit tree. Proposition I4.16| implies that the orbit space Vx/G 
has a natural tree structure. Let us be more precise. Declare two elements v, jx to 
be equivalent if there exists w G G with fi = uj^.i). Let [i>] be denote the equivalence 
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class containing i> and let Vx/G be the set of equivalence classes. We define a 
partial ordering on Vx/G by [v] < [p] iS i) < fi for some representatives v, fi. 
ProDOsition l4. 161 implies that Vx/G is a complete, rooted nonmetric tree under this 
partial ordering and that (3 defines a well-defined parameterization. Moreover, the 
multiplicity m is also well-defined. 

4.4. A tale of two trees 

We now wish to relate the tree Vx to the valuative tree Vx- The elements of Vx 
are valuations on the ring A;[[y]] D C[[a;]][[y]] = R. Any element in Vx restricts to 
on C[[a;]] so valuations in Vx restrict to valuations on R satisfying v{x) ~ 1, and 
we end up with a mapping :Vx ^ Vx- Our first goal is to show that $ respects 
the two tree structures in the strongest possible sense. 

Notice that $ is not injective: the valuations val[?/ ± x^^"^] 5/2] in Vx both map 
to the valuation i'y2_x^,2 in '^x- Our second goal is to understand this lack of 
injectivity. In fact, we shall see that $ factors through the action of the Galois 
group G = Gal(fc/fc), resulting in an isomorphism between the orbit tree Vx/G 
defined in Section Pf. 3. 31 and the relative valuative tree Vx- 

4.4.1. Minimal polynomials. The main tool in the study of the restriction 
map from Vx to Vx is the relation between Puiseux series in k and irreducible 
elements in m. Recall that if (/) G k^, then the minimal polynomial of (p over k is 
given by 

m — 1 

<P{x,y) = \{{y ~ (4.7) 

where m = is the multiplicity of 0, where a; £ G is an element whose image 

in Gm generates Gm, and where 4>j — {uj^ )*{((>)- Thus (/) € m is irreducible in R 
and if '0 G tTi C is irreducible in R and y — 4> divides ip in then ip — 

where ^ is a unit in R- Conversely, if "0 S m is irreducible in R, then there exists a 
unit ^ S i? and (p € k+ such that ip = (p£,, where (j> is the minimal polynomial of 4>- 
Finally, two elements (p,ip £ k^ have the same minimal polynomial iff there 
exists u! G G such that i/j — uj*(j). 

4.4.2. The morphism. Recall that we are working with the relative tree 
Vx- Thus the elements of Vx are normalized by ^{x) = 1, and the root of Vx 
is the valuation divj. defined by i-^ max{r7i ; a;™ | (p}- Also recall that Vx is 
equipped with the relative partial ordering <x, the parameterization Ax by relative 
thinness, and the relative multiplicity function m^,. (The relative skewness will be 
of lesser importance here and can anyway be recovered from the relative thinness 
and multiplicity.) 

By Section 1X71 Vx has a tree structure, comprised of the partial ordering <, 
the Puiseux parameter (3 and the multiplicity function m. Let us denote hy 1 + P 
the parameterization of Vx given by (1 -I- (3){i)) = 1-1- for all i) £ Vx- 

We define a mapping ^ : Vx ~^ Vx letting <I>(i>) be the restriction of i) from 
k[[y]] to i? C The fact that D restricts to on k implies that ^(£'){x) — 1. 

In particular $(i)*) = div^; with the normalization convention above. 
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Theorem 4.17. The mapping 

is a surjective morphism of parameterized trees and preserves multiplicity. Further, 
<I> factors through the projection Vx Vx/G, where G = Gal(A;/fc), and the induced 
mapping 

{Vx/GA + P) ^ {Vx^Ax) 

is a multiplicity-preserving isomorphism of parameterized trees. 
Moreover, for i> € Vx and v — ^[y) we have: 

(i) v is of finite type iff v is quasimonomial; 

(ii) £/ is rational iff v is divisorial; 

(iii) i> is irrational iff v is irrational; 

(iv) V is of point type and finite multiplicity iff v is a curve valuation; in this 
case V — 0^ and v = v^, where (f> is the minimal polynomial of (j) over k; 

(v) i) is of point type and infinite multiplicity iff v is infinitely singular with 
infinite thinness; 

(vi) v is of special type iff v is infinitely singular with finite thinness. 

Recall that the relative and nonrelative tree structures coincide on the subtree 
{ly >x Vm} = {i^ A divj; = i/m} of Vx by Proposition 13 . 6 ll Hence we have 

Corollary 4.18. restricts to a surjective morphism 

{{i> > val[0; 1]}, 1 + /3) ^ {{i^ >x i^m}, A) 

of parameterized trees and preserves multiplicity. 

The fact that (relative) thinness can be computed in terms of Puiseux series is 
very useful in practice and will play an important role in Chapter El 




Figure 4.1. The tree structures on the spaces Vx and Vx and 
their relation given by Theorem 14.171 The segment in Vx joining 
the root and the valuation vq of point type is mapped onto the 
segment in Vx joining the root div^^ and the curve valuation Vy. 
The two segments in Vx joining Vi, and the valuations ^^^3/2 of 
point type are both mapped onto the segment in Vx joining the 
root divx and the curve valuation h'y2_^3. 
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4.4.3. Proof. We now turn to the proof of Theorem 14. 171 Almost the whole 
proof boils down to a study of the factorization in (|4.7|l . 

First notice that $ is strictly increasing. Indeed, if i> < /i in V^, then v < (j, 
pointwise on k[y\ so by restriction < whence v <x A- If moreover 

I' < fi, then there exists e fc+ such that i>(j/ — (/))< — 0). This implies 
< where (/> € /c[y] C m is the minimal polynomial of (p over fc. 

Thus ^{ly) <^ 

Let us study the restriction of $ to valuations of point type and finite multi- 
plicity. Consider (p ^ and let be the minimal polynomial of (j) over k. It is 
given by H4.7|l . Then O^iy — (j)) = oo, so $(t>^)(0) = oo, which implies ^{v^) = 
(normalized by v^{x) = 1)). See the discussion following Lemma 1 1.51 Essentially 
the same argument shows that \i i> ^Vx and = is a curve valuation, then 

V = v^as above. This proves (iv). Also notice that (|4.7() shows that the multiplicity 

of (j) equals the relative multiplicity of cj) (they are both equal to m). 

The next step is to study the restriction of $ to Vfin, the set of valuations 
of finite type. Generally speaking, a valuation of finite type can be understood 
through the valuations of point type (say of finite multiplicity) that dominate it. 
Thus the previous paragraph, together with the fact that $ is order-preserving, 
allows us to understand the restriction of <I> to Vfin. Of course we have to make this 
precise. 

We claim that if i> e Vfin, and </) G m is irreducible, then ^{v) <x iff there 
exists (j) G k such that (j) is the minimal polynomial of (jj over k (up to a unit) and 

V < v^. Indeed, write 4> = Wjiv ^ a-s in (|4.7(l . and write Vj — . Suppose 
^(j^) <x i^c/i but i> -^t Oj for all j . Then we may pick v' <v such that v' ^ Vj for all j. 
Since is order-preserving we get $(i>') <x ^{v) <x v^. But (f>(;>')(0) — <I>(i>)((^) 
since i> = W{y — i>j)^ so this is a contradiction. The other implication is easy. 

Next we wish to show that the restriction of $ to Vfin preserves multiplicity 
and transports the (adjusted) Puiseux parameterization to relative thinness. 

Let us first show that if v is of finite type, then vrixi^^ip)) = miy). Consider 
(\) ^kj^ with v^> V and m(0) = ni(y\ Then >x ^(v^, where (p is the minimal 

polynomial of (p over k. As noted above, (|4.7|l yields mx{4>) = m{(f>). We infer 
mx{^{C')) < m{v). On the other hand, we saw above that if (/) G m is irreducible 
and > V, then (p is, up to a unit in i?,, the minimal polynomial over k of some 
4> (z k^ such that > i>. This gives the reverse inequality. 

To relate the Puiseux parameterization to relative thinness, we first consider 
i>, i)' e Vx of finite type with v' < v such that the multiplicity is constant, say equal 
to TO, on the segment in Vx- Pick cpQ £ kj^ with u^^ > v and m((j)o) = to. 

Write ly = ^{i') and i^' — ^{i)'). Let cp — Yijiv ~ ^j) be the minimal polynomial 
of (pQ over k. Our assumptions imply that j^*(0i — (pj) < I3{v') for i ^ j. Hence 
!>(?/ — (pj) = j>'(y — (pj) for j ^ in view of H4.2|l . Moreover, {/{y — (po) — /3(i>) and 
i>'(y - Po) = /3(J>')- This leads to 



771— 1 

AxM - AxW) = v{4>) - v'iP) - {^^y - ~ ^'^y - ^^)) ^ /^(^) - ^(^')' 
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where we have used Lemma [3.671 We also have = divx and Ax{divx) = 1 = 

1 + (3{i>i,). Given i> £ Vfin we can break up the segment v] into finitely many 
pieces on each of which the multiplicity is constant. By applying the equation above 
to each piece we get Ax{^{0)) = 1 + (3{£'). 

We have shown that <& : V^; — > Vx is order-preserving and that o $ = 1 + /3 on 
Vfin- Since Vx is the completion of Vfin, this immediately implies that AxO^ = 1+/3 
on all of Vx, so that $ gives a morphism of parameterized trees. 

We also know that mx{^{£')) = m{i)) for i) of finite type and for v of point 
type of finite multiplicity. If C> is either of special type or of point type with infinite 
multiplicity, then m(j)) = oo. Thus m(/i) —^ooa,sfi—^i' along the segment [i>i,, i>[. 
The valuations in this segment are of finite type, so mx{^{il)) oo. As $ is order- 
preserving, mx($(/i)) increases to m2,($(£')) so mx{^{£')) = oo. Thus <i> preserves 
multiplicity on all of Vx ■ 

Statements (i)-(vi) now follow from the characterizations of the elements in Vx 
and Vx in terms of the tree structure. 

Finally, to show that $ induces an isomorphism of the orbit tree Vx/G onto Vx 
it suffices to prove that if i>,/}, S Vx, then ^{0) — iff there exists u! £ G such 
that jl ~ Lo^,v. One of these implications is trivial since the restriction lo* to R is 
the identity for any oj £ G. 

For the other impfication, suppose <i>(i>) = $(/«) =: v for some v^fi £ Vx- 
Then v and /i share the same Puiseux parameter and multiplicity. First assume 
the multiplicity is finite. Then mxiv) < oo so we can find <j) £ m irreducible with 
1/0 > V. As we showed above, this implies that there exist (pjijj £ k both having (p 
as minimal polynomial over k and such that v;p> v and > fi. Then r]*'ip = cj) for 
some 1] £ G, hence l^*!^^ = v^, where uj = ri^^ £ G. By Proposition 14. we infer 
that LOs, maps the segment j>^] onto [vi,, v^], preserving the Puiseux parameter. 
Since and /t have the same Puiseux parameter, this implies = v. 

Now suppose ^{v) — — ^ ^^d m(i)) = m{(i) — oo. Pick an increasing 

sequence (i'n)^ of rational valuations in the segment [i>^, })[ such that := m{i'n) 
is strictly increasing and i)„ ^ i> as n — > oo. Also pick £ k such that m{4>n) = 
rrin, and i)^ Av — Write Vn = ^{i'n) and let € m be the minimal polynomial 

of (f>n over k. Then Vn increases to v, mxivn) — "t.„, mx{4>n) — "t.„ and v^^ t\v = Vn- 
By what precedes there is a unique preimage (!„ under $ of in the segment [z^*, /i[ 
and we have m{p,n) = rUn- AH preimages of i/^^ under $ are of the form j)^ where 

ipn £ k and the minimal polynomial of ip„ over k is We automatically have 
™(V'n) = JTin and we can pick ip„ such that £>^ A /i = 

Since ipn and (j)n have the same minimal polynomial over k there exists rjn £ G 
such that ?7*'0n = 4>n- Notice while there are many such rjn, they all have the same 
image in Gm^ ■ Thus there exists a unique rj £ Gm„ whose image in Gm„ agrees 
with that of rjn- This rj satisfies 77* ^/;„ — for all n. As a consequence i^*^^ = 
for all n, where oj = ri~^ £ G. Since preserves the Puiseux parameter, w^/tn = ;>„ 
for all n, so finally to^jl — v as desired. 

This concludes the proof of Theorem 14.171 
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4.5. The Berkovich projective line 

We next indicate how the valuative spaces Vx and Vx are naturally embedded 
(as nonmetric trees) in the Berkovich projective lines over the local fields k and k, 
respectively. 

The Berkovich afhne line A^(fc) is defined !BeJ p. 19] to be the set of valuations 
v : k[y] — !■ (— oo, +oo] extending v-/,. The line A^{k) is defined analogously. We will 
write v for elements of A^(fc) and i) for elements of A^(fc). 

Both lines are endowed with the weak topology, defined in terms of pointwise 
convergence. By definition, Vx is a subset of A^(fc). Berkovich defines jBei p. 18] 
the open disk in A^(fc) with center (f> G k and radius r > to be D{(j),r) = 
{v ; vijj — (j)) > logr}. It follows that Vx is the closure of the open disk in A^{k) 
of radius 1 centered at zero. Disks in A^(A;) are defined as images of disks under 
the restriction map h}{k) A^(fc). It follows that the disk D{0,1) in A^(fc) is 
the set of valuations v : k[y] — > (—00,00] extending v^, and satisfying ^{y) > 0. 
Any such valuation is an element of Vx, if we use the normalization ^(x) = 1. 
Conversely, any element of Vx, save for div^;, can be obtained in this way. Hence 
Vx is homeomorphic to the closure of the open disk in A^(fc) of radius 1 centered at 
zero. 

The Berkovich projective line P^(fc) is defined as A^(fc) U {voo} where v^o ■ 
k[y] — !■ [—00,00] equals on k and —00 elsewhere. The line decomposes as 

F\k)^{£',}U □ D^, 

aePi(C) 

where Da '■— D{y — a, 1) for a e C and Doo := {i^ G A^(fc) ; i^(y) < 0} U {voo} and 
i)-!, £ A^{k) denotes the valuation i^*(X]j ^ miuj 1^^,(0^). 

Any translation y 1— > y + t, r e C, induces an isomorphism of P^(fc) sending 
Da homeomorphically to Da+r- Similarly, the inversion y ^ y^^ induces a home- 
omorphism of Doc onto Do- The open disks Da are hence all homeomorphic, and 
their closures are Da = Da U {v*}. 

On any disk Da we can put the nonmetric tree structure induced by the relative 
tree structure on Vx (rooted at div^;, see Section|^2J- For instance, on Dq ~ Vx, the 
tree structure is given hy v < ji \E v{4)) < fJ.{(p) for all (p £ k[y]. Patched together, 
these partial orderings endow P^(fc) with a natural nonmetric tree structure rooted 
at (see IBel Theorem 4.2.1]). As we shall see below (Theorem |OJ, the weak 
tree topology on P^(fc) coincides with the weak topology. 

This discussion goes through, essentially verbatim, with k replaced by k. 

4.6. The Bruhat-Tits metric 

The standard projective line P^(fc) embeds naturally in the Berkovich line 
P^(fc): 4> £ k corresponds to the valuation with v^(y — cj)) =00 and 00 to Voa- 
The points in P-'^(fc) are ends of the nonmetric tree P^(fc); hence H :— P^(fc) \ 
P'^(fc) has a nonmetric tree structure rooted at Vi,. The group PGL2(fc) of Mobius 
transformations acts on P^(fc) and this action extends to P^(fc) by (M*i>)(?/ — cf) = 
v{My-<i)). 

Berkovich noted that H is isomorphic (as a non-metric tree) to the Bruhat- 
Tits building of PGL2(fc). We will not define this building nor the isomorphism 
here. Suffice it to say that the building is a metric tree on which PGL2(fc) acts by 
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isometries. This last condition in fact defines the tree metric on H up to a constant. 
To see this, consider the segment in H parameterized by val[0;t], < t < oo. Fix 
any rational to > and pick 0o with i>*((/)o) = ^o- Then M g PGL2(^) defined 
by My = ycjjQ gives M* val[0;t] = val[0;t + to]- But the only translation invariant 
metric on R is the Euclidean metric (up to a constant), so after normalizing we get 
that [0, oo[9 t ^ val[0, i] G H is an isometry. Now if </> G fc, then M{y) := y — (f> 
induces an isometry of the segment [i>^,i>^[ onto [i>*,i>o[. Similarly, M{y) — 1/y 
gives an isometry of oo[ onto i>o[- Thus the metric on H is uniquely defined. 

In particular we see that if e fc+, then [0, oo[9 t val[4>,t] e H is an 
isometry. Thus the Puiseux metric on Vfin is induced by the Bruhat-Tits metric 
on H D Vx- Passing to Vx we conclude using Theorem 14. 1 71 than the relative thin 
metric on Vqin,^ is induced by the Bruhat-Tits metric. 

4.7. Dictionary 

We end this chapter with a dictionary between valuations in Vx i-c. on k[y] , 
their preimages in Vx (i-e. on k[y]) under the restriction map (see Theorem 14. 17|l . 
and Berkovich's terminology |Bel p. 18]. See Appendix ICl for a more extensive 
dictionary. 

Note that except for ly — divx, the terminology for a valuation i/ E Vx and for 
its nonrelative counterpart ^/^{m) € V coincide. The valuation div^; in Vx is not 
centered at the origin, and is of divisorial type. It corresponds to Vx which is a 
curve valuation in V. The preimage of div^, in Vx is i^* which is of rational type 
in our terminology and of type 2 in Berkovich's terminology. With our convention, 
diVx also fits into the table below. 



Valuations in Vx 


Valuations in Vx 


Bcrkovich 


Quasim. 


Divisorial 


Finite type 


Rational 


Type 2 


Irrational 


Irrational 


Types 


Not quasi- 
monomial 


Curve 


Point type 


TO < oo 


Type 1 


Inf sing 


^ = oo 


TO = oo 


A < oo 


Special type 


Type 4 



Table 4.1. Terminology 
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Topologies 

Our objective now is to introduce, analyze and compare different topologies on 
the valuative tree V. 

There are at least three natural ways of defining topologies. First, we can ex- 
ploit the tree structure of V. This leads to one topology defined using the nonmetric 
tree structure, and several others defined in terms of metric tree structures. 

Second, recall that V is by definition a collection of (normalized) functions from 
R to R-|_. Hence we can define topologies using pointwise or (suitably normalized) 
uniform convergence. 

A third type of topologies can be defined on the set Vk of all equivalence 
classes of centered Krull valuations, and then passing to V. As a KruU valuation 
takes values in an abstract ordered group, pointwise or uniform convergence a priori 
does not makes sense. However, we can always check whether the value is positive, 
zero or negative. Different topologies on the set {+,0,—} then lead to different 
topologies on Vk- These can then be turned into topologies on the valuative tree. 

The chapter is organized as follows. We start in Section [5.11 bv considering 
the weak topology. As we show, it can be defined equivalently either in terms of 
pointwise convergence or in terms of the nonmetric tree structure. 

Then in Sections 15 . 2l and l5 . 31 we study the strong topology. More precisely, there 
is one strong topology on V and one on the subtree Vq,n of quasimonomial valua- 
tions. They both arise from the parameterization of V by skewness. Alternatively, 
they can be defined in terms of normalized uniform convergence. 

As a slight variation, Section f5.4l contains a brief discussion of the thin topology, 
which also comes in two versions: one on V and one on Vqm- Both versions arise 
from the parameterization of V by thinness. 

After that we turn to the Zariski topology. It is defined on the set Vk of 
(equivalence classes of) centered Krull valuations. We analyze it in Section [5.51 
The main result is that if we start with Vk endowed with the Zariski topology and 
identify exceptional curve valuations with their associated divisorial valuations, 
then we recover the valuative tree with the weak topology. 

A refinement of the Zariski topology is the Hausdorff- Zariski topology, consid- 
ered in Section 15.61 We show that it also has a natural interpretation as a weak 
tree topology, but now given in terms of a N-tree structure on Vk- 

Finally we compare the different topologies on V in Section I^TI 

5.1. The weak topology 

At this stage we have two candidates for the weak topology on the valuative 
tree V: the weak topology defined by pointwise convergence and the weak tree 
topology induced by the nonmetric tree structure on V (see Section l^.l.4|l . In this 
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section we show that these two topologies are in fact identical. We also study its 
main properties. 

5.1.1. The equivalence. Wc defined the weak topology on V by describing 
converging sequences: i/fc — > iff Vk{4') — > v{4>) for every </> G m. Equivalently, a 
basis of open sets is given hy {v &V \ t < v{(t>) < t'} over (/> g m irreducible and 
t' > t > 1. The weak tree topology is generated by U{v), where v runs over all 
tangent vectors in V. 

Theorem 5.1. The weak topology on V coincides with the weak tree topology. 

Proof. We use Proposition 13.251 repeatedly If w e Ti/ is a tangent vector 
not represented by Vm (true e.g. if v ~ Um), then U{v) = {^i ; > Q;m((/))}, 

where a = a(j^) and represents v. If instead v is represented by I'm, then 
f^(^) — {/^ £ ^ ; < where > v. In both cases U{v) is open in the 

weak topology. 

Conversely, every nontrivial set of the form {v{<l)) > t} or {v{(l)) < t} with t > 1 
and S m irreducible is of the form U{v). This completes the proof. □ 

5.1.2. Properties. We now investigate the weak topology further. 
Proposition 5.2. The weak topology is compact but not metrizable. 

Proof. Compactness follows from Theorem 15.11 and the fact that any com- 
plete, parameterizable tree is weakly compact (see Theorem l3.26|l . Alternatively, V 
is naturally embedded as a closed subspace of the compact product space [0, oo]^. 

To prove that V is not metrizable it suffices to show that I'm € V has no 
countable basis of open neighborhoods. Fix local coordinates {x,y). For 9 G C* , 
let vg :— Vy+gx,2 (see Definition 13.27(1 and Ug {v ^ vg}. Any Ug is an open 
neighborhood of Vm- Suppose {Vk}k>i is a countable basis of open neighborhoods 
of I'm- Then for any 6 there exists k = k{9) > with Vk C Ug. As C* is uncountable, 
one can find k and a sequence 9i with 9i ^ 9j for i ^ j such that Vk C Ug.. Now 
vg. — > I'm, so vg. G Vk for i 3> 1. But vg. ^ Ug-. This is a contradiction. □ 

Proposition 5.3. The four subsets of V consisting of divisorial, irrational, 
infinitely singular and curve valuations are all weakly dense in V. 

Proof. Instead of proving all of this directly wc will appeal to Proposition l5.9l 
which asserts that the divisorial, irrational and infinitely singular valuations are 
all (individually) dense in V in a stronger topology that the weak topology. Hence 
it suffices to show that, say, any divisorial valuation can be weakly approximated 
by curve valuations. But if v is divisorial, then by Proposition 13 .2(11 there exists a 
sequence 0„ of irreducible elements in m such that the associated curve valuations 
Vfj,^ represent distinct tangent vectors at v. Then z/^^ — s- as n — > oo. □ 

Remark 5.4. In Section IX^ we considered the relative valuative tree Vx con- 
sisting of centered valuations v on R normalized by v{x) = 1 (and with the valuation 
divx added). We could define two relative weak topologies on Vx'. one using the 
relative nonmetric tree structure and one using pointwise convergence. The proof 
of Theorem 15 . 1 1 could easily be adjusted to show that these relative weak topologies 
are in fact the same. 
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5.2. The strong topology on V 

As with the weak topology, we have two candidates for the strong topology 
on V: one defined using uniform sequential convergence (see H5.2f) below) and one 
induced by the tree metric (|3.5|l on V. We now show that these two coincide and 
analyze the properties of the strong topology. 

5.2.1. Strong topology I. A general metric tree admits two natural topolo- 
gies, the weak topology as a nonmetric tree and the topology as a metric space. 
We emphasize that the latter topology depends on the choice of metric. 

The valuative tree carries several interesting metric tree structures. For the 
moment we are mainly interested in the tree metric d induced by skewness and 
defined in (j^2J): 

d{fi, ly) = {a{n A z/)"^ - a(/^)"^) + {a{^ A j/)"^ - a(j^)"^) . (5.1) 

We shall refer to the induced topology as the strong tree topology on V. 

Before analyzing the strong topology in detail, let us note the following general 
result. 

Proposition 5.5. The topology on a metric tree {T,d) induced by the metric 
is at least as strong as the weak topology. 

Proof. Let cr„ be a sequence of points in the metric tree (T, d) that converges 
to (Too S T in the metric. Use root. If (T„ 7^ (Too weakly, then there would 

exist (T > (Too such that (t„ > a for infinitely many n. Thus (i((T„, (Too) > d{a, (Too) > 
for these n, a contradiction. □ 

Remark 5.6. If T is as in Example 13.61 with X infinite and g{x) = 1, then 
the two topologies are not equivalent: if (a;„)„>o are distinct elements in X then 
(xn, 1) converges weakly to {x, 0), but d{{xn, 1), {x, 0)) — 1. 

5.2.2. Strong topology II. Another strong topology on V can be defined in 
a quite general setting (i.e. for other rings than R) in terms of the metric 



'{t^l, ^2) = sup 

0(Em irreducible 



m{(j)) m{<j)) 



l/l((/)) V2{(l}) 



(5.2) 



This topology is stronger than the weak topology and any formal invertible mapping 

Jstr 



/ : (C2, 0) ^ (C2, 0) induces an isometry : V ^ V for d""^' . 



5.2.3. The equivalence. We now show that the metric d^^ is compatible 
with the tree metric d given by H5.1|l . As a consequence, the two strong topologies 
on V defined in Sections 15.2.11 and 15.2.21 are really the same. 

Theorem 5.7. The strong topology on V is identical to the strong tree topol- 
ogy. More precisely, if d and c?^'' are the metrics on V given by H5.1|l and (|5.2|l . 
respectively, then, for vi,i'2 € V: 

df {1^1,1^2) < d{ui, V2) < 2df{ui, V2) (5.3) 

Proof. Let us consider S m irreducible. Set v — v\t\V2. We first show that 

Vi\'i>) - y2\<f)\ = max {y-\<i>) - v-\>i>)] • (5.4) 
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To see this, notice that Proposition 13 . 2 51 imphes = (/i A i^cj,){(t>) f^or any /i G V. 
Thus we may replace Vi by Vi A v^, so that v < i^t < v^, i — 1,2. But this means 
that v = vi < 1/2 l£ i^4> or v = 1^2 l£ 1^1 l£ t^4> and then H5.4|l is immediate. 

Muhiplying H5.4|l by m{(j)) and taking the supremum over </> e m we get 
dy'^(z^i, 1^2) — maxi d{vi, v\ which imphes (|5.3() . □ 

5.2.4. Properties. We now investigate the strong topology further. 

Proposition 5.8. The strong topology on V is strictly stronger than the weak 
topology. It is not locally compact. 

Proof. The first assertion follows from Proposition l5.2l or from the last asser- 
tion as V is weakly compact Consider v € V divisorial and pick S m irreducible 
with 1/0,^ > ly, such that i^^^ represent distinct tangent vectors at v. For fixed £ > 0, 
set i>n — i^4>n,a+e, whcrc a is the skewness of v. Any Vn is at distance e/a{a + e) 
from ly. Further, Vn weakly, so Vn has no strong accumulation point. If v 

had a compact strong neighborhood, it would contain a ball of positive radius, say 
bigger than e. Then Vn would have a strongly convergent subsequence. This is 
impossible. □ 

Proposition 5.9. The three subsets of V consisting of divisorial, irrational 
and infinitely singular valuations are all strongly dense in V. 

The strong closure of the set C of curve valuations is the set of valuations of 
infinite skewness. In particular, C\C contains only infinitely singular valuations. 

Proof. For the first assertion, we first prove that any valuation 1/ ^ V can be 
strongly approximated by divisorial and irrational valuations. If v is not infinitely 
singular, then j/ — z^^^t for some irreducible G m and t e [l,oo]. Then fi :— v^^s 
converges strongly to as s — *■ t and /i is divisorial (irrational) if s is rational 
(irrational). If v is infinitely singular, then u — limj/„ for an increasing sequence 
Vn , where Un can be chosen to be all divisorial or all irrational. 

The fact that any divisorial valuation can be approximated by an infinitely 
singular valuation follows from Lemma l5 . 1 61 below and a{^) — ol{v) < A{^) — A[v) 
when IX > V. This completes the proof of the first assertion. 

For the second assertion, first notice that skewness defines a strongly continuous 
function a : V — *■ [1, 00], so since every curve valuation has infinite skewness, so does 
every valuation in C. Conversely, suppose v is an infinitely singular valuation with 
infinite skewness and let (t'n)(f be its approximating sequence. Then a{vn) — > 00 
as n ^ 00. For each n, let /x„ be a curve valuation with /i„ > Vn and m{fj,n) = 
mivn) < b{vn)- We get 

u ^ f I 1 \ f I I \ 2 

d{vmv) ~ —, 7 + ~i 7 1 — ^ — ~i — ^ ^ Oj 

so /i„ — *■ I' as n — + 00. This completes the proof. □ 

Remark 5.10. It is also possible to define a relative strong topology on Vx, 
based on the parameterization by relative skewness. Suitable versions of all the 
results above continue to hold in the relative setting. In Proposition 15 . 91 we should 
then use the convention that div^, is a divisorial valuation, and in particular not 
an element of C. Also notice that a valuation in Vx \ {div^;} has infinite relative 
skewness iff the corresponding valuation in V has infinite (nonrelative) skewness. 
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5.3. The strong topology on Vqm 

In many instances it is natural and convenient to work on the tree Vqm con- 
sisting of quasimonomial valuations. As described in Section Td. 3. 41 we can use the 
parameterization by skewness to define a metric on Vqm: for ii (z Vqm we have: 

dqm(M, I') = ("(m) - a{p A v)) + {a{v) - a{n A v)). (5.5) 

We refer to the resulting topology as the strong tree topology on Vqm- 

On the other hand, we could also consider the following strong metric: 



sup 

0Gm irreducible 



m{(j)) m{(f) 



(It is in fact not hard to see that the supremum can be taken over all e m, not 
just (f> irreducible.) Following the proof of Theorem 15. 71 we infer 

Theorem 5.11. The strong topology coincides with the strong tree topology on 
Vqm • More precisely, for i>i,V2 £ Vqm we have 

<m(^^l, 1^2) < dqm(i^l, ^^2) < 2(P^^X^^, V2) . (5.6) 

Proposition 5.12. The completion of {Vqm, dqra) is a tree naturally isomorphic 
to the union of Vqm and all infinitely singular valuations with finite skewness. 

Proof. The subset V of V consisting of valuations with finite skewness is a 
strongly open subtree that contains all quasimonomial valuations. The metric dqm 
extends naturally to V' as a metric c?v'- Let us show that (V', dy') is complete. Any 
dv'-Cauchy sequence i^n in V is dy-Cauchy hence d\i{vn,v) for some v £ V 
by completeness of dy- But it is easy to see that iy„ must have uniformly bounded 
skewness, so a{v) < oo and then dv'(^'n, i^) — > as well. □ 

Remark 5.13. We can also equip the tree Vqm, a; with a relative strong topology 
defined in terms of the parameterization by relative skewness. See Section and 
compare Remark 15.101 



5.4. Thin topologies 

Instead of skewness we can use thinness to parameterize the valuative tree. As 
noted in Section [3. 61 we can use this parameterization to define metrics D on V and 

D{fi, u) = {A{^l A u)-^ - A{^l)-^) + {A{ii A u)-^ - A{y)-^) (5.7) 

Z?qm(/u, i^) = {A{n) - A(^ A u)) + {A{u) - A(^ A u)). (5.8) 

We refer to D and Dqm as the thin metric on V and Vqm, respectively, and to the 
induced topologies as the thin topologies. 

The thin metrics share a lot of similarities with the previously defined metrics 
d and dqm defined in terms of skewness. We summarize them in the following 
propositions. 

Proposition 5.14. The metric space (V,Z?) is complete, and not locally com- 
pact. The three subsets consisting of divisorial, irrational and infinitely singular 
valuations are dense in (V, D). The closure of the set of curve valuations is the set 
of valuations of infinite thinness. 
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Proposition 5.15. The completion o/ (Vqm, i'qm) is naturally isomorphic to 
the union of Vqm and all infinitely singular valuations with finite thinness. 

Proof of Propositions [5TT^ and [5TTK1 The proofs of these propositions 
are completely analogous to those of Propositions 15.81 15.91 and 15.121 The only 
point which is not clear is the fact that we may approximate any divisorial valua- 
tion by a sequence of infinitely singular valuations. It is an immediate consequence 
of the lemma below. □ 

Lemma 5.16. For any divisorial valuation v ande > 0, there exists an infinitely 
singular valuation ^ > v, with < A{i') + e. 

Proof. Let us extend the approximating sequence {viYq of v to an infinite 
approximating sequence {vi)'^ as follows. First suppose h{v) > m{y). By conven- 
tion, fg+i = V. Pick a curve valuation /ig+2 > with m(//g+2) = ^{^)- Consider 
a divisorial valuation Vg+2 in the segment \v,iJLg+2[- It follows from (|3.13|) that if 
Vg+2 is close enough to v, then b{vgj^2) > rn{v). We may therefore pick Vg+2 in this 
segment such that b{vg^2) > ^{vg+2) = b{v) and a{vg+2) ^ < £/(2fe(f^)). 

Inductively, given {vi)\^^ we construct Vg+k+i divisorial with Vg+k+i > i^g+k, 
b{i^g+k+i) > m{i'g+k+i) = bivg+k) and < e / {2^b{vg+u))- Then 

defines an approximating sequence for an infinitely singular valuation /i, 
satisfying ^ > 1/ and A{fi) < A{i/) + e. 

If b{i') = m[v) then we redefine Vg+i to be a divisorial valuation with Vg+i > 
bivgj^x) > m{vg+i) = m{v) and a{vg+i) — a{v) < e/b{iy). We may then continue 
as before and construct an infinite approximating sequence (I'i)^ of an infinitely 
singular valuation fj. with ^ > v and A[^) < A^iy) + 2e. □ 

Remark 5.17. Using the relative thinness defined in Section imi we can define 
relative thin topologies on the trees Vx and Vq^.x- Compare Remarks 15 . 1 01 and 15 . 1 31 

Remark 5.18. Although we shall not pursue this further here, the analysis 
in Chapter 0] implies that the (relative) thin topologies can be defined in terms of 
(suitably normalized) uniform convergence when the valuations are extended to the 
ring of power series in one variable with coefficients that are Puiseux series. 

5.5. The Zariski topology 

We now turn to a classical, but quite different construction, the Zariski topol- 
ogy. This topology, which is defined on the set Vk, of equivalence classes of KruU 
valuations, is a not Hausdorff topology since divisorial valuations do not define 
closed points. We show how to make it Hausdorff by identifying a divisorial val- 
uation with the valuations in its closure. The latter valuations are exactly the 
exceptional curve valuations, or, equivalently, the elements of Vk \ V. It is a re- 
markable fact that this procedure recovers V endowed with the weak topology. 

5.5.1. Definition. The Zariski topology is defined on the set Vk of equiv- 
alence classes of centered Krull valuations on R (not necessarily R+-valued, see 
Section [1. 3(1 . A Krull valuation u is determined, up to equivalence, by its valuation 
ring = {zy > 0} C if, so an open set in Vk can also be viewed as a set of 
valuation rings satisfying certain conditions. 
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Definition 5.19. A basis for the Zariski topology on Vk is given by 
V{z) ; u{z) > 0} {i^ ; z e R^} 



over z G K. In other words, an arbitrary open set in the Zariski topology is a union 
of finite intersections of sets of the type V{z). 

Remark 5.20. The topological space Vk endowed with the Zariski topology is 
called the Riemann- Zariski variety of i? (see |ZS21 p. 110], I Val ) . 

Proposition 5.21. Vk is quasi- compact hut not Hausdorjf. Moreover, 

(i) Any non-divisorial valuation is a closed point. 

(ii) The closure of a divisorial valuation associated to an exceptional compo- 
nent E is the set of exceptional curve valuations i'E,p whose centers lie on 



Proof. That V is not Hausdorff follows from (ii). For the quasi-compactness 
of Vk , see Theorem 15.261 below. Both (i) and (ii) are consequences of Lemma 11.51 
since a valuation fi lies in the closure of another valuation 7^ /i iff i?^ C R^, . □ 

Remark 5.22. V C Vk is neither open nor closed for the Zariski topology. 
Indeed, Example 15.311 shows that a sequence of divisorial valuations can converge 
to an exceptional curve valuation. Conversely, if E is an irreducible component 
of 7r~^(0) for some composition of blowups tt, and (pj)i° is a sequence of distinct 
points on E, then the exceptional curve valuations VE,pj converge to the divisorial 
valuation See Appendix IbI 

Remark 5.23. The Zariski topology can be geometrically described as follows: 
a basis is given by T^(7r, C), where tt ranges over compositions of finitely many 
blow-ups and C over Zariski open subsets of the exceptional divisor 7r^^(0). Here 
C is the complement in 7r^^(0) of finitely many irreducible components and finitely 
many points, and V{7t,C) is the set of all ly G Vk whose associated sequence of 
infinitely nearby points n[i/] = (pj) are eventually in C. 

5.5.2. Recovering V from Vk- We can try to turn Vk into a Hausdorff space 
Wk by identifying ly and 1/' if they both belong to the Zariski closure of the same 
Krull valuation fi. By Proposition 15.211 this amounts to identifying exceptional 
curve valuations with their associated divisorial valuation. Let p : Vk V^k be 
the natural projection and endow Wk with the quotient topology. Then Wk is 
quasi-compact, being the image of a quasi-compact space by a continuous map. 

Consider the natural injection « : V — s- Vk, where V carries the weak topology. 

Theorem 5.24. The composition p o i : V — s- Vk is a homeomorphism. 

Proof. Since V contains all divisorial valuations but no exceptional curve 
valuations, injectivity and surjectivity oi p o i follow from Proposition 15.211 Since 
V is Hausdorff and Vk is quasi-compact, continuity of {po i)^^ will imply that pot 
is in fact a homeomorphism. 

Therefore, let us show that {po i)^^ is continuous. A basis for the weak (tree) 
topology is given by the open sets U{v)^ over tangent vectors v. In fact, it suffices 
to take v G Tv with v divisorial. For (/!>, 7/) G m irreducible and t > {) define 
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ProDOsition l3.25l imDlics that if i7 G Tv is not represented by Vm (true e.g. iiv = Vm), 
then U{v) — "i/),!), where represents v and A — v. If instead v is 
represented by t'm, then U{v) = V{4>,'ip,a{v)), where v^>v and v,p A Vcj) = I'm- 

Hence it suffices to show that {p o i){V) is open in Vk for any V — V{(j>, tp, t). 
This amounts to p^^{po i){V) being open in Vk- Define 

W = W{(j), ^, t) y {i/ e Vk ; y (^f™^*) j > o| . 

p/q>t 

Then W is open in Vk and = liV) n W^. We claim that \i v € Vk is divisorial 
and v' S {i'} an exceptional curve valuation, then v £ W \E v' € W . This claim 
easily implies that p^^{po i){V) = is open, completing the proof. 

As for the claim, v & W implies t' := v{'4>)m{4>) /v{4>)m{%l)) > t. Pick t" e {t, t') 
rational, t" = p/q. Then v belongs to the closed set {^i ; ^(■^^'"('^V'/'*'"^''''') > 0} C 
W, hence so does v' . Conversely, li v' then v a-B Ry' C R„. □ 

5.6. The HausdorfT-Zariski topology 

We now recall a natural refinement of the Zariski topology, the Hausdorff- 
Zariski (or simply HZ) topology. It is still defined on the set Vk of equivalence 
classes of Krull valuations. As we show, the HZ topology is the weak tree topology 
for a natural N-tree structure on Vk- 

5.6.1. Definition. Let J- = {0,+,—}^ be the set of functions from K to 
{0, + , — }. Any Krull valuation defines an element in by setting ;/(</)) = +, — , 
iff ^{(j)) > 0, — and z/(0) < 0, respectively. Further, two Krull valuations are 
equivalent iff they define the same element of J-. (This is essentially equivalent to 
the fact that equivalence classes of Krull valuations arc in f-I correspondence with 
valuation rings in K.) 

Hence we can consider Vk as a subset of It is easy to see that Zariski 
topology on Vk is exactly the topology induced from the product topology on 
associated to the topology on {0, +, — } whose open sets are given by 0, {0, +} and 
{0, +, — }. We define the H aus dor ff- Zariski topology or simply HZ topology on Vk 
to be the topology induced by the product topology associated to the discrete one 
on {0, +, — }. The HZ topology is Hausdorff by construction and we have 

Lemma 5.25. A sequence Vn G Vk converges towards v in the Hausdorff-Zariski 
topology iff for all 4> € K with j/(0) > 0, u{(j)) — and v{4>) < one has f„((/)) > 0, 
h'n{4') f^'^d Vni'f') < 0; respectively, for sufficiently large n. 

From Tychonov's theorem, and the fact that Vk is closed in T (see 'ZS2J 
p. 114]) one deduces the following fundamental result. 

Theorem 5.26 f |ZS2[ p. 113]). The space Vk endowed with the Hausdorff- 
Zariski topology is compact. Thus Vk is quasi- compact in the Zariski topology. 

5.6.2. The N-tree structure on Vk- Wc now introduce a tree structure on 
Vk which plays the same role for the HZ topology as the R-tree structure plays for 
the weak topology on V. The new tree will be modeled on the totally ordered set 
N = N U {oo} (see Section IXT^ . 

Definition 5.27. Define a partial ordering < on Vk by 

1^1 <! 1/2 iff the sequence of blow-ups Il[iy2] contains H[i'i]. 
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Proposition 5.28. The space {Vk, ^) is a N-tree rooted at i^m- Any divisorial 
valuation is a branch point, with tangent space in bisection with P^. The ends of 
the tree are exactly the non- divisorial valuations. 

Proof. That (V/f , <) is a N-tree is a straightforward consequence of the def- 
inition, as is the fact that the set of ends coincides with the set of non-divisorial 
valuations. 

A tangent vector at a divisorial valuation v is given by a point on the exceptional 
component E defining v. Hence the tangent space at v is in bijection with ~ P^. 
This completes the proof. □ 

Proposition 5.29. The Hausdorjf-Zariski topology coincides with the weak tree 
topology induced by <i. 

Proof. Pick a tangent vector w at a divisorial valuation Vq, and consider the 
weak open set U (u). If vq corresponds to the exceptional curve E, and v to the point 
p E E, U{v) coincides with the set of valuations that are centered at p. Choose 
(j)' G K defining two smooth transversal curves at p disjoint from E. Then 
U{v) — {v ; v{4)), v{4)') > 0} is a weak tree open set. Hence the identity map from 
Vk endowed with the HZ topology onto Vk endowed with the weak tree topology 
associated to < is continuous. As V is compact in the HZ topology and Hausdorff in 
the weak tree topology, it follows that the identity map is a homeomorphism. □ 

In Chapter we shall use sequences of infinitely nearby points in a different 
way and actually recover the valuative tree. The analysis in that chapter can 
be used to explain the precise relation between the N-tree and R-tree structures 
on V associated to < and <, respectively. We will contend ourselves with the 
following illustrative example. Fix local coordinates (x, y) and consider the segment 
I = [^'m, i^y[ in V, consisting of monomial valuations in these coordinates satisfying 
1 = v{x) < I'iy). The restriction of < to / coincides with the natural order 
on [1,cxd[. On the other hand, < gives the lexicographic order on the continued 
fractions expansions of elements in [l,oo[. 

5.7. Comparison of topologies 

We now have several topologies on the trees V and Vqm and on the space Vk- 
We present here some comparisons between them. Our objective is not to prove, 
or even state, all possible results relating the different topologies, but to illustrate 
a few of the connections. 

We split our analysis into two parts. In the first part we describe the relation- 
ships between the weak, the strong, the thin and the HZ topology on V. In the 
second part we compare the strong and thin metrics on V and Vqm- 

5.7.1. Topologies. By the HZ topology on V we mean the topology of V as 
a subset of {Vk, HZ). 

Theorem 5.30. The strong, the thin and the HZ topology on V are all stronger 
than the weak topology. Moreover: 

(i) if V has infinite skewness and ^ v weakly, then ^ ^ strongly; 

(ii) if V has infinite thinness and i>n v weakly, then Vn v thinly; 

(iii) if v is non-divisorial and Vn ~* v weakly, then !/„ v in the HZ topology. 

Essentially no other implications hold as the following examples indicate. 
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Example 5.31. Let Vn '.— i^y.i+n-^- Then Vn i^m strongly and thinly (hence 
weakly). But Vn{y/x) — 1/n > and Vm{y/x) = 0, so 7^ in the HZ topology. 
In fact, it converges to the exceptional curve valuation val[(2:,?;); ((1,0), (1, 1))]. 

In this example, the HZ limit valuation is in the closure of i>m in Vk- This is a 
general fact for limits of sequences in the weak and HZ topology. 

Example 5.32. Pick p„, qn relatively prime with Pn/qn — > V^- Set 0„ = 
yQn _ j.pn ^ — jy^^ 1/ = i/^ Then Vn ^ v weakly (hence in the HZ topology 

since u is irrational) but ci(f„, u) 1/^/2 and D{vn, v) 1/(1 + \/2) so Vn does 
not converge to v neither strongly nor thinly. 

Example 5.33. Let u be an infinitely singular valuation with finite skewness 
but infinite thinness. See Remark I A. 41 for how to construct v. Pick a sequence 
{Hn)T of divisorial valuations increasing to v and for each n pick a curve valuation 
Vn with Vn l\v — ^n- Then D{iy„, v) = 2A{pn)~^ — > so — s- thinly. However, 
d{i'n, v) — > a{v)^'^ > Q so Vn V strongly. 

Example 5.34. It is possible to construct a sequence {vn)T of infinitely sin- 
gular (or even divisorial) valuations such that A{i'n) > 3 but a{vn) ^ 1 as n ^ 00. 
See Remark I A. 51 Then Vn ^ Vm strongly but not thinly. 

Proof of Theorem I5.30L We know from Proposition 15.51 that the strong 
and thin topologies are both stronger than the weak topology. To compare the 
HZ and weak topologies we consider the natural injection j : (V,HZ) (Vk,Z), 
which is continuous as the HZ topology is stronger than the Zariski topology. By 
Theorem 15 . 241 there is a continuous mapping q : {Vk, Z) (V, weak) which is the 
identity on V C Vk- Since g o j = id, we see that id : (V,HZ) (V,weak) is 
continuous. Hence the HZ topology is stronger than the weak topology. 

For (i), suppose Vn weakly. As a(j^) = 00 we may find (f>k G na such that 
> {k + l)m{4>k)- For n > 1, i^„(0fc) > km{4>k). Thus iy„ > v^^^k-, so 

We let fc ^ cxD and conclude that Vn converges strongly towards v. 

The proof of (ii) is essentially identical. As for (iii), suppose Un ^ v weakly. 
Consider K. If v{(j)) > (< 0), then ;/„(</.) > (< 0) for n > 1. If i/(0) = 0, 
then as the residue field fc^ is isomorphic to C, we may write 4> = A + where 
A € C* and i/(V') > 0. For n > 1 vjytp) > so that Vn{(j)) = 0. Thus Vn ^ v vcl 
the HZ topology. □ 

5.7.2. Metrics. We have seen above that the strong and thin topologies on 
V are distinct. Nevertheless, we can compare the thin and the strong metrics 
whenever we have a bound on the multiplicity. 

Proposition 5.35. Fix rn > 1. Then the inequalities 

hold on the subtree {v e Vqm ; rn(v) < m} of Vqm and these estimates are sharp. 
The identity map (Vqm,^qm) (Vqm,rfqm) "is continuous, but its inverse is not. 

Proposition 5.36. Fix m> 1. Then the inequalities 

m^^D <d< 2{rn+l)D, 
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hold on the subtree {v Cz V ] m{v) < m} ofV. The identity map (y,D) ~^ (V,c?) 
is not continuous, and neither is its inverse. 

Proof of Proposition 15.351 The estimate is an immediate consequence of 
the definition of and Dq„^ and of H3.7|l . That the identity map (Vqmji'qm) — > 
(Vqm, dqm) IS continuous foUows immediately. However, its inverse is not continuous 
in view of Example 15.341 □ 

Proof of Proposition I5.3()1 As d and D are both tree metrics, it suffices 
to consider i^i < V2 with m{y\) < m and compare d(^i,i'2) with D{i'i,V2). Write 
Ai — A^i^i), ai — a{i'i) and TOj — m{i'i) for i = 1,2. Also write di2 = d(yi,V2) 
and Di2 = D{vi,V2). Then di2 = Oi^ — = {ct2 — o.i)/{aia2) and D12 — 
{A2 — Ai)/{AiA2). Moreover, 1)3. 7|l gives mi{a2 — cti) < A2 — Ai < m(a2 — a2) 
and Proposition 13.481 implies Ai < niiai + 1. Hence 

m{a2 - ai) a2 - ai 



and 



£'12 < 7—^ < m = mdi2 

A1A2 aia2 



-^^12 > 7 r~rT7 r~rT ^ r~r r~r "12 > 



(miai + I)(m2a2 + 1) niiai + 1 71120.2 + 1 2{m + 1) 

where we used mi, m2 < rn and ai,a2 > 1. 

That the identity maps iy,D) (V,c?) and (V,d) (V,D) are both discon- 
tinuous follows from Example 15.331 and Example 15.341 □ 



CHAPTER 6 



The universal dual graph 

We have already described several different approaches to the valuative tree. 
They all fundamentally derive from the definition of a valuation as a function on 
the ring R. On the other hand, valuations can also be viewed geometrically as 
sequences of infinitely nearby points. It is therefore natural to ask whether the 
valuative tree can be recovered through a purely geometric construction. 

In this chapter we show that this is indeed possible. The construction goes as 
follows. To any composition of (point) blowups we associate the dual graph of the 
exceptional divisor. The set of vertices of this graph is naturally a poset and the 
collection of all such posets forms an injective system whose limit is a nonmetric 
tree T* modeled on the rational numbers. By filling in the irrational points and 
adding all the ends we obtain a nonmetric tree F modeled on the real line. We 
call r the universal dual graph. Its points are encoded by sequences of infinitely 
nearby points above the origin. We show how to equip T with a natural Farey 
parameterization as well as an integer valued multiplicity function. 

The main result is then that there exists a natural isomorphism from the uni- 
versal dual graph T to the valuative tree V. Its inverse maps a valuation to its 
associated sequence of infinitely nearby points as defined in Section ll. 71 

The chapter is organized as follows. We start out by defining F as a nonmetric 
tree, then equip it with the Farey parameterization and multiplicity function, re- 
spectively. Along the way we show that sequences of infinitely nearby points corre- 
spond uniquely to either points in F, or tangent vectors at branch points in F. We 
then state and prove the main result, namely the isomorphism between F and V. 
From this we deduce a number of applications, and show how the dual graph of the 
minimal desingularization of a reduced curve can be described inside the universal 
dual graph. Finally we discuss a relative version of the universal dual graph, anal- 
ogous to the relative valuative tree, and explain the self-similar structure of these 
objects. 

6.1. Nonmetric tree structure 

We first define the universal dual graph as a nonmetric tree. Later we will 
equip it with a natural parameterization and multiplicity function. 

6.1.1. Compositions of blowups. Let us denote by *B the set of all mod- 
ifications above the origin. This means that each element of 05 is a mapping 
TT : (C^,0) where is a smooth complex surface and tt is a proper map 

which is a bijection outside the exceptional divisor 7r~^(0). It is well-known that 
each such tt is a composition of (point) blowups (see |Lal Theorem 5.7] for instance). 
We emphasize that these blowups are not necessarily associated to a sequence of 
infinitely nearby points. 
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The set 05 has a natural partial ordering: tt !> tt' iff tt = tt' o fr for some 
composition of blowups (see Section P). 6. 2|l . We shall use repeatedly 

Lemma 6.1. The set 5B is naturally an inverse system: any finite subset of ^ 
admits a supremum; and every nonempty subset of S admits an infimum. 

Proof. To prove that any finite subset admits a supremum, it is sufficient to 
consider the case of two elements. If tt, tt' belong to 23, the identity map lifts to a 
bimeromorphic map id : X-^ — > X.^i . It is a classical fact that for any bimeromorphic 
map of surfaces there exist compositions of point blow-ups w :Y ^ , w' :Y ^ 
Xtt' such that tt o tu = tt' ow' . (Take a resolution of singularities of the graph of id, 
and apply |Lal Theorem 5.7] for instance). This proves that any finite set admits 
a supremum. 

In the discussion above, one can be more precise. By taking the minimal 
desingularization (see [Lai Theorem 5.9]) of the graph of id, one can show that Y 
is "minimal" in the sense that any other surface Y' dominating both and X^^i 
dominates Y . We call the natural map sending Y to the base (C^, 0) the join of it 
and tt'. 

Now take any non-empty subset B C 25, and define M := {tt ; tt <w for all vj e 
B}. The set M contains the blow-up of the origin and is hence non-empty. It is 
also a finite set, as any map tt € 25 dominates at most finitely many other elements 
in 25. Then the join of the collection of all tt g M is dominated by all elements in 
B. This is the infimum oi B. □ 

6.1.2. Dual graphs. To any tt e 25 we may attach a dual graph V-^: vertices 
are in bijection with irreducible components of the exceptional divisor 7r~^(0) (we 
shall refer to these as exceptional components), and edges with intersection points 
between two components. By decomposing an element tt G 25 into a composition 
of point blowups, we see that the dual graph can be obtained inductively as 
follows. 

If TT is a single blowup of the origin, then F^r is a single point that we denote by 
Eq. Otherwise we may write tt = tt' o tt, where tt is the blowup of a point p on the 
exceptional divisor (7r')~^(0), resulting in a new exceptional component Ep. The 
dual graph of tt can then be obtained from the dual graph F^/ of tt' through an 
elementary modification. There are two kinds of elementary modifications, depend- 
ing on the location of p. We say that p is a free [satellite) point if p is a regular 
(singular) point on (7r')^^(0). 

If p is free, i.e. p G E for a unique irreducible component E C (7r')^^(0), then 
the elementary modification consists of adding to F^/ a segment joining E and the 
new vertex Ep. We say that this modification is of the first kind. See Figure I^TI 

If j3 is a satellite point, it is the intersection of two irreducible components E 
and E' . The elementary modification now consists of adding a new vertex Ep to 
the segment between E and E'; we say that the modification is of the second kind. 
Again see Figure IfTTl 

From this description, it follows that F^ is a finite simplicial tree. We shall 
denote by Eq the vertex associated to the proper transform in F^ of the exceptional 
divisor obtained by blowing up the origin. 

6.1.3. The Q-tree. Following Section Hll. 71 we can view the simplicial trees 
Ftt as N-trees. This goes as follows. For tt e 58, consider the set F* of vertices of 
Fjr. It is a finite set, with a natural partial ordering <^ derived from the simplicial 
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Figure 6.1. Elementary modifications on the dual graph. The 
first kind of modification is illustrated to the left, the second kind 
to the right. 

tree structure on T-^, rooted at Eq: Ei E2 iff [Eq, Ei] C [Eq, E2] as segments in 
Ftt. The poset F* is an N-tree in the sense of Chapter O 

If 7r,7r' e 55 and n > n' , then the dual graph F* is obtained from F*, by 
performing a sequence of elementary modifications. In particular, there is a natural 
injective map i^n-^r' : F*, F* , and if n" < tt' < tt, then 1^^-^' o Itt'tt" = «7r7r" 

We claim that each map i^ttt' is order-preserving. By induction it suffices to 
show this when tt ~ tt' on, where tt is the blowup of a point p G (7r')^^(0). Then jTrir' 
is given by an elementary modification of the first or second kind: see Figure IHtI If 
the elementary modification is of the first kind, i.e. ii Ep S F* \ Ztttt' (rji-/ ) is obtained 
by blowing up a free point p on E e F* , , then Ep > i-^yy, {E) , Ep is an end in F* , 
and the segment Jitttt' -E'p[ in F* is empty. If the elementary modification is of 
the second kind, i.e. if Ep is instead obtained by blowing up the intersection point 
of two elements E,E' e F*,, say with E < E' , then It:tt'{E) < Ep < i^^,{E') and 
the segments Jztttt' (-E), £'p[ and ]Ep,iT^T^i{E')[ in F* are empty. 

Thus Ztttt' is order-preserving whenever tt' < tt. Slightly abusively, we will 
consider F* , to be a subset of F* and ignore the map i^^/ . 

The set *B defines an inverse system, and (F* , <T)Tg>B forms an injective sys- 
tem. We may therefore define the universal dual graph F* as the injective limit 



over all sequences of blow-ups tt above the origin. Again we consider (slightly 
abusively) F* as a subset of F* for all tt. Then F* is the union of all the F* 's. It is 
important to note that any finite subset of F* is contained in F* for some tt. 

The partial ordering on F* is determined as follows. If E, E' €T*, then E, E' e 
F; for some tt e S and £:<£:' in F* iff £; < E' in F;. 

Proposition 6.2. The universal dual graph (F*,<) is a nonmetric Q-free 
rooted at Eq. All its points are branch points. 

We shall describe the tangent spaces in Proposition 16 . 31 below. 

Proof. Let us verify that the partial ordering on F* satisfies the axioms (Tl)- 
(T3) for a rooted nonmetric Q-tree on pageQUl As for (Tl), this is clear: Eq is the 
unique minimal element of F*. 

Next consider (T2). Fix E E T* . In view of Lemma [3.111 it suffices to show 
that [Eo,E] := {F € F* ; F < E} is totally ordered, countable, and has no gaps. 
It is totally ordered as the intersection with any F* is. It cannot have any gaps, 
since if Ei < E2 < E and there was no E' G F* with Ei < E' < E2, then Ei and 
E2 would be adjacent vertices in some F^. We could then blow up the intersection 
point between Ei and E2 and obtain E' e F* with Ei < E' < E2, a. contradiction. 



(F*,<)=injlim(F:,<0 
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Thus the set [Eq, E] has no gaps. The hardest part is to show that it is countable. 
Consider the minimal tt e 58 such that i? G F* . We shall describe the structure of 
r* in Section but for now it suffices to notice that any F e F* belonging to 
the segment [Eq, E] can be obtained by performing finitely many satellite blowups 
at intersection points of elements of [Eq,E] n F*. More precisely, we define a 
sequence of proper birational morphisms tt = ttq t> tti ^ . . . inductively through 
their associated posets F* = F* ^^ as follows: the elements of F*^]^ ~r* are obtained 
by blowing up all intersection points of elements of [Eq , E] H F* . Then each F* is 
a finite poset and [Eo,E] = \JjEo,E] n F;. Thus [Eo,E] is countable and (T2) 
holds. 

Instead of proving (T3) we prove the equivalent statement (T3') in liemark l^.HI 
Thus consider an unbounded, totally ordered subset S of F* . We will prove that 
S admits an increasing sequence in S without majorant in F*. In doing so we will 
make use of the fact that if _E e F*, then there exists n — n{E) < oo such that if 
F g F* with F < E, then the minimal tt e 25 for which F g F* is a composition 
of blowups, at most n of which are free (the number of satellite blowups can be 
arbitrarily high). Now consider S as above. Pick any Ei e 5, Fi > Eq. Let tti G S 
be minimal such that Ei G T\ :~ F*^. After replacing Ei by maxF| n 5 we may 
assume that Ei = maxFJ; n S. Since S is unbounded, there exists E2 £ S with 
E2 > El. Notice that the assumption Ei — maxFJ n5 implies that E2 is obtained 
by blowing up a free point on Ei followed by finitely many (free or satellite) blowups. 
As before we may assume that E2 = maxFjHiS, where = F*^ and 1:2 > t^i is the 
minimal element of such that G Fj. Inductively we construct an increasing 
sequence {En)'f in S with the property that En+i is obtained by blowing up a free 
point on £"„ followed by finitely many (free or satellite) blowups. The remark above 
then implies that the sequence (£"«) is unbounded in F*, i.e. there is no F G F* 
with En < E for aU n. This proves (T3') and hence (T3). 

Thus F* is a nonmetric Q-tree rooted in Eq. Finally notice that any point 
_E G F* is a branch point since it becomes a branch point in some F* after blowing 
up two or more free points on E. This concludes the proof. □ 

6.1.4. Tangent spaces. The following geometric interpretation of the tan- 
gent spaces in F* will play an important role in the sequel. 

Proposition 6.3. Let E eT* and pick tt G *B such that E G F* . For p G E, 
let Ep G F* be the exceptional component obtained by blowing up p, and denote by 
Vp the tangent vector represented by Ep at E. 

Then the map p ^ Hp induces a bijection between the set of points in E and 
the tangent space at E inT* . 

Proof. Pick a tangent vector v at E. By construction, v is represented by 
some point in F*. We may hence find tt' G 25 such that n' > tt, E G F*/, and v 
is represented by another component F G F* , . There is then a unique component 
E' intersecting E and lying in the segment [E,F]. This component represents H at 
E. This is also the case for the exceptional component Ep obtained by blowing up 
p — E O E'. If tt' — TT o w, V is also represented by Eg where q := vj{p). Whence 
p ^ Up is surjective. 

To show that p ^ Vp is injective, pick p ^ q. Then in the dual graph of the 
composition of tt with the blow-ups at p and q, the component Ep and Eq represent 
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different tangent vectors. This dual graph embeds in F* by construction, hence 

Vp ^ Vq. □ 

From the proof we deduce the following consequence: 

Corollary 6.4. Let n, E and p be as above, and consider a proper birational 
morphism tt' ; — > (C^,0) dominating tt, i.e. n' = tt o tu. Assume that vo is 
an isomorphism above X^^ \ {p}. Then all points in F*, \ F* represent the tangent 
vector Hp at E. 

6.1.5. The R-tree. In view of Section Hll . 81 there is a canonical rooted, non- 
metric R-tree (or simply rooted, nonmetric tree) F° associated to the rooted, non- 
metric Q-tree F*. The points in F° \ F* can be viewed as decreasing sequences 
of closed segments in F* with empty intersection in F*. We will somewhat abu- 
sively refer also to F°, and even its completion F, as the universal dual graph. In 
Section 16.21 we shall interpret the elements of F as sequences of infinitely nearby 
points. 

Proposition 6.5. The universal dual graph T is a complete nonmetric tree 
rooted in Eq whose branch points are exactly the points in F* . 

Proof. Immediate consequence of Proposition 13 . 1 21 and the definition of F as 
the completion of F°. □ 

We shall denote the infimum in F by "A" , just as in the valuative tree. 

Remark 6.6. The tangent space in the R-tree F at a branch point E G T* is 
by construction canonically identified with the tangent space at E in the Q-tree 
F*. The latter tangent space is described in Proposition l6.3l see also Theorem lB.il 

6.2. Infinitely nearby points 

Next we show that the points in F are encoded by sequences of infinitely nearby 
points. Recall that sequences of infinitely nearby points are in bijection with KruU 
valuations centered at m by Theorem 11.101 We shall later see that F is indeed 
isomorphic to the valuative tree fTheorem l6.22l) . 

6.2.1. Definitions and main results. In general we can classify sequences 
of infinitely nearby points into five categories. The terminology below is essentially 
in accordance with that of Spivakovsky |Sp| . 

Definition 6.7. Let p — {pj)o, < n < cxd be a finite or infinite sequence of 
infinitely nearby points. We say that p is of 

• Type if p is finite; 

• Type 1 if p is infinite and contains infinitely many free and infinitely many 
satellite points; 

• Type 2 if p is infinite, contains only finitely many free points, and is not 
of Type 3; 

• Type 5 if p is infinite, contains only finitely many free points, and has the 
following property: there exists (a unique) jo > 1 such that if j > jo, then 
Pj+i is the satellite point defined by the intersection of Ej and the strict 
transform of Ej^ ; 

• Type 4 if p is infinite and contains only finitely many satellite points. 
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We describe in Figures IfT^ to IfTfil below the structure of the dual graph appear- 
ing in the successive blow-ups associated to a sequence of infinitely nearby points. 
The notation is explained in Section Iti. 2. 21 

Definition 6.8. Fix a finite sequence (pj)o of infinitely nearby points (i.e. of 
Type 0). Write tt^ G *8 for the composition of blow-ups at all points po, . . . ,pn, 
and define 7(p) G T* to be the exceptional divisor of the blow-up at p„. 

Theorem 6.9. The map p j{p) gives a bijection between sequences of infin- 
itely nearby points of Type 0, and T* . 

Theorem 6.10. Let p — (pj)[f be an infinite sequence of infinitely nearby 
points not of Type 3, and define the truncation pn — iPj)o for n < oo. Then the 
sequence "fipn) G T* converges weakly^ in F to an element ^{p). We have: 

• 7(p) is an end inV if p is of Type 1 or 4; 

• 7(p) is a regular point if p is of Type 2. 

The map p "f{p) gives a bijection between sequences of infinitely nearby points 
not of Type 3, and F. 

Theorem 6.11. Let p = (pj)^ be a sequence of infinitely nearby points of 
Type 3. Ln the notation of the previous theorem, the sequence j{pn) G T* converges 
weakly in F to an element j{p) G F*. For n large enough we have [7(p), 7(Pn+i)] C 
['y{p),"fiPn)]- In particular, the points j{pn) define the same tangent vector v(p) at 
liP)- 

Moreover, the map p — > v{p) gives a bijection between infinitely nearby points 
of Type 3 and tangent vectors at points in T* , i.e. at branch points in F. 

Proposition 6.12. The sequence p of infinitely nearby points associated to an 
irreducible curve C at the origin (see Examvle \1.13\l is of Type 4- Conversely, every 
sequence of infinitely nearby points of Type 4 is associated to a unique irreducible 
curve. 

In view of this proposition and Theorem 16. 101 we see that an irreducible curve 
C naturally defines an end in the universal dual graph F. We shall use this fact 
repeatedly in the sequel. 

The following two results are consequences of Corollarv 16.41 fsee also Proposi- 
tion |^| and Remark l6.6|) : 

Corollary 6.13. If p' = {pj)^ is a sequence of infinitely nearby points not of 
Type 3, < n < n' < oo and p = (j>j)o , then the tangent vector at E := "f{p) € F* 
represented by j{p') € T is given by the point Pn+i on the exceptional component 
E. 

Corollary 6.14. Consider any irreducible curve C and view C as an end in 
F. Let p — {pj)"^ be the sequence of infinitely nearby points (of Type 4) associated 
to C . Fix n > 0, set En '.— 7((Pj)o) G P* Cind let iTn be the composition of blowups 
at po, . . . ,pn. Then the tangent vector at En represented by C is given by the 
intersection of En with the strict transform of C under iTn . 



We here use the weak topology induced by the tree structure on F. 
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6.2.2. Proofs. Let us now present the proofs of the resuhs above, starting 
with Theorem lf).9l If p is of Type 0, then 7(p) is clearly an element in F* . Moreover, 
it is clear that different sequences p give rise to different exceptional components 
7(p). To prove surjectivity, consider any E g T* . By Lemma lG.ll there is a minimal 
TT e S for which G F* . It is straightforward to verify that this E is associated to 
a sequence of infinitely nearby points. This completes the proof of Theorem 16.91 

Before turning to the proof of the next theorem, we introduce some notation 
which shall be used throughout the proofs below. Consider a finite sequence (pj)o 
of infinitely nearby points. Recall that pq is the origin. Therefore, pi is always free 
(assuming n > 1). Define indices 

— no < hi < ni < n2 < n2 < ■ ■ ■ < fig < rig < hg+i < n (6.1) 

as follows; pj is free for rii < j < n^+i, < i < g, and satellite for hi < j < ni, 
1 5: * 5: 5- Let TT = TTp be the composition of blow-ups at po, . . . ,pn and let E'^ be 
the strict transform of the blow-up of pj in the total space Xj^.^ Identify Ej with 
its image in F^. Write Ei ^ E'^Joy Q < i < g Ei ^ E'^. for 1 < i < .g + 1. Finally 
set E — E'^ — "f[p). The dual graph of -Kp then looks as in Figure |01 



E^ 



Eg-l 



E„ 



E 



El 



E,.i iE, 



Eg+l 



Figure 6.2. The dual graph associated to a sequence of infinitely 
nearby points of Type 0. Only the branch points and ends are 
labeled. Compare Figure (5.7) in |Sp| . 

Let us now prove Theorems 16 . 1 Ul and 16 . 1 ll Thus, pick an infinite sequence p 
of infinitely nearby points (i.e. of Type 1, 2, 3, or 4). We may define indices n^, 
< i < 5 and hi, 1 < i < g + 1 as in (|6.1|l . allowing for the possibility that 
g = oo. Consider the truncations p„ = (pj)o defined above. Let us show that ^{pn) 
converges weakly to a point in F. 

If p is of Type 1, then g = oo and the sequence jipm) = Ei forms a strictly 
increasing sequence in F*. In fact, this sequence is unbounded in F*. This follows 
from the fact the sequence p contains infinitely many free blowups: see the proof 
of (T3') in Section lB.1.31 Thus Ei := 7(pnJ converges to an end 7(p) in F as z ^ oo. 
As 7(p„,+fc) > 7(p„J for all fc > 0, lim^^oo liPj) = l{p)- See FigureEiSl 

If p is of Type 4, then g < oo and the sequence jipn) = E'^i for n > Ug forms a 
strictly increasing sequence in F*. As before it is unbounded, and therefore defines 
an end Ep = j{p) in T. See Figure lOI 

If p is of Type 2 or 3, then g < oo and for j > n^+i, pj+i is a satellite point, 
intersection of two exceptional divisors, one of which is E'j and the other we denote 
by Fj. The segment [E'j,Fj] is then equal to either [Ej,E'^_j] or to [Ej,Fj_i], 

^The notation differs marginally from that of Section 11.71 where we would have written Ej 
instead of E'^. 
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En 



El 



E., 



i-l 



Ei 



7(p) 



i-l 



Figure 6.3. Infinitely nearby points of Type 1 corresponding to 
an end in T (of infinite multiplicity). Compare Figure (9.1) in |Sp|. 
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E„ 
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l{p) 



Figure 6.4. Infinitely nearby points of Type 4 corresponding to 
an end in F (of finite multiplicity). Compare Figure (9.6) in |Sp|. 



hence the sequence [E'^^Fj] is decreasing. To conclude that Ej converges in F, we 
need to show that the intersection contains at most one point in F*. 



Thus pick E eV* with E e [E'^.F^] for all j. HE 



for some j^, then 



p is of Type 3, and Pj+i is the intersection of E with E',j for j > Jq. Otherwise 
E 7^ Ej for all j, in which case we may find jo sufficiently large such that E can 
be obtained from Pj^+i = E'^^ n Fj^ by a sequence of blow-ups of satellite points. 
Whence E = E'j, or E ^ [E'j,Fj] for some j. This is a contradiction, which shows 
that ni^j": ^j] is empty for p of Type 2, and is reduced to £■ = Ej^ E F* when p is 
of Type 3. 

This concludes the proof that p —^ ^{j>) is well-defined for infinite sequences p. 
See Figures and Note that we also showed that 7(p) belongs to F* if p is of 
Type 3; is an end in F if p is of Type 1 or 4; and is regular point if p is of Type 2. 



Eq 



El 



El 



E„ 



E, 



9-1 



E. 



*E„ 



Figure 6.5. Infinitely nearby points of Type 3 corresponding to 
a tangent vector at a branch point in F (here Ej^). Compare 
Figure (9.4) in 



To conclude the proof of Theorem 16 . 1 01 we only need to show that 7 is bijective 
from the set of infinitely nearby points of Types 1, 2 and 4, to the set F \ F*. 

First consider injectivity. Pick p = (pj)^ and p' = {p'j)^ of Types 1, 2 or 4 
with 7(p) = j{p') and p 7^ p' . Write 7„ := j{pn), I'n ■= l{Pn)- Pick n maximal 
such that pj = p'j for all j < n. Thus Pn+i 7^ p'n+i- 

Suppose p„+2 is a free point on jn+i- Then 7„+2 > 7«+ii and [7„+fe, 7^1+1] 
contains both 7„+i and 7„ for all fc > 2. This is impossible, hence Pn+2 is a 
satellite point. Inductively, we see that Pn+k+i is necessarily the intersection of 
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Eo El 



Eg E'^_, El Es 7(P) E2 Eo = Eg+i 



^Ei 



'E, 



Figure 6.6. Infinitely nearby points of Type 2 corresponding to 
a regular point in F. Here = En^, for some increasing sequence 
such that E2k (£^2fc+i) decreases (increases) to 7(p) as fc — > 
00. Compare Figure (9.2) in |Sp| . 



jn+k and jn (interpreted as exceptional components), and jn+k In- Thus p is of 
Type 3, a contradiction. Hence p — > 7(75) is injective on the set of infinitely nearby 
points of Types 1,2 and 4. 

Let us prove this map is also surjective. Pick 76 F \ F*. Let po be the origin, 
and Eq the exceptional component obtained by blowing up po- The tangent vector 
vi at Eq represented by 7 is associated to a unique point pi e Eq by Proposition l6.3l 
We construct inductively an infinite sequence p = (pj)^ of infinitely nearby points, 
so that E'j is the exceptional divisor of the blow-up at pj, and pj+i G E'^ is the 
point associated to the tangent vector represented by 7 at E'j . 

When p is of Type 1 or 4, pj^, is a free point for an increasing subsequence jk- 
But 7 > E'j^, and ^{p) is an end, hence 7 — ^{p). When p is of Type 2, there is a 
subsequence (nfc)o° such that E2k '■= En^k (-^2fe+i -^'fiafc+i) decreases (increases) 
to 7(p) as fc ^ 00: see Figure 1^751 It is not difficult to see that 7 > i?2fc+i and 
7 A E2k < jiP) for all fc. But ^{p) is a regular point in F, hence 7 = ^{p). 

This concludes the proof of Theorem 16. 101 

As for Theorem 16.111 consider p = (pj)"^ of Type 3 and pick jo as in the 
definition of Type 3. Then [7(p), 7(^^+1)] C [yiP),l{Pj)] for all j > jo- In fact, we 
saw above that the segments ['y{p),"f{pj)] intersect only in 7(p). This proves the 
first few assertions in Theorem 16.111 in particular v{p) is a well defined tangent 
vector at j{p). Notice that the pair (7(p), v{p)) is uniquely determined by the pair 
i{Pj)o' tPJo+i)- Using Proposition l6.3l fsee also Remark 1^^ . this easily implies that 
p — *■ v{p) gives a bijection between Type 3 infinitely nearby points and tangent 
vectors at points in F*. The proof is complete. 

Proposition 16. 12| is well-known so we shall only outline a proof. First, to any 
irreducible curve we associate a sequence of infinitely nearby points in terms of 
strict transforms as in Example II. 131 As the curve can be desingularized, all but 
finitely many points in the sequence are free, i.e. the sequence is of Type 4. Con- 
versely, consider a sequence p = iPj)'o' of infinitely nearby points of Type 4. Let 
us show that p is associated to a unique irreducible curve. By lifting the situa- 
tion, we may assume that all pj are free. Let us use the notation rtj above. Fix 
arbitrary preliminary coordinates {z',w') at the origin. As pi is free, we may write 
t!'i{z'q, w'q) = {z'q, z'f^{9o + w'Q)) for suitable coordinates {z'q.w'q) at pi and 9o £ C* . In- 
ductively, we get coordinates {zj,Wj) at p'j^^ such that TTj{zj,w'j) = {z'^, Zj{6j+w'j)) 
with 9j G C*. Now define new coordinates {z,w) at the origin and {zj,Wj) at Pj+i 
as follows: z — z' , zj — z'j, w — w' — 9k{z')''^^ and wj — w'j — J2T ^k+j{z'j)^ . 
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In these coordinates, T^j{zj, Wj) — {zj, ZjWj) for j > 0. It is then straightforward to 
verify that {w = 0} is the unique irreducible curve associated to the sequence p. 

For the record we notice that all the maps tTj are monomial in the coordinates 
that we constructed. 

6.3. Parameterization and multiplicities 

After having described the connection between F and sequences of infinitely 
nearby points, we proceed to equip F with a parameterization and multiplicity 
function. 

6.3.1. Farey weights and parameters. Let us associate to each element of 
F* a vector (a, 6) e (N*)^, called its Farey weight. It is defined inductively through 
the following combinatorial procedure (see |HP| for the toric case). If tt is a single 
blowup of the origin, then F^r is a single point Eq whose weight is defined to be 
(2, 1). Otherwise we may write w = tt' o w, where tt is the blowup of a point p on 
the exceptional divisor (7r')~"'^(0). The Farey weights of the vertices in F^ that are 
strict transforms of vertices in F^/ inherit their weights from the latter graph. The 
only other vertex in F^ is the exceptional divisor Ep obtained by blowing up p. 
The weight of Ep is determined as follows. When p is free, i.e. p G E for a unique 
exceptional divisor E C (7r')~^(0), then the weight of Ep is defined to be (a + 1, 6), 
where (a, b) is the weight of E. When p is a satellite point, it is the intersection of 
two components E and E' whose weights are (a, 6) and {a',b'), respectively. The 
weight of Ep is then {a + a' ,b + b'). See Figure IHTI and compare with Figure I^TI 



I 



(a+l,&) 



{a,l 



ia,b) 



(a, 6) (a', 6') 



(a+a', b+b') 

• • • 

(a, 6) (a', 6') 



Figure 6.7. Farey weights under elementary modifications. The 
first kind of modification is illustrated to the left, the second kind 
to the right. Compare Figure IHTI 

The Farey parameter of a point in F* with weight (a, 6) is defined to be the 
rational number A = a/b. We shall later see that A defines a parameterization of 
F*. Although, this can be proved directly (in roughly the same way that we verified 
condition (T2) in Section !?). we shall only prove 

Lemma 6.15. The Farey parameter A is a strictly increasing function on F*. 

Proof. It is equivalent to prove that the restriction of A to the set of vertices 
F* for any tt e *B is strictly increasing. We proceed by induction on the number 
of point blow-up necessary to decompose tt. When this number equals 1, tt is 
the blow-up of the origin, F* is reduced to one point, and the claim is obvious. 
Otherwise, pick tt e 25, and consider elements E, E' € F* that are adjacent vertices 
in Fjr. Assume E < E' . There are two cases. In the first case, E' is obtained from 
E by blowing up a free point and a' /b' = {a + l)/b > a/b. In the second case, E' is 
obtained by blowing up the intersection point between two irreducible components 
E and E" . Then E < E' < E" so the inductive assumption gives a/b < a" /b", 
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from which it is elementary to see that a! jh' — {a + a") / {h + h") E ]a/b, a" /b"[. This 
concludes the proof. □ 

6.3.2. Multiplicities. We can also use the Farey weights to define multiplic- 
ities in the universal dual graph. Namely, if E £T°, then we set 

m{E) := mm{b{F) ; F eT*,F > E}, 

where {a{F), b{F)) denotes the Farey weight of F. 

By definition, m is integer- valued and increasing on r°. It hence has a minimal 
extension to a function on F with values in N. Let us describe its basic structure. 
The key to such a description is given by 

Lemma 6.16. Let E G T* and suppose F is obtained from E by blowing up a 
free point. Then m{F) = b{F) — b{E). Moreover, the multiplicity is constant equal 
to b{E) in the segment ]E, F]. 

Proof. Let (a, b) be the Farey weight of E. As F is obtained by blowing a 
free point p on E, its Farey weight is by definition (a + 1, 6). Whence b{E) = b{F). 
We always have m{F) < 5(F). To prove the converse inequality, observe that if 
F' > F, then the sequence of infinitely nearby points associated to F' starts with 
the one of F followed by the blowup at a free point on F. An easy induction shows 
that the Farey weight (a', 5') of F' satisfies b' > b{F). Thus m{F) > b{F). This 
shows m{F) = b{F) = b{E). 

Any F' representing the same tangent vector as F at i? is obtained by a se- 
quence of blowups starting with p, hence b{F') > b = b{E). In particular the 
multiplicity of any element in the segment l^jF] is at least b{E). On the other 
hand, this multiplicity cannot exceed m{F) = b{E). Thus m = b{E) on ]E, F]. □ 

A direct consequence of this lemma is that, when E d T* and its associated 
dual graph is as in Figure IFT^ m{E) = b{Eg) — b{Eg^i). Define rui — b{Ei^i) for 
1^*^5 + 1- Then 1 = mi < m2 < • • • < rUg < mg+i. By Lemma 16.161 the 
multiplicity equals m; on the segment ]Ei, Ei^i]. This is illustrated in Figure 
In analogy with the situation on the valuative tree, we shall refer to Ei,. . . ,Eg as 
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Figure 6.8. Multiphcities. 

the approximating sequence of E. 

Given i? G F* and a tangent vector v at F, define the multiplicity of v by 
m{v) = m{E) if v is represented by the root i?o, and 

m{v) = min{m(F) ; F represents 

otherwise. 

Let E €T* and tt e 05 be minimal such that E C 7r~^(0). Its dual graph is 
given by Figure WT^ It is thus clear that the two tangent vectors represented by 
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Eq and Eg+i (if -Eg+i 7^ E) satisfy m{v) = m{E). Note that these tangent vectors 
correspond exactly to the intersection points of E with the other components of 
the exceptional divisor. Fix any other tangent vector u, and F & T* representing 
V. Then F is obtained by first blowing up a free point p on E. Thus h{F) > b{E), 
i.e. m{v) > b{E). On the other hand, Lemma |6.3I shows that v is represented by 
the exceptional component F obtained by blowing up p, and Lemma 16.161 gives 
b{F) = b{E). Whence m{v) = b{F), and we obtain the following two corollaries. 

Corollary 6.17. We have m{v) ~ b{E) for all but at most two tangent vectors 
V at E. The exceptional tangent vectors have multiplicity m{E). 

We shall call b{E) the generic multiplicity of E. 

Corollary 6.18. The multiplicity of a tangent vector v at E £ T* is equal to 
the generic multiplicity iff there exists tt e *B such that E' G and the point on E 
defined by v ( see Proposition 16'. 3\) is free. 

We shall call such a tangent vector a generic tangent vector. 

Note that when m{v) = tt may be chosen to be the composition of blow- 

up at the sequence of infinitely nearby points associated to E. Moreover, when 
blowing up at a free point, the generic multiplicity does not increase. Therefore we 
have 

Corollary 6.19. An element of F has infinite multiplicity iff it is an end 
associated to a sequence of infinitely nearby points of Type 1. 

Recall that any end of F corresponding to a sequence of infinitely nearby points 
of Type 4 can be viewed as an irreducible curve C . Write mr(C) for the multiplicity 
of C as an element of F. (We shall later show that mr(C) coincides with the usual 
multiplicity m(C) of C .) 

Corollary 6.20. If C is an irreducible curve, tt €E F* and the strict transform 
C of C by TT intersects 7r^^(0) in a free point p £ E, then mriC) > b{E) with 
equality iff C is smooth and transverse to E at p. 

Proof. Let (qj)"^ be the sequence of infinitely nearby points associated to C 
(note that qo = p) and let Fj G F* be the exceptional divisor obtained by blowing 
up qj. Then mr(C) = \imb{Fj). By induction, b{Fj) > b{E) with equality iff {qkYo 
are all free. Thus mr(C) > b{E) with equality iff qj is free for all j. The latter 
condition is equivalent to C being smooth and transverse to E aX p. □ 

Corollary 6.21. For any E eT" we have m{E) = min{mr(C) ; C > E}. 

Proof. The inequality m{E) < min{mr(C) ; C > E} is obvious. To prove 
the other inequality it suffices to show that any E € T* can be dominated by a 
curve C with mr(C) = b{E). For this, pick tt G 53 such that E G F* , pick any free 
point p, and let C" be a smooth curve at p, transverse to E. By Corollarv l6.2()l the 
choice C ~ 7r(C") works. □ 

6.4. The isomorphism 

We are now ready to formulate the main result of this chapter. It states that 
the universal dual graph, whose construction is purely geometric, is isomorphic — in 
the strongest possible sense — to the valuative tree. 
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The definition of the isoniorpliism goes as follows. A point E E T* is an 
exceptional component of some vr G *B. It hence defines a normalized divisorial 
valuation ve G V: j^_e(0) is proportional to the order of vanishing of 7r*0 along E. 
In other words, ve = &~^7r* div^ for some constant 6 > (we will later see that b 
is indeed the generic multiplicity of E). This defines a mapping $ : F* ^ Vdiv 

Theorem 6.22. The map $ : F* ^ Vdiv extends uniquely to an isomorphism 
of parameterized trees $ : {T,A) (V, A). Here A denotes the Farey parameter on 
F and thinness on V. Further, $ preserves multiplicity. 

Before starting the proof of Theorem 15. 2 21 let us state some immediate conse- 
quences and remarks. We refer to Section 16.61 below for more applications of the 
theorem. The first consequence was in fact already implicitly used above. 

Corollary 6.23. The Farey parameter defines a parameterization of the rooted, 
nonmetric tree F. The points in F* are exactly the points in F° having rational Farey 
parameter. 

Proof. The Farey parameter is indeed a parameterization, as thinness gives 
a parameterization of V. As Vdiv is the set of valuations in Vqm having rational 
thinness, the points in F* must be exactly the ones in F° having rational Farey 
parameter. □ 

Our definition of the isomorphism $ : F ^ V is quite indirect. In particular we 
do not explicitly define the value of $ on elements of F \ F*. In fact, we have 

Corollary 6.24. Let p be a sequence of infinitely nearby points, ^{p) be its 
associated Krull valuations as in Section \l.fA and j{p) be its associated point in F 
as in Section WM 

When p is not of Type 3, <I'(7(p)) — ^{p). When p is of Type 3, i'{p) is 
an exceptional curve valuation, and ^{j{p)) — i'' {p) where v' {p) is the divisorial 
valuation associated to 

A direct consequence is: 

Corollary 6.25. For any irreducible curve C, viewed as an element ofT, we 
have $((7) — vc, where vc is the curve valuation associated to C . 

Proof of Corollary 16. 241 lip is finite (i.e. of Type 0), then the statement 
follows immediately from the definitions. Thus suppose p = {pj)'^' is infinite and 
consider the truncations pn = (j>j)o- By the definition of 7(p), j{Pn) S P* tends 
to 7(p) in the weak tree topology of P. On the other hand, it is also clear that 
I'iPn) G Vdiv converges to i'{p) in the Zariski topology on the set Vk of Krull 
valuations (see Section . Denote by P{i^{p)) the valuation in V corresponding 
to fip). We refer to the discussion in Section H"^ When p is of Type 3, P{v{p)) is 
the divisorial valuation associated to v{p). By Theorem 15.241 P{v{pn)) converges 
weakly to Piyip)), hence in the weak tree topology of V. As $ is a tree isomorphism, 
P{v{p)) = $(7(p)). □ 

6.5. Proof of the isomorphism 

To prove Theorem l6.22l we shall consider $ as a mapping of F* into Vdiv and 
proceed in four steps: first, $ is a bijection onto Vdiv; second, the image of the 
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Farey parameter under $ is equal to the thinness; third, $ and its inverse are order 
preserving; and fourth, $ preserves multipHcity. 

This will show that (f> : F* ^ Vdiv is an isomorphism of rooted, nonmetric 
Q-trees. As thinness A is a parameterization of Vdiv, the Farey parameter A is 
then a parameterization of F* and $ : (T* , A) (Vdiv,^) is an isomorphism of 
parameterized Q-trees. It follows immediately that $ extends to an isomorphism 
$ : (F, A) (V, A) of parameterized R-trees. Finally, as m is lower-semicontinuous 
on F and V, and m = mo $ on F*, we see that to = mo $ on F, so that to preserves 
multiplicity. 

6.5.1. Step 1: $ : F* Vdiv is bijective. That <I> is surjective is auto- 
matic: any divisorial valuation v is equivalent to t:^ divg for some tt e and some 
exceptional component E (see ProDOsition ll.l2|l . 

Let us give two arguments to prove that $ is injective. Pick E, E' G F* and 
TT e S such that E, E' E F* . Suppose E ^ E'. By construction the center of the 
valuation in the total space is irreducible and contains E. It is hence equal 
to E. Similarly, the center of ^{E') is equal to E' so that ^{E) ^ ^{E'). We may 
also use a more geometric argument. Embed in some projective space P*^, k > 2. 
The curves E, E' are algebraic so we may find a polynomial P = P{zq, . . . , Zk) 
homogeneous of degree d, such that E C {P — 0}, E' <f. {P = 0}. Choose 
a coordinate axis Zi such that E E' (/_ {zi — 0}. Then the rational function 
h = P/zf satisfies div£;(ft.) > whereas div£;/(/i) = 0. Whence ^{E) ^ $(£:'). 

6.5.2. Step 2: A o ^ = A. We first need a preliminary result that gives 
geometric interpretations of the components a and b of the Farey weight. 

Proposition 6.26. Let tt G and E be an exceptional component with Farey 
weight (a, b). Then 

div£;(7r*m) min divg (tt* ^) = b 
(pern 

div£;( Jtt) = a — 1. 

Here div^ denotes the order of vanishing along E, and Jtt the Jacobian determinant 
ofn. Note that the first equation shows that 

TT* divE — bvE- (6.2) 

This result allows us to give a local normal form for the contraction map; the 
following lemma is a key ingredient in the rest of the proof of Theorem 16.221 

Lemma 6.27. Let E E T* and t: E be as in the previous proposition, and 
pick any free point p E E. Then one can find local coordinates {z,w) at p, local 
coordinates {x, y) at the origin, such that E = {z = Q\ and such that the contraction 
map is given by 

n{z,w) = {z\z''-''w + z''h{z)), (6.3) 
for some regular function h with h{0) ^ 0. Moreover, given any smooth curve V at 
p intersecting E transversely we may choose the coordinates such that V = {w — 0}. 

We are now able to prove the relation between thinness and the Farey weight. 
Pick I' £ Vdiv, choose n e 5B, E C 7r"^(0) such that v is equivalent to tt* divg. 
Let (a, 6) be the Farey weight of E. We want to show A{i') = a/b. Pick a free 
point p G E. By Proposition 16 . 2(11 tt* dive = bv. By Lemma |6.27l we can choose 
coordinates (^, w) at p such that it{z,w) = {z'' , z"-^''uj + z''h{z)), where h{0) ^ 0. 
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Notice that i'{x) = b ^tt^, divE{x) = 1. Recall from Chapter 01 that we wrote 
k ~ C{x), and let k be the field of Puiseux series over C that is the algebraic 
closure of k. Then the valuation v extends to a valuation on k[y] of the form 
j> = val[^; $] for a Puiseux series (j) G k, and where 1+ (3 G Q+ is the thinness of z/. 
See Theorem 14 .171 On the other hand, f3 is also the maximum of — ip) when ip 
ranges over all Puiseux series. But 

D{y = b-\TT, divE)iy ~i>) = b-^ divE (wz^'-" + z'hiz) - V^Cz")) < 

with equality for suitably chosen tp. Hence (3 — a/b — 1 and A{l') = 1 + f3 = a/b. 

Proof of Proposition 16. 2(>1 First note that when n is the blow-up of the 
origin, the proposition is clear as we have E — tt^^{0), div£;7r*m = 1 = b{E), 
and div£;(j7r) = 1 = a,{E) — 1. We then proceed by induction as follows. Pick 
TT e and suppose the proposition has been proved for all exceptional components 
E C TT^^{Q). We shall then prove it for the exceptional component obtained by 
blowing up an arbitrary point p € 7r~i(0). 

Fix coordinates (z, w) centered at p such that the exceptional divisor is given 
by S = {z = 0} if p is free, and = {z = 0} , = {if; = 0} if p is satellite. We let 
(o,6), and (a', 6') be the Farey weights of E and E' respectively. The ideal 7r*m in 
the ring of regular functions at p is generated by the pull-back of a generic smooth 
element cj) E m. It is hence principal. By the inductive step, it is generated by z** 
when p is free , and z'^w^ when p is satellite. Similarly, the critical set of tt coincides 
with 7r~-'^(0), so that the determinant of the Jacobian of tt equals Jtt = z""^ x units 
when p is free, and z^-^w" x units when p is satellite. 

Write TT for the blow-up of p, and F — 7r~i(p). To compute the order of 
vanishing of (tt o Tr)*m, and J(7r o tt) along F, we note that at a free point pi G F, 
we may choose coordinates {zi,wi) such that 7r(zi,wi) — (zi, zi(l -f wi)). Whence 
(tt o 7r)*m = 7r*7r*m is a principal ideal generated by 

TT* z'' = zj when p is free; 

TT* z^'iifi — zj^^ when p is satellite. 

On the other hand, by the chain rule formula, 
Jtt o tt — Jtt o tt x Jtt — 

z°-i X units X zi = z° X units when p is free; 

^a-i+a -1 ^ yj^i^s X zi = zj^^" X units when p is satellite. 

The Farey parameter {ap, bp) of F equals [a+l, b) whenp is free, and (a-|-a', b+b') 
when p is satellite. Thus divj?(7r*7r*m) = and drvp J{tt o tt) = aj? — 1. This 
concludes the proof. □ 

Proof of Lemma I6.27L Pick local coordinates {x,y) at the origin such that 
the strict transforms of {x = 0} and {y = 0} do not pass through p. Also pick 
local coordinates (z,w) at p such that E — {z — 0} and V = {w = 0}. By 
Proposition 16.261 tt*x and TT*y vanish to order b along E. After multiplying z by a 
unit, we thus have 7r(z, w) = (z**, z^^(z, w)) for some unit ^. Similarly, by Proposi- 
tion l6.2b1 the Jacobian determinant of tt is given by z°'~^p{z, w), where p(0, 0) 7^ 0. 
Thus b-^z^^^z^^ = z°-'''^p{z,w), which gives ^ = /i(z) + dwz"-2''^i(z, w), where 
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Ci + = p{z,w). Since ^(0,0) ^ and p(0, 0) 7^ we have h{0) ^ and 

^1(0,0) ^ 0. After multiplying w by d£^i{z,w) we arrive at (|5.3|l . □ 

6.5.3. Step 3: $ and are order preserving. This is the key (and 

hardest) part of the argument. We start by stating 

Lemma 6.28. Pick tt G 03 and p e 7r^^(0). Let F e T* be the exceptional 
divisor of the blow-up of p. Then: 

• when p is free, it belongs to a unique component E C 7r^^(0), and we have 
VF > ve; 

• when p is satellite, it lies at the intersection of two components E and E' 
and vp £ [ve, ve']- 

In order to prove that both $ and its inverse are order preserving, it suffices to 
show that the map $ : F* — > Vdiv is a tree embedding for any tt S 53, in the sense 
that <i>(i?) < iff £' < E' . We then proceed by induction on the number of 

blow-ups necessary to decompose tt, i.e. the cardinality of F* . When this number 
equals one, tt is the blow-up of the origin, and F* is reduced to one point, so that 
the statement is obvious. 

Now suppose $ : F* — > Vdiv is a tree embedding and pick p e 7r^^(0). Let tt 
denote the blow-up of p, and set F :— Tr~^{p). When p is a satellite point, it is the 
intersection of two divisors E and E' . The graph F*^- is obtained from F* by adding 
one vertex in the segment [E,E']. By Lemma [6.281 vp G [ve,vei]- This segment 
does not contain any other valuation ve" for any exceptional components E" G F* 
by the inductive assumption. Thus $ : F*^^ Vdiv is also a tree embedding in 
this case. 

When p is free, it belongs to a unique component i? e F* . The graph F*^^- is 
obtained from F* by attaching a new vertex F to E. By Lemma [6.281 vp > ve- 
This shows that $ is order preserving. To conclude the induction step, we also 
need to show that vp does not define the same tangent vector as ve' at vp for 
some other E' E F* . Equivalently, we have to show that fp A i^p' < vp for all 
E' £ F* . We may assume vp' > ve- As $ : F* ^ Vdiv is a tree embedding, it is 
also sufficient to consider the case when E' intersects E. Pick an irreducible curve 
C — {(f) — Q}, 4) £ m, a± the origin, whose strict transform C by tt is smooth 
and contains p' :— E O E' . Let b and b' be the generic multiplicities of E and E' , 
respectively; and let F and F' be the exceptional divisors of the blow-ups at p and 
p' . Introduce /Xp and /Xp', the multiplicity valuations at p and p' , respectively. From 
Proposition 16 . 261 we have tt* div^; — bvE and tt* Ayve' = ve', so that 7r*/ip = bvp 
and TT^fipi = {b + b')vpi. Finally, let 4>' be a defining function for C": this is a 
regular function vanishing at p' . We then have: 

vp{(l)) 6"^(7r*/Xp)((?!)) = b^^ fipi?:* (j)) = b^^ divB(7r*0) = ve{4')- 

On the other hand, 

iyp,{4) = {b + bT\T^*t^M) = {b + bT^fip,{7T*4) = 

= (6 + 6')"'(divB(^»+divB,(7r»+^p,(0')) > 

> ib + b')-HbM(t>)+b'iyE'm>M(t>)- 

We conclude that ^'_f(0) = i^Ei4>) < '^f'{4>)- But by Lemma 1^.2 81 i/pi £ [vp, vp'], so 
that vpi defines the same tangent vector as vp' at ve- Thus vp A vpi — i>p A vpi — 
Vp, which completes the proof of Step 3. 



6.5. PROOF OF THE ISOMORPHISM 



113 



Let US now turn to the proof of Lemma [6.281 We rely on the foUowing weU- 
known resuh, which may be viewed as the second basic ingredient in the proof of 
the isomorphism, the first one being the normal form in Lemma It). 271 

Lemma 6.29. Fix a smooth curve D at the origin and consider a finite sequence 
iPj)o '^f infinitely nearby points above the origin such that pi, . . . ,Pno ol^ /'"ee 
and . . . ,Pn are all satellite. Here < no < n. Let n be the composition of 

blowups at the points po, . . . ,p„_i. Then there exist coordinates (x, y) at the origin 
and {z, w) at p„ such that D — {x = 0}, {zw = 0} C Tr^^{D) and such that tt is a 
monomial map in these coordinates. 

Here, "free/satellite point" is to be understood as "regular/singular point on 
the total transform of D" . We postpone the proof of this lemma to the end of this 
section, and conclude the proof of Lemma [6. 281 

Proof of Lemma I6.28L When p is free, it belongs to a unique component E. 
By Lemma 16.271 there exist coordinates {z,w) at p, {x,y) at the origin, such that 
tt{z,w) — {z^,z°-^^w + z^h{z)), for some regular function h such that h{0) ^ 0. 
Here i? = {z = 0}, and the form of tt implies tt* div^ = bvE- If denotes the 
multiplicity valuation at p (i.e. the monomial valuation with weight (1, 1) on (z, w)), 
then we also have Tr^,^p — bvp. As /ip > div^, we conclude that vp > ve- 

Now assume that p is satellite. Let us first reduce to the case when tt is a 
composition of blow-ups at infinitely nearby points. Consider the set of all tt' e *B 
such that TT = nj o tt' for some composition of blow-ups w such that nj is a local 
biholomorphism at p. This set admits a minimum thanks to Lemma l6. II It is not 
difficult to check that this minimum is necessarily a composition of blow-ups at 
infinitely nearby points. 

We may thus suppose that tt = ttq o . . . 7r„_i is a composition of point blow-ups 
at infinitely nearby points poi • ■ • iPn-i and that p = pn is a satellite point, say 
p = E n E' . Define the numbers Ug and fig+i as in (|6.1U|) . Thus pj is free for Ug < 
i < "-g+i and satellite for fig+i < j < n. Define p' = Pug+i, — '^rig+i o • • • o 7r„_i 
and 737' = ttq o • • • o 7r„^ . Thus ix = vj' o w. 

We may apply Lemma 16.291 to tn, with the origin being the point p' and the 
curve D the exceptional divisor of vj' at p' . This gives coordinates {z.,w) at p and 
{z',w') at p' in which is a monomial map, say w{z,w) = {z"w^, z^w^) for some 
a, /?, 7, 5. Moreover, the exceptional divisor of m' is given by {z' = 0} at p' and the 
exceptional divisor of tt by {zw = 0} at p. 

After permuting coordinates we may assume E = {z = Q\ and E' — {w = 0} 
at p. Moreover, F is the exceptional divisor of the blowup at p. Denote by /ip 
the multiplicity valuation at p. Then ve, ve' and vp are proportional to the 
pushforwards by tt of divz, div^, and /.tp, respectively. 

Since w is monomial, the three valuations Wifdrvz, ro^divu;, and ro^/Xp are 
monomial in the coordinates (z',w'). at p' . Their values on {z\w') are given by 
(a, 7), {13,5) and (a -1-/3, 7 -I- (5), respectively. Write iJLw',t for the monomial valuation 
sending z' to 1 and w' to t > 0. This is an element of the relative valuative tree 
Vz' studied in Section RT^ The three valuations w^div^, div^j and vj^^,p are 
then equivalent to Hw' ,-y/ai t^w' ,5/i3 and ^1^' ,(-y+5)/{a+i3)-, respectively. It is clear that 
Hw',('y+s)/{a+0) belongs to the segment ^J■w' ,8/ p], hence ■^'^^^n,' ,{-i+s)/{a+i3) e 

[wlA*t/)',7/a, Ci7lMu)',5//3]- 
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On the other hand, the point -p' is a free point, lying on the component Eg — 
Erig , SO the puUback under w' of a smooth generic function is given by (z')^" x units, 
where hg is the generic multiphcity of Eg. See Proposition 16. 261 Thus 

7r*Aiu)',(7+5)/(a+/3)('Tl) = TT* Mii>',7/a = ^T* A^u.' ,(5/;3 (tn) = ^g- 

This gives 

i/F = feg ^7r*Mu)',(7+5)/(a+/3)' ^ h~^T:^,v,^, j ^ and ve' =h~^T^^v^„, ^^j^. 

We conclude that vp G [i^B, ve'\- D 

Proof of Lemma 15.291 We denote by tTj the blow-up at pj, := TrJ^ipj) 
(as well as its strict transform by further blow-ups). We shall construct coordinates 
{x,y) at the origin and {zj,Wj) at each Pj+i such that ttj is a monomial map for 
all j < n. This clearly implies the lemma. 

First suppose no = n i.e. all points are free. The existence of the coordinates 
above is the proved in exactly the same way as in Proposition 16.121 the minor 
adjustments necessary are left to the reader. 

Next suppose no = 0, i.e. pi, . . . ,p„ are all satellite (in the sense that they are 
singular points on the total transform of D). Fix arbitrary coordinates (x, y) at the 
origin such that D = {x = 0}. Our assumptions imply that pi is the intersection 
point of Eo and the strict transform of D (also denoted by D). We may hence choose 
coordinates (zq, wo) at pi such that {zq = 0} = Eo, {wo = 0} = D and noizo, wo) = 
(zo,zoWo). As p2 is a satellite point, it is necessarily one of the two intersection 
points EiHD (case 1) or Ei HEo (case 2). We may now choose coordinates (zi, wi) 
at p2 such that {zi = 0} = Ei and {wi = 0} = Z? in case 1, = Eo in case 2; and 
7ri(zi,wi) — {zi,ziwi) in case 1, or = (ziwi,zi) in case 2. Inductively we obtain 
coordinates (zj, Wj) at Pj+i such that {zj = 0} = Ej, {wj = 0} represents the other 
exceptional component containing pj+i, and TTj{zj,Wj) — {zj,ZjWj) or = (zjWj,Zj). 
Thus TTj is monomial for < j < n. 

Finally when < no < n we may compose the two constructions above. This 
completes the proof. □ 

6.5.4. Step 4: <i> preserves multiplicity. At this stage we may conclude 
that $ : r* ^ Vdiv extends to an isomorphism $ : P ^ V of rooted, nonmetric 
R-trees. Moreover, the Farey parameter defines a parameterization of P and $ : 
(P,^) — > {V,A) is an isomorphism of parameterized trees. Notice that the proofs 
of Corollaries 16.241 and 16.251 go through. Thus $ maps any irreducible curve C, 
viewed as an end in P, to the corresponding curve valuation vc- 

Lemma 6.30. If C is any irreducible curve, then the multiplicity mr(C) of C 
as an element ofT is the same as its multiplicity m{C) as a curve. 

Now pick any E d T°. By the definition of the multiplicity in V and by 
CoroUarv 16. 2 II we have 

m($(£;)) = min{?7i(C) ; vc > HE)} = min{m(C) ; C > E} 

= min{mr(C) ; C> E} ^ m{E). 

This immediately implies that m o $ = m on all of P, completing Step 4 and thus 
the whole proof of Theorem 16.221 
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Proof of Lemma Ifi.HOL Let {pj)"^ be the sequence of infinitely nearby points 
associated to C. This is of Type 4 by Proposition 16 . 1 21 Pick n minimal such that 
Pj is free for j > n, let tt be the composition of blowups at po, . . . ,pn and denote 
by E the exceptional divisor obtained by blowing up p„ . 

Let C" be the strict transform of C under tt. Then C intersects 7r~^(0) only at 
Pn+i- As the points pj are free for all j > n, C must be smooth and mr(C) = 6, 
where (a, b) is the Farey weight of E. See Corollary 16. 201 

Lemma 16.271 provides us with local coordinates {z,w) at Pn+i and {x,y) at the 
origin, such that E = {z — 0}, C = {w = 0} and such that tt{z, w) = {z^, z°-^^'w + 
z''h(z)), where /i is a regular function with h{0) ^ 0. A parameterization of C is 
then given by 1 1~> 7r(t, 0) = (^^ t''h{t)), showing that m(C) = 6 = mr(C). □ 

6.6. Applications 

The fact that $ : P — > V is a tree isomorphism leads to interpretations in 
more geometrical terms of several constructions in the valuative tree. We shall give 
examples of this principle in subsequent sections. From the proof that $ is order 
preserving (Step 3 of the proof), we also extract a monomialization procedure for 
arbitrary quasimonomial valuations. This is explained in Section 16.6.41 

6.6.1. Curvettes. Fix a divisorial valuation and an irreducible curve C. 
We say that C defines a curvette for i/ if there exist tt e and G P* , such that 
V = ve, and the strict transform of C is smooth and intersects E transversely at 
a free point. Before stating the proposition characterizing curvettes inside V, let 
us introduce some terminology. For a fixed divisorial valuation a tangent vector 
t/ at 1/ is generic if it is not represented by u^, and its multiplicity is the generic 
multiplicity of v. By Proposition l3.39l any divisorial valuation admits at most two 
tangent vectors which are not generic. 

Proposition 6.31. Pick E £ T* and let v = ue he the associated divisorial 
valuation. Then if C is an irreducible curve at the origin, the following assertions 
are equivalent: 

(i) i^c > m{C) — b{v), the generic multiplicity of v, and vc represents a 
generic tangent vector at v; 

(ii) C > E, m[C) — b{E), the generic multiplicity of E, and C represents a 
generic tangent vector at E; 

(iii) C is a curvette for v. 

It was observed by Spivakovsky, that a divisorial valuation acts by intersection 
with a curvette: see |Sp[ Theorem 7.2]. In fact for any t/; G tn, v[-\\)) = vc{ify as 
soon as C is a curvette for v and does not define the same tangent vector at v as 
the curve valuation associated to any irreducible factor of ^. 

Proof. The equivalence of (i) and (ii) is a direct consequence of the isomor- 
phism between P and V. Hence we need only show that (ii) and (iii) are equivalent. 
Notice that this is a statement purely inside P. Also recall that the multiplicity of 
an irreducible curve C coincides with its multiplicity in the universal dual graph P. 

First suppose C is a curvette for v. Pick tt S OS, and an exceptional component 
€ P* such that the strict transform of C by tt intersects at a free point p. By 
Corollarv l6.18l we infer that C > E and that C represents a generic tangent vector 
at E. Further, Corollary 11201 gives m(C) = b{E). Thus (ii) holds. 
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Conversely, suppose C satisfies (ii) . Consider the sequence of infinitely nearby 
points (pj)o associated to and let tt € 03 be the composition of blow-ups at the 
points pq, . . . ,Pn- Then e F* is obtained by blowing up the last point p„. The 
strict transform C of C by tt intersects E at a point p. As C defines a generic 
tangent vector at E, p is free by Corollarv l6.18l As C is smooth and transverse to 
E at p, m{C) = h{E) by Corollarv l6.2()l Thus C is a curvette for v — i/e, which 
completes the proof. □ 

6.6.2. Centers of valuations. Consider a valuation e V and a proper 
birational morphism tt e 03, say tt : X ^ (C^,0). In Section IlTI we defined the 
center of on X. Here we shall compute the center in terms of tree data, using the 
fundamental isomorphism between F and V. 

Recall more precisely that the center of on X is either an irreducible compo- 
nent E of 7r~^(0) (i.e. an element of F* ) or a (closed) point p on 7r~-'^(0). In the first 
case, h' is the divisorial valuation ve associated to E. In the second case, v = 7r*/i, 
where n is a centered valuation on the ring Rp of formal power series at p, i.e. there 
exist local coordinates (z, w) at p such that n{z),iJ,{w) > 0. 

Let us analyze the second case in more detail. Consider the sequence (qj)'^ of 
infinitely nearby points associated to fi. Thus qo = p and < n < oo. Let iVj be 
the blow-up at qj , Fj = nj ^{qj) and set vjj = noo- ■ - onj. For each j we may apply 
CoroUarv 16.41 to zuj. This shows that Fj represents the tangent vector Vp defined 
by p, at E. In particular, the segment [F, Fj] contains F for any F g F* . 

When v is divisorial, n < oo and v — ■ As $ is an isomorphism of rooted, 
nonmetric trees, we conclude that [vp, H contains ve for any G F* . When v is 
nondivisorial, CoroUarv 16 . 241 implies that vpj v as n ^ oo. Again we conclude 
that [lyp, v\ contains ve for any e F* . 

We may summarize our result as follows. 

Proposition 6.32. Pick tt € 03 and v &V. Let £ be the set consisting of divi- 
sorial valuations ve with E C 7r~^(0) such that [ve,v\ contains no other divisorial 
valuations vp with F C 7r~^(0). It consists of one or two valuations. 

(i) When E = {ve^, either v = ve and the center of v in 7r^^(0) equals E; or 
v ^ Ve arid the center of v in 7r~^(0) is the (free) point on E associated 
by Provosition \6.Sl to the tangent vector v at ve represented by v. 

(ii) When £ = {ve, ve'}, the center of v is equal to the (satellite) point EnE' . 
This point is on E (E' ) the point associated to the tangent vector at ve 
(ve' ) represented by v. 

Remark 6.33. By applying this result to a curve valuation v = vc we obtain a 
description of the intersection point of the strict transform of C with the exceptional 
divisor 7r~^(0). (As follows from the proof, this could have been achieved without 
passing to the valuative tree.) 

6.6.3. Potpourri on divisorial valuations. In this section we prove three 
results on divisorial valuations. 

First, we describe which divisorial valuations are obtained by blowing up a free 
point p on some exceptional component. 

Proposition 6.34. Let v be a divisorial valuation with associated sequence 
{po, ■ ■ ■ ,Pn) of infinitely nearby points. Then m{v) = b[v) iff Pn is free. 
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Proof. If p„ is free, then by Lemma f6 . 1 61 the multiphcity of the exceptional 
divisor F e F* associated to the blow-up at pn satisfies m{F) = b{F). As $ 
preserves multiplicity, m{i>) = b{i'). 

For the converse, suppose p„ is satellite, say the intersection of two components 
E and E' of generic multiplicity b and b' respectively. Then the generic multiplic- 
ity of is 6 -t- 6', whereas its multiplicity is bounded by max{m{E),m{E')} < 
max{6, 6'}. Hence b{F) > m{F), and b{iy) > m(z^). □ 

Second, let us summarize what happens in general when blowing up a point p 
on an exceptional component. 

Proposition 6.35. Fix tt e 58, pick a point p e 7r^^(0), and define vp to he 
the divisorial valuation associated to the blow-up at p. 

(i) IJ p is a free point, i.e. p belongs to a unique exceptional component E of 
TT, then: 

(a) vp > vp and vp does not define the same tangent vector at vp as 
any vp, for G F; \ {E}; 

(b) the multiplicity m{i'p) of vp is equal to its generic multiplicity b{vp), 
and both coincide with b[vp); moreover, the multiplicity is constant, 
equal to b{vp), on the segment ]vp,i'p]; 

(c) A{yp)^A{vp) + b[up)-\ 

(ii) If p is a satellite point, i.e. p is the intersection point of two exceptional 
components E and E' , then: 

(a) vp' > Vp > Vp or vp > vp > v'^; 

(b) the multiplicity is constant, equal to Tiia,yi{m{v p) , m{v'^y\ on the seg- 
ment]vp,vpi[; moreover, the generic multiplicity of v{F) is given by 
b{vF) = h{vp) + h{vp^); 

(c) A{vf) — {a{vp) + a{vpi))/{b{vp) + b{vpi)), where a{vp) — 1 and 
o-i^p') — 1 are the orders of vanishing of the Jacobian of n along E 
and E' , respectively. 

Proof. By the fundamental isomorphism $ : F ^ V it suffices to prove the 
corresponding statements in the universal dual graph. Most of them are then 
straightforward consequences of the combinatorial definition of the partial ordering 
and Farey weights. Specifically, assertions (a) and (c) in both (i) and (ii) are imme- 
diate; (see also ProDOsition l6.26|l and assertion (b) in (i) follows from Lemma [6. 161 

Let us prove the first statement in assertion (b) in (ii) for completeness and as 
we shall use it below. For this, we show in general that if tt £ S and E, E' are 
adjacent elements in F* (i.e. E and E' intersect), then either E < E' or E' < E, 
and the multiplicity is constant on the segment ]E, E'[. 

For this, we may assume that tt is minimal such that E,E' G F*. The proof 
now goes by induction on the cardinality of F*. Without loss of generality, E' 
is obtained by blowing up a point on E. If this point is free, then E' > E and 
the multiplicity is constant equal to b on ]E,E'[, where (a, 6) is the Farey weight 
of E. If the point is not free, it is the intersection point between E and another 
irreducible components E" . By induction we may assume E" > E and that the 
multiplicity is constant on ]E, E"[. As E' €z]E, E"[ , this completes the proof. □ 

Third, let us define two divisorial valuations v, v' to be adjacent if there ex- 
ists a composition of blowups tt e *B such that v and v' are proportional to the 
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pushforward of the order of vanishing along two irreducible components E, E' of 
7r^^(0) with nonempty intersection. In other words, v — ve, v' — ve' with E,E' 
being adjacent vertices in some Tj^. 

We wish to characterize when two divisorial valuations are adjacent, purely in 
terms of quantities on the valuative tree V. It follows from Proposition 16 . 3^ that if 
v and are adjacent divisorial valuations, then either < ly' or < u. Further, 
the multiplicity is constant, equal to m = max{m(z^), m(z/')}, on the segment ]v, v'\. 
By lower semicontinuity we then conclude that the multiplicity is constant on \ v'\ 
\i V < v' and \ v\v\ if v' < v. 

Proposition 6.36. Let v and v' he divisorial valuations with generie multiplic- 
ities b and h' , respectively. Assume that v < v' and that the multiplicity is constant, 
equal to m = m{v') on the segment v']. Then 

^(^')-^M>^, (6.4) 

with equality iff v and v' are adjacent. 

Remark 6.37. As a consequence, \i v < v' are adjacent valuations, then the 
multiplicity equals \ab' — ba'\ on the segment Here {a,b) and {a',b') denote 

the Farey weights of (the elements of F* associated to) i' and f' , respectively. 

Proof. Let us first prove H6.4|l . By Proposition 13.391 the multiplicity m = 
m{v') divides b' = b{v'). As v' > v, the tangent vector v represented by i/' at 
is not represented by i>„. By assumption m(t/) — m. Again by Proposition I3.3t?l 
either m{ij) — miv) or m[v) = b(y). In both cases, m divides b{v). Write v = ve 
and v' — ve' , for E, E' e F* and let (a, b), (a', b') be the Farey weights of E and E' , 
respectively. Note that b — b{v), b' = b{v')^ hence m divides a'b — ab' . Then (|6.4|) 
holds since 

. , . , , a' a m a'b — ab' m 

^^'^-^^'^=y--b = w^^^w[ 

Next we show that for any tt e *B, and any adjacent vertices in F* , equality 
in H6.4|) holds. We proceed by induction on the number of blowups in tt, writing 
IT = it' o TT with TT being the blow-up at a point p. We let E be the exceptional 
divisor of tt. Using the induction step, we only need to prove (|6.4|) for E and 
a vertex adjacent to E. When p is free, lying on a divisor F with Farey weight 
(o, 6), the Farey weight of is (a + 1,5) by definition, and the multiplicity in 
]E,F[ is constant (this is clear in F*), equal to m := & = b{E) = b{F). Whence 
A{E) - A{F) = ("'+^)b-ba ^ rn^ rpj^-^ pj.Q^gg ^^ic induction step in this case, as E 
is adjacent to a unique vertex F. When p is satellite, intersection of two divisors 
Fi, F2 with Farey weights (ai,5i), (02,^2), E belongs to the segment [^1,^2] by 
construction and has Farey weight (ai + 02, 61 + 62) by definition. The multiplicity 
on the segment J-Fi, i^2[ is constant (again look in F*), equal to to = \a1b2 — a2bi \ by 
the induction step. This immediately implies (|6.4|) for both pairs E, Fi and E, F2. 
As E is adjacent to either Fi or F2 this completes the induction step. 

Finally suppose E < E' , that the multiplicity is constant equal to m on ]E, E'[, 
and that \a'b — ba'\ = to where (a, b) and (a', b') are the Farey weights of E and E', 
respectively. We want to prove that E and E' are adjacent. Let tt g *B be minimal 
(for the order relation see Lemma IC.lf) such that E,E' G F*. Clearly E and 
E' are adjacent iff they are adjacent vertices in this dual graph Ftt. We can write 
TT — tt' o TT, where tt' e S, 71- is the blowup at g e (7r')^^(0) and TT^^iq) G {E, E'}. 
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First suppose g is a free point lying on a single component F . Then tt^^ (q) = E' 
or else E E' hy Proposition 16 . 35l The Farey weight of F equals (a' — 1,6'). If 
F E, then F g ]E, E'[ so that the multiplicity of F is equal to m. The preceding 
argument shows ^ < ^^-^ ~ f = — ^, a contradiction. Thus F = E and 
E' is adjacent to E. When q is satellite, it is the intersection point of Fi < F2, 
whose Farey weights are (ai,6i) and (02,62), respectively. If E ^ Fi,F2, then 
E < Fi < E' < F2, thus Fi and F2 have multiplicity m. By what precedes, 

. , /X , . . /^ ., . s ., ^ Tn m mh-\-b' 

ME') - Ai^E) . ME') - + - ME) > ^ + ^ = 

But 6' = 5i + 62 > 61, thus A{E') - A{E) > This contradiction concludes the 
proof. □ 

6.6.4. Monomialization. Let v he a, quasimonomial valuation. By Theo- 
rem I^^^J $^^(j/) is either a branch point or a regular point in F, and by The- 
orem 16.101 the sequence of infinitely nearby points p — {pj ) associated to ly is 
either of Type or 2. Let n be the smallest integer such that for some fc > 0, 
p„+i, • • • ,pn+k-i are all free, and pn+k+i are satellite for all / > 0. Thus n = in 
the notation of Section Let tt e 25 be the composition of the point blow-ups at 
PO) • • • jPn- By Lemma f6. 291 the valuation determined by Pn+i, ■ ■ ■ ,Pn+i is mono- 
mial in suitable coordinates aX p — Pn+i, for all I > 1. When p is of Type 2, the 
valuation associated to the infinite sequence (pj)^i is also monomial by continuity. 
Therefore the valuation v is equivalent to 7r*/i for some monomial valuation /i at p. 
We have thus proved 

Proposition 6.38. Let v e Vqm he a quasimonomial valuation which is not 
monomial. Then there exists a proper birational morphism tt g 05, a smooth point 
p G 7r^^(0) and a monomial valuation /i centered at p, such that Tr^,fi is proportional 
to V. 

Note that in jELS| it is proved that, in any dimension, an Abhyankar valuation 
(i.e. giving equality in Hl.l|l l of rank one can be made monomial by a proper bira- 
tional morphism. In our setting, the Abhyankar valuations of rank one are exactly 
the quasimonomial ones. 

Proposition 16.38^ above is, however, more precise than what can be extracted 
from | ELS| . First, the monomial valuation is centered at a point — something that 
cannot be guaranteed in higher dimensions. Second, the birational morphism is 
explicitly constructed. In fact, it can be detected in terms of data in the valuative 
tree as follows: 

Corollary 6.39. The divisorial valuation associated to the sequence po, . . . ,p„ 
of infinitely nearby points above is exactly the last element Vg in the approximating 
sequence of v. 

Proof. This is a consequence of the fact that the isomorphism $ : F ^ V 
preserves the partial ordering and multiplicity. More precisely, we described in 
Section 16.21 the dual graph associated to the sequence p = (pj) of infinitely nearby 
points of Type and Type 2. See Figures W72\ and In particular, this analysis 
shows that Eg < j{p), where Eg G F* is the exceptional divisor of the blowup at 
Pn, n = Ug. In Section f6.3.2l we described the restriction of the multiplicity function 
to this dual graph. See Figure In particular. Eg can be characterized as the 
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maximum element in the segment [Eq, 7(p)] having muhiphcity strictly smaller than 
m{'-f{p)). On the other hand, by the definition of the approximating sequence, Vg 
is the maximum element in the segment [vm, v\ having multiplicity strictly smaller 
than m(y). As $ preserves the partial ordering and multiplicity, and as $(7(p)) = 
this shows that ^(Eg) = Vg- Q 



6.7. The dual graph of the minimal desingularization 

A desingularization of a (reduced, formal) curve C is a composition of point 
blow-ups TT e 25 such that the total transform 7r~^(C) has normal crossings. By 
Lemma 16.11 the set of all desingularization maps admits a minimal element, the 
minimal desingularization, which we denote by nc- 

Our aim in this section is two-fold. First we describe the embedding of the dual 
graph Tc of ttc inside the universal dual graph. In particular, when C is irreducible, 
we shall see that the branch points of Tc correspond to the approximating sequence 
of C. Then we explain how to recover Tc from the following finite set of data: the 
Farey parameters of all elements in the approximating sequences of the irreducible 
components of C, and the intersection multiplicities between these components. 
It is well-known since the work of Zariski that these data determine exactly the 
topology of the embedding of C. In the literature it also is referred to as the 
equisingularity type of C. In Appendix^ we shall discuss a way of encoding these 
data in a tree called the Eggers tree. 

An algorithm describing the dual graph Tc in terms of the equisingularity 
type of C is already described in 'Ga' Section 1.4.3-1.4.5] using decompositions 
into continued fractions. In our algorithm this decomposition is included in the 
recursive computation of the "Farey weights" of the exceptional divisors. The 
algorithm of Ga' was implemented in a computer by the Spanish researchers A. and 
J. Castellanos. Unfortunately, to our present knowledge these works have not been 
published yet, and there seems to be no other precise reference concerning this 
problem. We hope that our approach will lead the interested reader to read the 
excellent work of E. G. Barroso. 

The dual graph may be viewed equivalently as a simplicial tree (i.e. a collection 
of vertices and edges) Fc, or as an N-tree (i.e. a finite poset) F^. Then F^ is the 
set of vertices in F^; see Section l3.1.7l 

6.7.1. The embedding of F^ in F*. First suppose C is irreducible. Then 
C defines an end in F. Recall that this end is defined in terms of the sequence 
P ~ fe)o° '^^ infinitely nearby points associated to F: as p is of Type 4, the points 
Pj are free for large j, and the components E'^ G F* increase to C as j ^ oo. Define 
indexes n^, < « < g and n^, 1 < « < 5 as in (|6.1() . i.e. pj is free for rii < j < fij+i 
and satellite for < j < Ui. In particular, pj is free for j > Ug. 

For i large enough, the strict transform of C is smooth and transverse at 
Pj+i- We denote this curve by Cj+i. Suppose moreover that j > rig. Then the 
contraction of the exceptional divisor containing Pj+i maps it onto a free point, 
namely pj . Thus Cj is still smooth and transverse at pj . On the other hand, when 
j = rig, the contraction map sends Cj+i to a curve passing through which is a 
satellite point. Whence the total transform of C by the blowups at po, • ■ ■ iPug-i 
has not normal crossing singularities. This yields 
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Proposition 6.40. The minimal desingularization nc of C is given by the 
composition of blowups at the sequence of infinitely nearby points po, ■ ■ ■ ,Png ■ 

Write E'^ for the exceptional divisor obtained by blowing up pj , and set Ei — 
E'^ Ei = E'f^ . . Thus Ei^ . . . , Eg is the approximating sequence of C and the dual 
graph looks as in Figure 



Eo 



El 



E. 



E„ 



C 



El 



Er, 



Er. 



Figure 6.9. The dual graph of the minimal desingularization of 
an irreducible curve. Not all points are marked. 

Remark 6.41. This yields a geometric interpretation of the approximating 
sequence of C (and hence of i^c)- Let Tc be the simplicial graph (or tree) whose 
vertices are irreducible components of the total transform 7r~^(C) and where two 
vertices are joined by an edge iff they intersect. Then Ei,. . . , Eg are exactly the 
branch points in Tc- Moreover, Eg is the unique vertex with an edge joining the 
strict transform of C . 

Now suppose C is reducible, with irreducible components Cj. The minimal 
desingularization ttc of C clearly dominates the minimal desingularizations ttc^ , 
hence also their join, which we denote by tt^. The strict transform C^- of each Cj 
by Tr'fj is smooth and intersects the exceptional divisor (7r')~"'^(0) in a free point. 
However, it may happen that and intersect for j ^ k. It is then clear that 
TTc is obtained from tt^ by blowing up these possible intersection points until the 
strict transforms of Cj and Ck no longer intersect for j ^ k. Notice that this 
involves only free blowups, and that the number of blow ups needed to separate 
these components is given by the order of contact of Cj with C^. 

This allows us to describe the dual graph as follows. Consider the dual 
graph of TT^. This is simply the union of the dual graphs F* := F^.. For each j, 
define the exceptional component Ej,g. E F* as above. If j 7^ fc and Cj n 7^ 0, 
then we must have Ej^g^ = Ek,g^. ='■ Ejk and Cj and define the same tangent 
vector Vjk at Ejk- Thus the exceptional component Cj A Ck € T* also represents 
Vjk- This component is obtained by blowing up a sequence of infinitely nearby 
(free) points, above Cj D C[.. From these observations we conclude 

Proposition 6.42. The dual graph F^ of the minimal desingularization ttc is 
the union of [Jj Tq . and all exceptional components E € T* such that Ej^ < E < 
Cj A Ck and b{E) =^ b{Ejk) for some j ^ k. 

In the discussion of the Eggers tree in Appendix IdI we shall need the following 
consequence of the proposition 

Corollary 6.43. All branch points in F^ are dominated by some Cj. 

In Figure W).W\ we illustrate the dual graph F^, where C has two tangential 
cusps as irreducible components. 
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Eo 



E2 = El 



iE[ = El 



E' 



Ei 



— • 

C2 



Figure 6.10. The dual graph of the minimal desingularization of 
the curve whose irreducible components Ci and C2 are parameter- 
ized by t ^ (^^^^) and t ^ {t^{l + t'^),t^il + t'^)'^), respectively. 



6.7.2. Construction of Tc from the equisingularity type of C. As be- 
fore, we decompose C into irreducible components Cj, and view them as points in 
r. We let Eji for i = I, . . . ,gj be the approximating sequence of Cj. Our aim is 
to present an algorithm which has as input all Farey parameters A{j, i) := A{Eji) 
and A{Cj A Cji), and as output the dual graph of the minimal desingularization of 
C. 

Note that we preferred working with the Farey parameter A of Cj A Cj' instead 
of the skewness a of the corresponding valuation, because the Farey parameter 
appears more naturally in our algorithm. However, the intersection multiplicity 
between Cj and Cj' is more easily related to a than to A, see H3.16|l . But note that 
the knowledge of the Farey parameters of the approximating sequence is essentially 
equivalent to the knowledge of its skewness. Indeed, we may use results of Sec- 
tion to compute the multiplicities, and H3.8|l to compute the Farey parameters 
(i.e. the thinness thanks to Theorem 16. 22|l . see also Table IdHI 

For convenience we denote by J the set of irreducible components of C. At each 
step our data consist of several elements: a finite simplicial graph T; a function w 
defined on the set of vertices of T with values in (N*)^; to each vertex E & T (resp. 
each edge e of T) a subset J{E),J{e) C J such that the collection {J{E), J{e)} 
form a partition of J; finally to each j g J an integer £ {1, • • • 

Before explaining the algorithm, let us interpret these data in geometric terms. 
Each step corresponds to the blow up of the finitely many intersection points of the 
strict transform of C with the exceptional divisor. The graph T is the dual graph of 
the exceptional divisor at the current step. In particular, a vertex in T corresponds 
to a divisor E G T* . If is a vertex of T, then 'w{E) is exactly the Farey weight 
of E. The subset J{E) is the set of branches of C which intersects the divisor 
E at a. free point. An edge e of T corresponds to the intersection point of two 
divisors: J(e) is the set of branches of C which intersects the exceptional divisor at 
this point. Finally a branch Cj intersects one or two irreducible components of the 
exceptional divisor which have the same multiplicity m. The number is then 
the unique integer such that m{Ejj(^j)) = m. 

When w = (a, 6) e (N*)^, we shall write A{w) = a/b. This is consistent with 
our previous notation: when w is the Farey weight of E' G F*, then A{w) is the 
Farey parameter of E. 

▲ Initiation: T consists of one point Eq, w{Eo) — (2,1), J{Eq) ~ J, and 
— 1 for any j e J. 
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▲ Loop: wc modify T by adding a certain number of vertices/edges to it, leaving 
the weight w of the previous vertices unchanged. Modifications of the graph are 
done exactly at the vertices and edges for which J{E) or J(e) is non-empty. 

-Modification at vertices: to each vertex E oiT for which J{E) ^ apply the 
following procedure. 

• Step 1. Define a partition of J{E) using the equivalence relation j ~ j' e 
J{E) mA{Cj^Cy) > A{E). 

• Step 2. For each element of this partition J' c J{E), add a new vertex F 
attached to T by one edge / at E. Set ■uj{F) = w{E) + (1,0). 

(a) Define J{F) to be the elements j G J' for which A{F) < A{j,I{j)). 
For any j G J', leave unchanged. 

(b) Define J(/) to be the elements j e J' for which A{F) > A{j,I{j)). 
For any j e J', leave unchanged. 

• Step 3. Set JiE) = 0. 

-Modification at edges: to each edge e of T for which J(e) ^ apply the 
following procedure. We adopt the following notation. The boundary of e consists 
of two vertices Ei and E2, and we will assume A{Ei) < A{E2). 

• Step 1. Replace the edge e by a vertex F and two edges, ei joining F to 
El, and 62 joining F to E2. Define w{F) = w{Ei) + w{E2). 

• Step 2. Define J{F) to be the collection of j e J(e) for which A{F) = 
A{j,I{j)). For any j G J{F), replace I{j) by /(j) + 1. 

• Step 3. Define J(ei) := {j e J(e), A{F) > A{j,I{j))}, and J(e2) := {j G 
J(e), A{F) < A{j,I{j))}. For any elements in J(ei) U J(e2), leave I{j) 
unchanged. 

▲ End: the algorithm stops when 

(i) J{e) is empty for all edges of T; 

(ii) for any couple j ^ f G J{E), A{Cj A Cf) = A{E); 

(iii) for any j, = gj. 

Let us explain a bit what is going on. We start with the dual graph of the 

blowup at the origin. Suppose wc have made the loop finitely many times. This 
produces a finite graph T which corresponds to a certain modification tt G S. We 
let C be the strict transform of C by tt. 

The set of vertices with J{E) 7^ is the set of exceptional component E that 
C intersects at a free point. The step "modification at a vertex" corresponds to the 
blowup at all these free points. Pick any component E that C intersects at a free 
point. We first subdivide J{E) into subsets consisting of branches intersecting E 
at the same point (Step 1). Then we add to T a vertex for each of the intersection 
points, and compute the Farey weight of the exceptional components which are 
created (Step 2). After these blowups some branches will intersect the exceptional 
divisor at a free point (Case (a)) or at a satellite point (Case (b)). In any case, 
being created by a blowup at a free point, the new divisor cannot belong to the 
approximating sequence of a branch of C. Thus is left unchanged in this case. 

The set of edges with J{e) ^ is the set of singular points of the exceptional 
set that C contains. Choose one of these points p. This is a satellite point, which is 
the intersection of two components Ei and E2 ■ Blowing up p induces an elementary 
modification of T which consists of adding a vertex F in between Ei and E2 , and 
the Farey weight of the new exceptional divisor is the sum of the Farey weights of 
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El and E2 (Step 1 of "modification at edges"). Then several cases appear for the 
strict transform of a given branch Cj of C containing p. First it may intersect F 
at a free point. This happens precisely when F lies in the approximating sequence 
of Cj i.e. when A{F) — A{j,I{j)). We thus have "superseded" the I(j)-th element 
of the approximating sequence of Cj, and thus we add 1 to /(j) (Step 2). Or 
second, it still intersects the exceptional divisor at a satellite point, F (1 Ei when 
A{F) > A{j,I{j)), or F n E2 when A{F) < A{j,I{j)). In these two cases, F can 
not be in the approximating sequence of Cj. Whence /(j) is left unchanged (Step 
3). 

Finally, we have achieved the desingularization of C when three conditions are 
satisfied. First, the strict transforms of all branches of C intersect the exceptional 
divisor at a free point (this is the condition J(e) = for all edges). Second, no 
two branches intersect the exceptional divisor at the same point (when Cj and Ckj 
intersect E, this happens precisely when CjACj' — E). Finally, the strict transform 
of each branch Cj is smooth and transverse to the exceptional divisor (this happens 
precisely when the last element of the approximating sequence of each branch has 
"appeared" in the process of blow-up, i.e. /(j) = gj). 

We leave to the reader to check that this shows that the algorithm stops after 
finitely many steps and produces Tc- 

6.8. The relative tree structure 

We described in Section POI the relative valuative Vx i.e. the union of div^^ and 
the set of centered valuations normalized by v{x) — 1, where x £ tn is an element 
determining a smooth formal curve {x = 0} at the origin. We explain here how to 
recover Vx geometrically from the dual graphs of compositions of blow-ups. More 
precisely we will construct a relative universal dual graph Tx and show, similarly 
to Theorem that Vx is isomorphic to Tx- 

We already saw in Chapter 0] that Vx was useful for the approach to the valua- 
tive tree through Puiseux series. In Section !^. 8. 4l we shall describe another situation 
where Vx appears naturally. 

6.8.1. The relative dual graph. Let us first construct the relative universal 
dual graph as a nonmetric tree. Fix x £ m with m{x) = 1 and denote the curve 
{x^O} hy Ex. 

Consider the set 58 of proper birational morphisms above the origin as before. 
To each tt S *B we associate a relative dual graph Tx,tt. This is a finite graph whose 
set of vertices F* ^ is in bijection with the union of (the strict transform of) Ex and 
the set of all irreducible components of 7r~^(0). Two vertices are joined by an edge 
iff they intersect. Note that F^^^^ is always a simplicial tree, that F* ^ = F* U {Ex}, 
and that Ex is joined by exactly one other vertex. 

We endow F* ^ with the natural partial ordering in which Ex is the unique 
minimal element. As before, the set of all posets F* ^ defines an injective system 
and we denote the limit by FJ . It is naturally a nonmetric Q-tree rooted in Ex . All 
of its points are branch points, except Ex which is an end. In fact, F* is naturally 
isomorphic to the Q-tree F* U {Ex} rooted in Ex. We construct a canonical non- 
metric R-tree F° from F* using Proposition 13 . 1 2l and also consider its completion 
Fa;. Then F° is naturally isomorphic to the R-tree F° U {Ex} rooted in Ex, and F^; 
is isomorphic to F, also rooted in Ex. 
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As in the case of F (see Section IH!^ . the points in Fx can be uniquely encoded 
by sequences of infinitely nearby points of Types 0,1,2 and 4. The only difference is 
that Ex is encoded by the empty sequence, and that the unique sequence of Type 4 
that encodes the end in F corresponding to Ex, now encodes the unique tangent 
vector at Ex in F^;. 

Identify F^, with F as sets but write <x and < for their partial orderings. Also 
denote the associated infimum operators by A^: and A. As before, let Eq be the 
exceptional divisor obtained by blowing up the origin (which lies on Ex). Then we 
have 

Lemma 6.44. If I is a segment in F, then the partial orderings < and <x on 
I coincide iff the intersection of I with the segment [Ex,Eq\ contains at most one 
point. On the other hand, on [Ex^E^] we have E' <x E" iff E' > E" . 

6.8.2. Weights, parameterization and multiplicities. Next we define rel- 
ative Farey weights (ax, bx). These are defined using elementary modifications just 
like their nonrelative counterparts, with the following exception: Ex is set to have 
relative Farey weight (1, 1). As Eq is obtained by a free blowup of Ex, it has rela- 
tive Farey weight (2, 1), which is also its nonrelative Farey weight. This easily gives 
that the relative and nonrelative Farey weights agree on the tree {E >x E^}. In 
general we have the following relation: 

Lemma 6.45. The two Farey weights of E (zT* are related by 

(a„6,)= (a,6(^-l)) , (6.5) 
where (c, d) is the nonrelative Farey weight of E Ax Eq. 

Proof. We have to prove that (|6.5|l holds for any tt e *B, and any E e T*. 
The proof goes by induction on the cardinality of F* and is left to the reader. □ 

The relative Farey parameter of _B G F* is defined by Ax{E) = Ox/bx, where 
(ox, bx) is the relative Farey weight of E. It follows from Lemma [6.451 that 

AxiE)^A{E)/{A{EAxEo)^l). (6.6) 

This formula easily implies that Ax defines a parameterization of F^;. Moreover, 
Ax = A on the subtree E >x Eq. 

We can also use the relative Farey weights to define a relative multiplicity 
function mx on F°. Namely, we set 

mx{E) = mm{bxiF) ; F€rl,F>x E}. (6.7) 

This multiplicity function naturally extends to the completion Tx- Lemma 16.441 
and Lemma l6 .451 easily imply 

Lemma 6.46. For any E CzT we have mx{E) = 1 if E ^ [Ex, Eq] and nix{E) = 
m{E){A{E Ax Eq) - 1) otherwise. 

6.8.3. The isomorphism. We can now define a relative version of the fun- 
damental isomorphism $ : F ^ V in Theorem 16.221 Let us define a map from 
F; into Vx by setti ng <^x {Ex) := div^ and iyx,E = bx^ir^ div£;(0) for E &Tl\ {Ex}. 
In view of Lemma 16.451 it is clear that 



^x{E) = ^{E) {A{E AxEq)-1) 



(6.8) 



126 



6. THE UNIVERSAL DUAL GRAPH 



Using Theorem ESS we have A{E Eq) ^ A{ve ^x Vm) = I + ve{x). Thus 
impHes Vx.e — ve / ve{x), i.e. Vx,e is the centered valuation on R equivalent to ve 
and normalized by Vx^e{x) = 1. 

Theorem 6.47. The map $2; : F* — > Vx extends uniquely to an isomorphism 
of parameterized trees '^x ■ {^xtA^) — s- {Vx,Ax) Here denotes the relative Farey 
parameter on and relative thinness on Vx- Further, preserves relative multi- 
plicity. 

Proof. Let Vdiv.a; denote the set of divisorial valuations in Vx, with the con- 
vention that diVa; G Vdiv,x. Clearly maps F* into VdWx- It suffices to prove 
that <I>a; : F* ^ Vdiv,x is an isomorphism of rooted, nonmetric Q-trees, and that 
preserves the parameterization and multiplicity. 

As in Section 13.91 we denote by A'^ : V V^; the map sending to div^; and 
1^ =/= i^x ly/iyix). Then N restricts to an isomorphism of nonrooted, nonmetric 
Q-trees Vdiv U {i^^} ^ Vdiv.o:- 

Above we identified F* and r*U{Ex} as sets. Let us for the purpose of this proof 
think of this identification as an isomorphism A^ : F* U {Er^} F* of nonrooted, 
nonmetric Q-trees. We saw above that A^ o N — A. 

It is then clear from the construction that N o ^ ° N on T* U {Ex}. 

Since by Theorem 16.221 $ is an isomorphism of nonrooted, nonmetric Q-trees, so 
is ^x- As $x maps E^ to div^, it is an isomorphism of rooted, nonmetric Q-trees. 
Since A^ o N o ^ = A and A^, o A^ = A on F* U {E^} we get A^ o = A^ on 
F*, so that $2, preserves the parameterization. The same reasoning, in conjunction 
with Lemma [6.461 and Proposition 13 . 651 shows that preserves multiplicity. This 
completes the proof. □ 

6.8.4. The contraction map at a free point. Let us end this section by 
exhibiting a situation where the relative point of view appears naturally. 

Pick TT G *8, an exceptional component E S F*, and a free point p £ E. Let 
(a, 5) be the Farey weight of iJ. Pick a regular function z at p such that £^ — {z = 0}, 
and let F^ and Vz be the corresponding relative universal dual graph and valuative 
tree, respectively. 

The point p defines a tangent vector in F at E. Write Ur for the corresponding 
(weak) open set, i.e. the set of elements in F\ {i?} representing this tangent vector. 
The closure of Ur is given by Ur = UrU {E} (see Lemma l7.l]\ below') . Notice that 
Ur is naturally a tree rooted in E. 

Let VE & V he the divisorial valuation defined by E. The point p also defines 
a tangent vector at in V. Write U\> for the corresponding (weak) open set, i.e. 
the set of valuations v V \ {i^e} representing the same tangent vector at ve as 
the divisorial valuation obtained by blowing up p. Again, Uv ~ U^U {^^e} and U\> 
is naturally a tree rooted in ve- 

Define a map wr : F^ — > F in terms of sequences of infinitely nearby points. Let 
iPj)o be the (finite) sequence of infinitely nearby points associated to E. Then rur 
maps a sequence {qk)o, < / < 00, not of Type 3, with qq = p, to the concatenated 
sequence po, . . . ,Pmqo, ■ ■ ■ ,<li- In particular, the empty sequence is mapped to 
{po)o- Notice that the concatenated sequence is never of Type 3. 

We also define a map -cu\> : Vz ^ V by w\>{^) — fe^^vr^/i. As /i(z) = 1, it follows 
from Lemma 15.271 that (7r*/i)(tn) = b, so that wv{fi) G V. 

Theorem 6.48. The following properties hold: 
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(i) the map zur gives an isomorphism zur : Tz - 
trees. Moreover, for any F d we have: 

m{wr{F)) =bmz{F) 
A{vjt{F)) = A{E) +h~\Az{F) 

(ii) the map njy gives an isomorphism zu\> : Vz - 
trees. Moreover, for any /i G Vz we have: 

TO(n7v(/i)) = bmz{fJ.) 
A(n7v(/i)) = A{iyE) + b-\Az{fi) 
a(tA7v(/i)) = a{iyE) + h^^azip.) 



Ur of rooted, nonmetric 
(6.9) 

1) (6.10) 

C/y of rooted, nonmetric 



1) 



(6.11) 
(6.12) 
(6.13) 



(iii) the isomorphisms in (i) and (ii) respect the identification of the universal 
dual graph and the valuative tree: if ^ :T —> V and $^ : — ^ Vz are as 
in Theorem \6. 2S\ and Theorem \6.4^ then zu\> o = $ ° ^^r- 

The theorem shows that the valuative tree (and the universal dual graph) has 
a self-similar, or fractal, structure. This is illustrated in Figure Ill 




Figure 6.11. The contraction map tt at a free point p on an excep- 
tional component E induces an isomorphism between the relative 
valuative tree Vz and a subset U of the valuative tree V. See The- 
orem 



Proof. It is immediate from the definition of xur in terms of concatenations 
of sequences of infinitely nearby points, from the definition of the partial orderings 
on F* and F*, and from Corollarv l6.13l that zur gives an isomorphism of rooted, 
nonmetric Q-trees between F* and J7r H F*. Thus it also gives an isomorphism 
between the corresponding rooted, nonmetric R-trees. To prove (|6.9f) and (|6.1U|) 
we have to control the Farey weights. The relative Farey weight of Ez is (1, 1). 
Write (a, b) for the Farey weight of E. A simple induction shows that if F has 
relative Farey weight (c, d), then zDr{F) has relative Farey weight {c+ {a — l),bd). 
This easily implies both H6.9|l and (j6.10|l and completes the proof of (i). 
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Both (ii) and (iii) now follow from Theorem 16.221 and Theorem 16.471 together 
with Corollary 16. 241 and its corresponding relative version. Notice that H6.13|l is a 
consequence of (|6.12ll and H6.11|) . 

We can also give a direct proof of (ii), not using the universal dual graph. As we 
already noticed, Lemma FB . 2 71 implies that is a well-defined map from Vz into V. 
It is clearly order-preserving and (weakly) continuous. It is also injective as tt is a 
birational map and hence induces an isomorphism between the fraction fields of the 
rings of formal power series at p and at the origin. If C is an irreducible curve at the 
origin, then it follows from Proposition 16.321 that vc G U\> iff the strict transform 
of C contains p. This immediately implies that w\> restricts to a bijection between 
curve valuations in Vz and curve valuations in C/y By continuity, this shows that 
zuv is a surjective map of Vz onto J/y Equations H6.11|l - H6.13|l can also be proved 
directly, using Lemma [6. 2 71 The details are left to the reader. □ 



CHAPTER 7 



Tree measures 

One of the main motivations behind the present monograph is the fact that the 
valuative tree V provides an efficient means of encoding singularities. We shaU see 
in the next chapter that this encoding can be nicely given in terms of measures on V. 
These measures are obtained indirectly by passing through functions defined on the 
tree Vqm of quasimonomial valuations, a procedure analogous to the identification 
of positive measures on the real line with suitably normalized concave functions. 

Here we develop a general methodology for identifying certain classes of func- 
tions on Vqm with measures on V. In fact, the analysis is purely tree-theoretic and 
does not depend on the fact that the elements of the valuative tree are valuations. 
We shall therefore work on a general complete, rooted nonmetric tree, equipped 
with an increasing parameterization taking value 1 at the root. The main example 
we have in mind is V with the skewness parameterization. 

An outline of the theory, as well as a more precise comparison to the situation 
on the real line, is given in Section mi We refer to that section for the organization 
of the remainder of the chapter. 

While the main results in this chapter are of fundamental importance for appli- 
cations, the techniques are quite different from those of the rest of the monograph. 
Hence many of the details can be skipped on a first reading. 

7.1. Outline 

As the analysis that we are about to undertake is somewhat delicate, we start 
in this section by giving an outline of what we are trying to accomplish. 

7.1.1. The unbranched case. It is a standard result that finite positive 
measures on R can be identified with either decreasing functions or increasing, 
concave functions (up to certain normalizations). More precisely we have 

Proposition 7.1. The following objects are naturally in 1-1 correspondence 
with each other: 

(i) finite positive measures p on R; 

(ii) left continuous decreasing functions / : R — > R with /(oo) = 0; 

(iii) increasing concave functions g : R ^ R with g(0) — and g' {oo) = 0. 
This correspondence goes as follows: 

• to a measure p is associated the function f{x) — p [x, oo); 

• to a function f is associated the function g{x) = f{y) dy; 

• to a function g is associated the measure p = —d^g/dx^ . 

We shall extend this correspondence in two ways. First, we shall work with 
complex measures in (i). The corresponding functions in (ii) are then known as 
(normalized) functions of bounded variation, and the functions in the analogue 
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of (iii) are characterized by having a complex measure as second derivative (in the 
sense of distributions); again subject to a normahzation. 

The more difficult extension consists of replacing R with a general, complete, 
parameterized tree. This presents two challenges. First, as opposed to a complete 
tree, the real line has neither a maximal nor a minimal element. Essentially, this 
means that the normalizations of the functions corresponding to the classes (ii) 
and (iii) above have to be done with great care. Second, and more importantly, 
a tree typically has branch points. This forces us to redefine notions such as "in- 
creasing" , "concave" and "bounded variation" . Notice that in general there is no 
bound on the amount of branching that a tree can exhibit. Already in the case of 
the valuative tree, the tangent space at a divisorial valuation has the cardinality of 
the continuum. Luckily, we shall not have to worry about the amount of branching, 
and in any case it turns out that the measures and functions that we shall consider 
all "live" on completions of countable unions of finite subtrees. 

7.1.2. The general case. We now outline the analysis that we will undertake 
in the remainder of the chapter. Our objective is to provide the reader with an 
intuitive picture rather than stating all the precise definitions. 

Consider a complete, parameterizable, rooted nonmetric tree T. Let T° denote 
the set of non-ends in T . By convention, the root tq of T belongs to T°. Also fix an 
increasing parameterization a of T with a(To) = 1. The choice of parameterization 
is important for some, but not all, of the constructions below. 

We will work exclusively with the weak topology on T. Any parameterizable 
complete tree is weakly compact. Denote by M the set of complex Borel measures 
on T. We think of the elements of M as complex valued functions on the Borel 
(T-algebra generated by the weak open sets, but M can also be viewed as the dual of 
C (T) . The latter point of view provides M. with a norm, turning it into a Banach 
space. 

Our main objective is to identify M with two classes of functions on T° . This 
goes as follows. To any complex Borel measure p € M. we associate two complex- 
valued functions fp and gp on T° . These are defined by 



We let M and V be the set of all functions of the form fp and gp, respectively. 

The key point is now that the spaces N and V can be characterized intrinsi- 
cally, without any reference to measures. We shall refrain from giving the precise 
definitions here, but the functions in J\f are left continuous and of hounded vari- 
ation. The total variation TV{) provides A/" with a norm. As for the set V , its 
elements are called complex tree potentials. They can be characterized by the fact 
that they have a well-defined left derivative at every point and this left-derivative 
defines a function in M . This defines a natural isomorphism 5 : V —f JV, which 
enables us to define a norm on V by \\g\\ = TV{Sg). 

The mappings p ^ fp and p ^ gp defined in (|7.1|I - H7.2|I can then be thought 
of as Banach space isomorphisms A4 ^ M and A4 ^ V. We denote their inverses 
by d : Af ^ A4 and A : V ^ Ai. The mapping A is of particular interest: we call 
it the Laplace operator as it naturally generalizes the Laplace operator both on the 
real line and on a simplicial tree. 



fpir) 



p{<t>t} 



(7.1) 




(7.2) 
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Inside the three isometric Banach spaces M , Af and V are located three natural 
(positive) convex cones A^ + , Af'^ and V^. The cone A4~^ consists of all (finite) 
positive Borel measures on T, and Af^ of all left- continuous, nonnegative, strongly 
decreasing functions on T". As before, these properties have to be interpreted in 
the tree sense. The cone T-""*" is of particular interest. It consists of all positive 
tree potentials, and can be characterized intrinsically, without passing to Af. The 
positive tree potentials should be thought of as nonnegative functions that are 
concave in a (strong) way that reflects the branching of the tree. The isomorphisms 
d : N ^ AA. and £^ : AA. ^ V then restrict to bijections d : TV^ AA~^ and 
A:A4+^r+. 

In addition to the topologies induced from the norms, the cones above also 
carry weak topologies, of great importance for applications. In the case of A4~^ , the 
weak topology is given by the usual weak (or vague) topology on measures. On 
A/'^, it is given by pointwise convergence outside a countable subset of T° \ {tq}- 
On the cone "P"*" of positive tree potentials, it is given by pointwise convergence on 

The bijections d : Af~^ A4~^ and A : A4~^ then become homeo- 

morphisms in the weak topologies. As the subset of probability measures 'm AA^ 
is weakly compact, the cone possesses strong compactness properties as well, 
reminiscent of those of concave functions on the real line or superharmonic func- 
tions on the unit disk. The analogy to the latter two spaces is reinforced by the 
fact that the infimum of any family of positive tree potentials remains a positive 
tree potential. 

We also consider inner products on the cones above. On positive measures, 
the inner product is defined as the bilinear extension of an inner product on Dirac 
masses, defined as follows: 

r-r' :=Q!(TAr'), t,t'gT (7.3) 
On the cone Af^ , it is given by 

{f,f')--=f{ro)f'{To)+J^JfdX, f,fGAf+, (7.4) 

where A denotes the onc-dimcnsional Hausdorff m,easure on T°, induced by the 
parameterization a. Finally, the inner product is defined on the cone V'^ of positive 
tree potentials by declaring {g.,g') = {Sg,Sg'). These inner products are preserved 
under the isomorphisms of + , Af^ and 7^+. 

Integrability problems prevent us from extending these inner products to the 
full Banach spaces A4, Af and V, but as we show, they are well defined on suitable 
subspaces Ada, Afo and Vq. 

Finally, let us comment on the role of the parameterization a. It docs not 
appear in the definition of the space AA of complex Borel measures, nor in the 
space Af. It does, however, appear in the definition of complex tree potentials, i.e. 
the space V. 

Moreover, the parameterization is needed to define the inner products in all 
three cases (the Hausdorff measure depends on the parameterization). 



132 



7. TREE MEASURES 



Throughout the chapter we shaU assume that the parameterization is increasing 
and takes value 1 at the root tq. This is motivated by the apphcations in Chap- 
ter |S1 where we work with the valuative tree parameterized by skewness. Suitable 
adaptations should be made when working with other types of parameterizations. 

7.1.3. Organization. Let us end this section by giving a guide to the orga- 
nization of the remainder of the chapter. See the introduction to each section for 
further details. 

The weak topology on a tree, which was introduced in Section f3.1.4l is analyzed 
in more detail in Section f7.2l In particular we characterize connected open sets and 
prove that a complete, parameterizable, nonmetric tree is weakly compact. 

We analyze (weak) Borel measures in Section f7.3l Among other things we show 
that every Borel measure is Radon (i.e. regular), supported on the completion of 
a countable union of finite subtrees, and determined by its values on appropriate 
generalizations of half-open intervals on the real line. 

In Sect ion [7^ we turn to functions of bounded variation. They are defined and 
analyzed in much the same way as on the real line (see e.g. .FOj ) . but considerable 
care has to be taken because of the branching in the tree. Here we define the 
space Af, which is the first space of functions to be identified with complex Borel 
measures. This identification is proved in Section [7.51 

Then, in Section [7^ we turn to complex tree potentials. These constitute the 
second — and for applications most important — class of functions to be identified 
with complex Borel measures. They are constructed by integrating functions in J\f 
along segments. The space V of complex tree potentials is by definition isomorphic 
to Af, hence to Ai. The isomorphism between V and A4 defines the Laplacian of a 
complex tree potential and is spelled out in Section 17.71 

Atomic measures play an important role in the two applications in Chapter [S] 
The corresponding functions in Af and V are easy to characterize; this is done in 
Section EHI 

Another important class of measures is given by the positive cone C M 
of positive Borel measures. In Section [7?^ we describe its preimages Af'^ C Af and 

C V under the isomorphism of Af and V with A4. Moreover, we show that the 
real- valued elements oi A4, Af and P admit canonical Jordan decompositions into 
differences of elements in A^"*", and "P"*", respectively. 

The cone is very important in applications and consists of the positive 
tree potentials. As opposed to general complex tree potentials, these can be easily 
characterized directly as functions on T°, 

On the cones A4~^, A/""*" and 7-"+ it is natural to consider weak topologies, in 
addition to the restriction of the norm topologies. The weak topologies are defined 
and analyzed in Section FT. 101 We show that the three cones are homeomorphic in 
the weak topology, a fact that yields compactness properties in V'^. 

In Section [V. Ill we show that the three cones behave well when passing to and 
from a complete subtree S <zT . 

Finally, in Section r7.12l we analyze inner products, first on the cones A^+, 
and , then on suitable complex subspaces oi AA, N and V. We shall use them 
in the next chapter. 

The exact assumptions on the tree will vary somewhat from section to section, 
but are stated in the respective introductions. 
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7.2. More on the weak topology 

Before studying measures and functions on trees, we review the weak topology 
defined in Chapter O in more detail. 

In this section, T denotes a nonmetric tree. Except if we mention it otherwise, 
T is supposed nonrooted. 

7.2.1. Definition. Recall the definition of the weak topology on T. If w G Tt 
is a tangent vector at a point r G T, we define 

U{v) = {cr e T \ {t} ; a represents v}. (7.5) 

The weak topology is generated by the sets U{v) in the sense that the open sets 
are arbitrary unions of finite intersections of sets of the form U (v) . 

7.2.2. Basic properties. First we state and prove some basic results. 
Lemma 7.2. The weak topology is Hausdorff. 

Proof. Suppose t, t' are distinct points in T. Pick a point t" e ]t, t'[ and let 
V and i/ be the tangent vectors at r" represented by r and r', respectively. Then 
U{v) and U{v') are disjoint open neighborhoods of r and r'. □ 

Lemma 7.3. IfvCz Tt, then the weak closure ofU{v) equals U{v) U {r}. 

Proof. Any open set of the form p|" U{vi) containing r must intersect U{v). 
Thus T g U{v). On the other hand, if cr ^ U{v) U {t}, let w be the tangent vector 
at r represented by a. Then a G U{w) and U{v) n U{'w) = so cr ^ U{v). □ 

Lemma 7.4. // T /las no branch points, then T is homeomorphic to a real 
interval. 

Proof. Suppose for simplicity that T is complete. Then T is isomorphic as a 
nonmetric tree to the real interval / = [0, 1]. Moreover, the sets U{v) correspond 
to intervals of the form {x, 1] or [0, x) with < x < 1. Such intervals generate the 
topology on / so T and / are homeomorphic. □ 

Proposition 7.5. If{Tk)^ is a sequence of points inT , then Tk ^ t £ T iff for 
all subsequence {kj)f , the segments ]t, Tfe^.] have empty intersection. In particular, 
if the points all represent distinct tangent vectors at t , then ^ t . 

Proof. If there is a subsequence (fcj) such that the segments ]t, r/jj have a 
point cr G T in common, let v be the tangent vector at a represented by r. Then 
U{v) is an open neighborhood of r not containing any of the points r^^. , so T]^. t, 
implying t. 

Conversely, suppose that there is no such subsequence. It suffices to show that 
for any open set of the form U{v) containing r we have G U{v) for large k. 
Here w is a tangent vector at some point a ^ t and represented by r. But this is 
clear, since otherwise we could find infinitely many k with a € [r, Tfe]. The proof is 
complete. □ 
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7.2.3. Subtrees. As we show next, the weak topology is well behaved with 
respect to subtrees. 

Lemma 7.6. If S is a subtree of T , then the weak topology on S coincides 
with the topology on S induced from the weak topology on T . In other words, the 
inclusion map i : S T is an embedding. 

Proof. The weak topology on S is generated by subsets of S of the form Us {H) 
defined as in H7.5|l . but where u is a tangent vector in S. The induced topology is 
generated by sets of the form U{v) H S, where v ranges over tangent vectors in T. 

On the one hand, every tangent vector in S also defines a tangent vector in T 
and Us{v) = U{v) O S. On the other hand, if w is a tangent vector at some point 
T G T such that [/(u) n 5 7^ 0, then either t £ S and w is a tangent vector in S; or 



Lemma 7.7. The relative closure of a subtree S <zT consists of S and all points 
in T that are ends in S . In particular, if T is complete, then the closure of S inT 
is equal to the completion of S . 

Proof. Consider a point t E T \ S, and let w be the unique tangent vector 
w at T such that S C U{'w). If r is not an end in S, then we can find a point 
t' G U{w) such that U{v)r\S = where v is the tangent vector at t' represented 
by T. Thus r does not belong to the closure of S in T. On the other hand, if r is 
an end in S, then it is easy to see that if iT is a tangent vector in T and r G U{v), 
then [/(u) n 5 7^ 0. This concludes the proof. □ 

If 5 is a complete subtree of T, then we can define a natural mapping ps :T ^ 
S as follows. Pick a root tq € 5 of T and set ps{t) — max([To, r] n 5); this does 
not depend on the choice of tq. Clearly ps = id on S. 

Lemma 7.8. The mapping ps : T S is continuous, hence defines a retraction 
of T onto S. 

Proof. Any tangent vector 'iT in iS defines both an open set Us{v) in S and 
an open set Ut{v) in T. Clearly Ut{v) = pg^{Us{v)). Thus ps is continuous. □ 

Corollary 7.9. If {T, <) is a rooted, nonmetric tree, then the map a i—^ t Aa 
is (weakly) continuous for any t £ T . 

Proof. Apply Lemma [7.81 to S — [to,t], where tq is the root of T. □ 

7.2.4. Connectedness. On the real line, the connected open sets are very 
easy to describe, simply being the open intervals. On a general tree, the situation is 
more complicated, yet understandable. The following result will play an important 
role later in the chapter. 

Proposition 7.10. On a nonmetric tree T , any connected open subset U CT 
is a countable increasing union of ( open ) sets of the form 



When T is rooted at tq ^ U , one can write the previous equation in the form 



r ^ 5 and U{v) nS^S. 



□ 



n 




tangent vectors. 



(7.6) 



n 




(7.7) 
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where v is a tangent vector, not represented by tq, at some t ^ U, and n G U{v) 
for all i. 

Remark 7.11. Note that any open set of the form U{v) is also a countable 
increasing union of sets of the form {a > t} when v is not represented by the root. 
Proposition !?. 101 can hence be rephrased by saying that any connected open set is 
a countable increasing union of sets of the form 



where r, are in T. These sets play a role similar to that of half-open intervals on 
the real line and will be explored systematically in Section [V. 3. 51 

Proof of Proposition 17. KH AsU ^T, we may pick an element tq e T\U, 
and choose it as the root of T. Define r := inf U. As U is open, U n [tq, t] is an 
open set in the segment [To,r]. It is hence empty, and thus t ^ U. For simplicity 
of notation, let us change the root if necessary, so that t = tq. 

Thus U is a subset of T \ {tq}, which is a disjoint union of weak open sets U (w) 
where v ranges over all tangent at tq. As U is connected, there exists a unique 
tangent vector v such that U C U{v). As U is open, U{v) \ U is closed in U{v), 

Let F be the set of all minimal elements in U{v) \ U. More precisely, r £ iff 
T e U{v) \ U and ]to, t[ C U. We claim that 



Indeed, on the one hand, for any r G we may cover U by the disjoint open sets 
[/ n {cr > r} and U ClU (vq), where vq is the tangent vector at r represented by tq. 
As U is connected, we conclude that U C U{v)\[J^^p{a > t}. On the other hand, 
if (7 G U{v) \ U, then set r = inf Jtq, a] \ U. As U is open and nonempty we have 
T ^ U. Thus T e F and we obtain U D U{v) \ \J^^p{a- > r}. Hence (|7!H|) holds. 

Notice that inf F ~ ini{U{v) \ U). Let us prove that U can be written in 
the form H7.7|) under the assumption inf F > tq. We shall explain later how to 
handle the other case. Set ti = inf F. Then either ti e F in which case U = 
U{v) \ {(T > Ti}; or F C {cr > Ti}. In the latter case, we define V to be the set 
of tangent vectors at ri which are represented by some element in F . This set is 
finite, since otherwise we could find an infinite sequence of elements in F <Z U{v)\U 
representing distinct tangent vectors at ri. By Proposition 17.51 and the fact that 
U{v) \ U is closed this would imply that ti ^ [/, a contradiction. For any w G V, 
we define t{w) := inf(Fn U{w)). Since U{v) \ U is closed in U{v) and ri e U{v), 
we have r(w) > ti. Set Fi :— Uwigy t{w). 

Inductively we construct finite sets Fk with the following properties: 

(i) any element in F/^+i dominates some element in Fk] 

(ii) any element in Fk is dominated by some element in F; 

(iii) any element in F dominates some element in Fk] 

(iv) any increasing sequence {Tk)f with Tk € Fk for all k converges to an 



{<T > T, (7 ^ Ti, 1 < i < n}, 




(7.8) 



element in F. 



The set Fi was already defined. The construction of Fk+i in terms of Fk is done 
as follows. Fix r € Fk, and suppose t ^ F. Let V{t) be the set of tangent vectors 
at r represented by at least one point in F. By the same argument as before, V{t) 
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is a finite set, and we let 

Ffe+i (Ffe n F) U y y MiFnU{w)). 

T<£Fk\FweV(T) 

Clearly (i)-(iii) hold. As for (iv), pick an increasing sequence t^+i > Tk € Fk. By 
construction, if — r^+i, then S F. We may hence suppose r^+i > for 
all k. As T is complete, the sequence converges to a point t £ T. We need to 
prove T Cz F. By construction, any r^, is dominated by some cr^ € which does 
not represent the same tangent vector as r at tj.. This implies that (7^ — > r by 
ProDOsition l7.5l hence r G U{v)\U. But belongs to U for all k and the sequence 
increases to r, so r e F and (iv) holds. 

Define Uk := U{v) \ UtsfJ^ ^ '^l- This is a set of the form ((THJ. From (i) it 
is clear that Uk+i D Uk- By (ii) and H7.8|) . J7fc C [/. We leave it to the reader to 
check that (iii) and (iv) imply [JUk — U. Hence we are done in the case inf F > tq. 

When inf _F = tq, we fix a strictly decreasing sequence (tj)^ in U converging to 
To, and apply the preceding result to Uj := U{vj), where Vj is the tangent vector at 
Tj represented by Tj+i. This is a connected open set with inf(_Fn Uj) > inf Uj — Tj. 

The proof is complete. □ 

7.2.5. Compactness. We end this section by proving 

Proposition 7.12. Any parameterizahle, complete, nonmetric treeT is weakly 
compact. 

Proof. We will embed T as a closed subspace of a product space. Pick a root 
To of T and let < be the partial ordering rooted at To. Also pick a parameterization 
a : T [0, 1]. Let E be the set of functions x '■ ^ ^ [0: 1] endowed with the 
product topology. This is a compact space, and convergence in this topology is 
given by pointwise convergence. Define a mapping j : T — )■ i? by 

It is clear that j is injective: if t ^ t', then without loss of generality t Kt' < t = 
T f\T, and so j(t)(t) ^ j(t)(t'). Let us show that j(T) is closed in E. For this, 
notice that if t € T, then x '■= ]{'^) • ~* [0, 1] has the following two properties: 
(i) for any end a in T, the restriction of x to [to, ct] is of the form 
x((t') = niax{Q:(cr'),s} 

for some s G [0, a(o")] (we have s = a(a A t)); 
(n) x(ct a cr') = inf{x(cr), x(cr')} for any cr, a' E T. 
Conversely, we claim that any function x : ^ [0, 1] satisfying (i) and (ii) is of the 
form X = j{t) for some t £ T. Indeed, let 5 = C T be the set of points a such 
that X is strictly increasing on the segment [To,cr]. If x is nonconstant, then S is 
nonempty by (i) and is a totally ordered set by (ii). Since T is complete, S has a 
maximal element t. It is then easy to check from (i) and (ii) that x — j{t)- If X is 
constant, then x = j{to)- This proves the claim. 

It is then clear that in E both conditions (i) and (ii) define a closed set in the 
product topology, hence j{T) is closed. 

Thus J gives a bijection of T onto the closed subset j{T) of E. We claim that j 
is a homeomorphism onto its image. As T is Hausdorff and E compact, it suffices to 
show that J is an open map onto its image. By the definition of the weak topology 
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it suffices to show that j{U{v)) is relatively open in j(T) for every tangent vector 
V at any point t in T. If v is represented by tq , then 

U{v) = {a eT ; a((T A t) < a(r)} = {cr e T ; j(cr)(T) < Q;(r)} 

and if v is represented by some t' > t, then 

C/(t/) = {cr e r ; a(f7 A r') > a(cr A r)} = {cr G T ; j{(t){t) < j{(t){t')}. 

In both cases it follows, after unwinding definitions, that j{U{v)) is the intersection 
of an open set in E and j(T), hence is relatively open in j(T). This concludes the 
proof. □ 

7.3. Borel measures 

In this section we let T be a complete, nonmetric tree. We also assume that 
T is weakly compact: as we have seen, this is the case if T is parameterizable. We 
shall study complex Borel measures on T. 

Since a tree can be a quite "large" space in the sense that there is no a priori 
bound on the amount of branching, we shall be very detailed in our analysis. In 
particular we shall (temporarily) distinguish between Borel measures and Radon 
measures. Our general reference is |Fo| . 

7.3.1. Basic properties. Let B be the Borel cr-algebra on T, i.e. the smallest 
cr-algebra containing all (weakly) open sets in T. A complex Borel measure is a 
function p : B ^ C satisfying p(0) = and pdjf Ej) = Pi^j) whenever {Ej)f 
is a sequence of disjoint Borel sets; real (or signed) Borel measures are defined in 
the same way, with C replaced by R."'^ A real Borel measure p is positive if p{E) > 
for all E G B. Obviously a function p : B C is a, complex Borel measure iff Re p 
and Imp are real Borel measures. Less trivial is the fact that a real Borel measure 
p has a unique Jordan decomposition p ^ p+ — p-, where p± are mutually singular 
positive measures: there exist disjoint Borel sets E± with p+{E^) — p^{E^) — 
and p+{T\E+) ~ p^{T\E^) = 0. The measures p+ and are called the positive 
and negative parts of p. These decompositions allow us to reduce many questions 
about complex measures to positive measures. 

7.3.2. Radon measures. A positive measure p is a Radon measure^ if 

p{E) = inf{ p{U) ; E,U open } 

for any Borel set E and 

p{U) ~ sup{ p{K) ; K C U, K compact } 

for any open set U; the latter equality then holds when U is replaced by a general 
Borel set E |Fo[ Proposition 7.5]. A real Borel measure is said to be Radon iff its 
positive and negative parts are Radon, and a complex measure is Radon iff its real 
and imaginary parts are. 

To any complex Borel measure p is associated its total variation measure \p\. 
This is a positive measure which can be defined by |p|(i?) = sup^" |p(i?i)|, 
where the suprcmum is taken over collections of finitely many disjoint Borel sets 
El, . . . ,En such that E = Uii^i. We call ||p|| := \p\{T) e R+ the total variation of 



We do not allow sets of measure ±oo. 

'Some authors would call Radon measures regular Borel measures. 
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p. If p is a real measure, then \p\ — p+ + p-, where p — p+ — p- is the Jordan 
decomposition of p. 

7.3.3. Spaces of measures. Let C(T) be the space of continuous functions 
on T with the topology of uniform convergence. By the Riesz representation theo- 
rem Hb, Thcor em 7.17], complex Radon measures can be identified with continuous 
linear functionals on C(T): to p is associated the operator (p i~> J ipdp. (In fact 
this operator is well-defined for any Borel measure — the point is that there is a 
canonical way of associating a unique Radon measure to each continuous linear 
functional.) The total variation of p is equal to its norm as a linear functional on 
C{T). 

On many topological spaces every finite complex Borel measure is Radon. This 
is the case for R" and, more generally, any locally compact Hausdorff space in 
which every open set is a countable union of compact subsets IFo| Theorem 7.8]. 
While a tree may not fall into the latter category (if, for instance, the tangent space 
at some point is uncountable) we still have 

Proposition 7.13. Every complex Borel measure on a weakly compact non- 
metric tree is a Radon measure. 

The proof is given in Section FZ.B.GI below. We shall consequently omit the adjec- 
tive "Radon" in what follows, and we shall identify Borel measures with continuous 
linear functionals on C(T). 

We let A4 be the set of complex Borel measures on T. Let us recall a few facts 
about A4 ; they follow from the fact that T is a compact Hausdorff space (and that 
every Borel measure is Radon), but do not use the tree structure of T. 

There are two important topologies on M. First, we have the strong topology 
induced by the norm ||p|| := sup{\J^(pdp\ ; sup^- = 1}. Under this norm, M 
is a Banach space. We shall also consider the weak topology, defined in terms of 
convergence by pfc ^ p iff J (p dpk — > J 'fidp for all ip G C (T) . This topology is 
Hausdorff. The unit ball {p G Ai ; ||p|j<l}is weakly compact. 

We denote by the set of positive Borel measures on V. This is a closed 
subset of Ai in both the weak and strong topologies. The subset of consisting 
of probability measures (i.e. positive measure of total mass one) is weakly compact. 

Atomic measures will play an important role in our study. To alleviate notation 
we shall identify t G T with the corresponding point mass 6r & A4~^. Indeed, the 
mapping t i-^ Sr gives an embedding of T as a weakly closed subset of (see | Bol 
HI, §1, n.9, p. 59] for instance). 

7.3.4. The support of a measure. A general tree can exhibit quite wild 
branching, but as the following result asserts, Borel measures live on reasonably 
well-behaved subsets. 

Lemma 7.14. The support of any complex Borel measure p onT is contained in 
the completion of a countable union of finite subtrees. Moreover, the weak topology 
on the support is metrizable. 

Proof. We may suppose that p is a positive measure of mass 1. Consider the 
decreasing function / : T — > [0, 1] defined by /(r) — p{a > t}. The support of 
p is included in the completion of the tree S := {f > 0} (see Lemma l7.7|l . Let 
Sn — {f ^ n > 1. By construction the tree 5„ has at most n+1 ends, hence 

at most n + 2 branch points, so iS„ is finite. 
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According to the Urysohn Metrization Theorem (see jFol p. 139]), any normal, 
second countable space is metrizable. Now the support supp p is closed, hence 
compact, and therefore normal: see iFol Proposition 4.25]. To conclude we need 
to show that it is also second countable, i.e. that it admits a countable basis for its 
topology. To do so, write supp p as the completion of an increasing union of finite 
trees 5„ as before. Take a countable dense set F in lJiS„. Then the collection of 
all open sets {a > r} over t & F, and {cr > r, cr ^ r'} over t,t' G F, form a 
countable basis. □ 

Remark 7.15. In general, a Borel measure is not necessarily supported on a 
countable union of finite trees. An example can be constructed as follows. 

Consider the Cantor set X := {0, l}'^ endowed with the (ultra-)metric d{x, x') = 
max2^*|a:i — where x = {xi)i>Q, x' = {x'j)i>Q. Following Section 13.1.61 define 
T to be the quotient of AT x [0,1] by the equivalence relation {x^t) ^ {x',t') iff 
t = t' < d{x,x'). 

On the Cantor set X there exists a natural probability measure px giving 
measure 2~" to any cylinder {x ; xi, . . . ,Xn are fixed}. The pushforward of px by 
the inclusion map ATSxi— >(a;,l)sTisa probability measure on T which is not 
supported on a countable union of finite trees. 

7.3.5. A generating algebra. Next we generalize the fact that on the real 
line, complex Borel measures are determined by their values on half-open intervals. 

Define collections 8 and A of subsets of T as follows. First, £ consists of T 
and all sets of the form {cr e T ; cr > t, cr ^ r^, 1 < i < n} where r, Ti £ T . It is 
clear that the complement of an element in £ is a finite disjoint union of elements 
in 8. Hence £ is an elementary family in the sense of |Fol p. 22]. Second, A is 
the set of finite disjoint unions of elements in £. Then A is an algebra in the sense 
that A is closed under complements and finite unions and intersections (see |Fol 
Proposition 1.7]). 

Still following |Fo| . we define a premeasure (on A) to be a function p : A ^ 
[0, oo[ such that p(0) — and p(Ui° ^j) = J2T Pi-^j) whenever [Ej)f is a sequence 
of disjoint sets in A such that IJ^ Ej G A. 

Lemma 7.16. Any premeasure on A has a unique extension to a (positive) 
Borel measure on B. 

Proof. This follows from Theorem 1.14 in |Fo| . □ 

Recall from Remark l7. 1 II that any connected open sets is a countable increasing 
union of elements in £. Another reason why the elementary family £ is important 
lies in the following fact. Any set E E £ is a. countable intersection of sets of the 
form U{v) \ y" U{vi), where the ViS are tangent vectors, and J7(wi)'s are disjoint 
subsets of U{v). Conversely, any set U{v) \ [SlU{vi) as above, is a countable 
increasing union of elements in £ . 

From this and Lemma [7.161 one deduces 

Lemma 7.17. Let p, p' he any two Borel measures on T . If p{U{v)) = p'(U{v)) 
for any tangent vector v, then p = p' . 

7.3.6. Every complex Borel measure is Radon. Finally we prove that 
every complex Borel measure is Radon: 
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Proof of Proposition 17. 1^^ It suffices to show that every positive Borel 
measure p on T is Radon. FoUowing the proof of Theorem 7.8 in jFoj we can 
associate a positive Radon measure p' to p as fohows: 

fi{U) := supjy" Lpdp ; ip G C(T), < (yS < 1, supp(^ C C/| , 

for U open and p' {E) := mi{p'{U); E C U, C/open} for any Borel set E. We claim 
that p' — p. Consider a tangent vector w at a point t G T. First assume that v 
is not represented by the root tq. Pick a sequence {Tk)f in T, decreasing to r, 
and such that represents i? for all k. Choose nondecreasing continuous functions 
Xk ■ [t, Tk] [0, 1] such that Xk^r) = and Xkirt) = 1. Then define ipk : T [0, 1] 
by ipkicr) :— Xk{<^ A Tk) if cr > r, and ipk{o') = otherwise. Using Corollary 17.91 
we see that ipk is weakly continuous, Moreover, < < 1, suppiy9fc C U, and 
ipk increases pointwise to the characteristic function of U{v) as fc — s- oo. Monotone 
convergence gives 

p{U{v)) = lim / ipkdp^ p'{U{v)). 



k — >oci J 'J- 

A similar argument shows that p{U (v)) — p' {U {v)) also when v is represented by tq. 
In view of Lemma 17.171 we conclude that p ~ p' . Hence p is a Radon measure. □ 

7.4. Functions of bounded variation 

Our objective now is to define a space J\f of functions that can be naturally 
identified with the space M. of complex Borel measures. The elements in M are 
functions of bounded variation. These functions are defined and studied in a way 
similarly to the classical case of the real line, but some details turn out to be trickier 
because of the branching in the tree. 

Unless otherwise stated, (T, <) will denote a rooted, nonmetric tree (not nec- 
essarily complete) and tq its root. Recall that, by convention, the ends of T are 
the maximal elements of T. In particular, the root tq is not an end. 

7.4.1. Definitions. Consider a function / : T ^ C. Let us define what it 
means for / to be of bounded variation, taking into account the (possible) branching 
in T. If F is a finite subset of T, let F^ax be the set of maximal elements of F and 
write a )^ T when a,T d F and a is an immediate successor of r in F, i.e. cr > r 
and there is no a' € F with t < a' < a. Given a function / : T — > C and a finite 
set -F, define the variation of f on F by 



/(r)-E/('^^ 



(7.9) 



V{f;F):^ ^ 

if i^max = F then we declare V{f; F) = 0. 

Remark 7.18. In contrast to the unbranched case, it can happen V{f;F) > 
V{f; F') when F C F' . Indeed, let T he a rooted, nonmetric tree having exactly 
two ends t±. Let F — {tq, r+} and F' — {tq, r+, r_}. Define / :T-^Cby/ = 
on T\ {t+,t_} and /(t±) = ±1. Then V{f;F') = but V{f-F) = 1. 

However, we have 

Lemma 7.19. Let (T, <) be a nonmetric tree and let F <Z F' he finite subsets 
ofT such that all the maximal points in F' belong to F . Then V(f; F) < V{f; F'). 
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Proof. By induction it suffices to consider the case when F' = FU{t'}, where 
r' is not a maximal element in F' . First assume r' is not a minimal element of F' . 
Then r' has an immediate predecessor t £ F. Let E' (E) be the set of immediate 
successors cr of r in F such that t' <^ a (r' < a). Then we have 

V{f;F')-V{f;F)= f(r)-fir')~Y.f + /(^') - E / " 

E' E EUE' 

which is nonnegative by the triangle inequality. The case when r' is a minimal 
element of F' is similar, but easier, and left to the reader. □ 

Definition 7.20. A function / : T ^ C is of bounded variation if 

TV{f):=snpV{f;F)<^. (7.10) 

F 

We call TV{f) the total variation of / (on T). 

Clearly a function / : T ^ C is of bounded variation iff Re / and Im / are. 
Notice that a constant function is not necessarily of bounded variation. In fact, the 
constant function 1 is of bounded variation iff T is finite. 

If / : T ^ C has bounded variation, then so has the restriction of / to any 
subtree S and TV{f\s) < TV{f). 

If T is totally ordered (i.e. has no branch points), then we have TV{f) = 
sup^" |/(Ti+i) — ,f{Ti)\, where the supremum is taken over all finite, strictly 
increasing sequences (r^)" in T. In particular, if T is a real interval, then the 
definition above coincides with the classical definition. 

7.4.2. Decomposition. On the real line, any bounded decreasing function 
is of bounded variation, and it is a standard result Fo, Theorem 3.27] that any 
real-valued function of bounded variation is in fact a difference of two nonnegative, 
decreasing functions."^ 

In order for these results to generalize we have to interpret "bounded" and 
"decreasing" in a way that reflects the branching. Let us declare a finite subset E 
of T to be without relations li a t whenever cr,T £ E. 

Definition 7.21. We say that 

(i) a function / : T ^ C is strongly bounded if sup^ | / | < oo, where the 
supremum is taken over finite sets E without relations; 

(ii) a function / : T — > R is strongly decreasing if /(r) > X^e / whenever E 
is a finite set without relations and t < a for all a £ E. 

Remark 7.22. The condition in (i) is equivalent to sup^; J2e I/I < |Rul 
Lemma 6.3]. Also, any nonnegative strongly decreasing function is clearly strongly 
bounded. 

Lemma 7.23. The following properties hold: 

(i) any function / : T — > C of bounded variation is strongly bounded; 

(ii) any strongly bounded and strongly decreasing function f : T R is of 
bounded variation. 

The proof is given in Section [7.4. 61 below. 



^FoIIand IFol works with increasing functions but the theory is completely analogous. 
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Corollary 7.24. The support of a function of bounded variation (i.e. the locus 
where it is nonzero ) is contained in the completion of a countable union of finite 
subtrees. 

Proof. If / is has bounded variation, Lemma f7. 231 and Remark |7. 221 give us 
C > such that |/| < C for any finite set E without relations. Thus the 
smahest subtree of T containing the set {|/| > n^^} has at most Cn ends. □ 

Next we introduce an auxihary function that plays the same role as the total 
variation measure associated to a complex Borel measure. 

Proposition 7.25. Suppose T is complete, and consider a function / : T — > R 
of bounded variation that vanishes on T \ T° . Define the total variation function 
[0,(»[ by 

Tf{T)^TV{f\{,>r})- (7.11) 
Then the three functions T f , Tf + f and Tf — f are nonnegative, strongly decreasing 
functions on T and vanish identically on T \ T° . 

As f — \{Tf + /) — 5(27 — /), we obtain the following decomposition result: 
any function of bounded variation is the difference of two functions in the convex 
cone of nonnegative, strongly decreasing functions on T, vanishing on T \ T° . 

Proof of Proposition 17. 2fn Let us start with the function Tj + /. It is 
clearly nonnegative and nonincreasing. Our conventions imply that + / = on 
T\T° . Let us show that Tf+f is strongly decreasing. Consider any finite set E C T 
without relations and t £ T such that t < a for every cr G E. Let e > and for 
every a G E pick a finite subset Fcr C {cr' > a} such that Tf{a) < V{f; F^) + e/n, 
where n is the number of elements of E. Set F = {r} U UcreB Pa- Then we have 

Tf{r) + /(r) - Y.{Tf + f) > V{f- F) ~ ^(/^ " ^ = 

E a-eE 

Letting e — s- we conclude that the function Tf + f is strongly decreasing. 

As T_/ — Tf, this also shows that Tf — / is strongly decreasing and non- 
negative. Finally 2T/ = (Tf + f) + {Tf — /), thus Tf is also strongly decreasing 
and non-negative. This completes the proof. □ 

7.4.3. Limits and continuity. If u is a tangent vector at some point r e T 
then we say that a sequence (t^)^ converges to r along v if Tk represent v for all 
k and ]t, t^] form a decreasing sequence of segments with empty intersection. 

If / is a complex-valued function on T and w is a tangent vector then we say 
that / has a limit along v if there exists a number a S C such that /(rfc) a for 
all sequences {Tk)f^ converging to r along v; we then write f{v) = a. If r 7^ tq, 
then we define f{T—) = f{v), where v is the tangent vector at t represented by tq 
(assuming f{v) exists). For convenience we also define f{To — ) = /(tq)- Let us say 
that a function / : T ^ C is left continuous at t ^ tq if fij—) — f{T). A function 
/ is left continuous if it is left continuous at every point t ^ tq. 

Lemma 7.26. If f : T s- C has bounded variation, then f{v) exists for every 
tangent vector v. 



Proof. If t g T, then the restriction of / to the segment [to,t] has bounded 
variation, allowing us to invoke the corresponding result on the real line, see jFol 
Theorem 3.27]. □ 
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Next we wish to introduce a number measuring roughly the discontinuity at a 
point of a function of bounded variation, in a way that reflects the tree structure. 
In the case of the real line, this number equals the absolute value of the difference 
between the left and right limits at a point, and can be used to prove that a function 
of bounded variation has at most countably many discontinuities. Note that on a 
general tree, a function of bounded variation may have uncountably many points 
of discontinuity in the usual sense. 

Proposition-Definition 7.27. Suppose f : T ^ C has bounded variation. 
Then for each t G T, the series '^^jf^xr /(^) absolutely convergent. In particular, 
there are at most countably many tangent vectors v at t for which f{v) ^ 0. 

We can hence set 



where the sum is over all tangent vectors v at t not represented by tq. 
Recall that we defined /(tq— ) = /(tq)- 

Proof. Fix r g T and pick an arbitrary finite set V of tangent vectors at r, 
none represented by the root tq. Fix e > 0. For each of these vectors, choose a 
representing element u > r, sufficiently close to r so that \ f{v) — f{o')\ < s. We have 
\f{'^)\ — \f{'^)\ + The collection of {a} defines a set without relation, 

and / is strongly bounded, thus ^ \f{v)\ < S + effV , where _B > is independent 
on the choices of tangent vectors (and on r also). By letting e tend to zero, we 
conclude ^ \f{v)\ < B. This implies that \f{'^)\ absolutely convergent. □ 

Lemma 7.28. Suppose f : T —t C has bounded variation. Then, we have 
d{T] f) — for all but countably many points t, and the series X^reT '^(''"' /) 
absolutely convergent; in fact X^tsT — TV{f). 

Proof. Fix e > and consider any finite subset Z (iT such that dij; /) ^ 
for all T £ Z . For each r G Z, pick finitely many points ri, . . . , r„ close to t with the 
following properties: ti < t and ri < t unless t — tq; ti > t for 2 < i < n and these 
Ti's represent distinct tangent vectors at r; |/(ti) — ^2 /('^O ~ ^.{t; f)\ < e\d{T; f)\. 
We may assume that the sets {ri, . . . , r„} are disjoint as r varies over Z. Let F 



be their uniom then Yrez < (1 - £y^V{f;F) < (1 - e)-^TV{f). We 



7.4.4. The space Af. We are now in position to define the first space of func- 
tions that can be identified with complex Borel measures. Assume that the rooted, 
nonmetric tree (T, <) is complete. Let T° be the set of nonmaximal elements of T 
(i.e. the points of T that are not ends). 

Definition 7.29. We let Af be the set of functions / : T ^ C of bounded 
variation such that / is left continuous at any point in T" and / = on T \ T°. 

Definition 7.30. We let A/""*" be the set of nonnegative, strongly decreasing 
functions on T, which are left continuous on T° and vanish on T \ T°. 

Notice that Af^ C Af, thanks to Lemma f7. 231 and that Af^ is a convex cone. 
We shall prove the following crucial decomposition result (see Proposition [OH- 




(7.12) 



V 



conclude by letting e ^ 0. 



□ 
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Proposition 7.31. For any f e Af, the function Tf{T) := TF(/|{o->r}) is left 
continuous, and the functions Tf , Tf + f and Tf — f belong to . 

We can thus write any real-valued function in M as the difference of two func- 
tions in A/""*", / = \{Tf + /) — \ {Tf — /). This decomposition is called the Jordan 
decomposition of f . 

We shall later see that this decomposition f = f+ — f-, f± E Af^ is unique if 
one imposes TV{f) = TV {f +) + TV {f -) (see Proposition [7^ . 

We can equivalently view Af as the space of left continuous functions of bounded 
variation on the subtree T° . In fact, this point of view is natural in many situations 
when T is the valuative tree V and T° the subtree Vqm of quasimonomial valuations. 
The equivalence follows from 

Lemma 7.32. Let f : T° C be a function of bounded variation. Extend f to 
T by declaring /|t\T° 0. Then f : T ^ C also has bounded variation. 

Proof. Pick any finite subset F' C T. Set F := F'nT° and let E be the set of 
points in F that are not maximal elements of F' but have no immediate successors in 
F. Then = + I/I- Here the first term is bounded by Tt/(/|r°) 

and the second term is uniformly bounded in view of Lemma l7.23l (i). □ 

In the sequel we shall often consider the functions in J\f as defined only on T°. 
However, it is important to notice that the norm TV{f) of / G A/" is defined as the 
total variation of / as a function on the complete tree T. 

Notice that the functions in J\f are not necessarily left continuous at the ends 
of T but they do have left limits there in view of Lemma r7.26l 

Proposition 7.33. {Af,TV) is a normed, complex vector space. 

Proof. That A/" is a complex vector space is obvious, as are the facts that 
TViXf) = XTVif) for A e C, / e Af, and TVif) = iff / = 0. Finally, if A, ^ G 
Af, then for any finite subset F C T we have V{fi + f2] F) < V{fi;F) + V{f2]F) 
by the triangle inequahty. Hence TV{fi + f2) < TVifi) + TV(/2). □ 

We shall later see that the norm TV{-) is complete, so that Af is in fact a 
Banach space (see Corollarv l7.39|l . 

7.4.5. Finite trees. The total variation TV{f) of a function / : T ^ C 
captures both the variation of / along segments of T and the discontinuities of / 
at branch points. This assertion can be made precise as long as we deal with finite, 
complete trees and functions in the space Af: 

Proposition 7.34. Assume that T is complete and finite. Let B C T° be any 
finite subset containing all the branch points of T and letX be the set of connected 
components of T \ B. Then for any f E Af we have 

res /el 

Remark 7.35. It is important that / be zero on the ends of T. Indeed, let T 
be a rooted, nonmetric tree having two ends t± and one branch point r'. Define 
/ : T ^ R by /| = 0, and /|],,^,^] = ±1. Then TV{f) = 1, but if B = {r'}, 
then the right hand side of (|7.13|) is zero. 

In view of this remark, the proof of this proposition, which is given below, is 
trickier than might be expected. 
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7.4.6. Proofs. We end this section by supplying the proofs of various asser- 
tions above. 

Proof of Lemma [7.231 First suppose / : T ^ C has bounded variation. 
Pick any finite subset E without relations and not containing the root tq, and set 
F = EU{to}. Then I /I < i^) + |/(to)| < ry(/) + |/(to)| < oo so / is 
strongly bounded, proving (i). 

As for (ii), suppose / : T — > R is strongly bounded and strongly decreasing. 
Set C — inffiX^fi/i where E runs over all finite subsets without relations. Then 
C > — oo as / is strongly bounded. We claim that TV{f) — /(tq) — C. To see this, 
first pick any e > and choose E finite without relations such that f < C + e. 
As f is strongly decreasing, we may assume that tq ^ E. Set F = E U {tq}. 
Then TV{f) > V{f- F) > /(tq) - C - s, hence TV{f) > /(tq) - C when e ^ 0. 
For the converse inequality, consider any finite subset F d T. Let us show that 
V{f;F) < /(to) - C. We may assume that tq € F as V{f;F) < V{f;FU{To}). 
Let E be the set of maximal elements in F. Then E is without relations and 



Ti£F\F^ 

where F^ stands for the set of immediate successor of r in F. This completes the 
proof. □ 

Proof of Proposition 17.311 In view of ProDOsition l7.25l it suffices to show 
that the function Tj defined in H7.11(l is left continuous. 

For this, pick any t T, t ^ tq. Suppose Tf{T—) > Tf{T) and fix e > 
with < 3e < T/(t-) - T/(t). Pick r' < t such that \f{a) - /(t)| < e and 
Tf{a) > Tfir) + Se for all a e [r', r[. 

We shall construct a strictly increasing sequence t„ g [t',t[ converging to 
r, and finite sets Fn C {a ; a > Tn,(J such that F(/;F„) > e and 

r„+i e F„. This implies F(/;Ui -F^) > Ei ^(/;^^), thus TV{j) > T/(/;Ui ^0 > 
X^i ^(/; -^i) ^ "-^i which gives a contradiction as n oo. 

We define r„ and F„ by induction. First set ti :— r'. Given r„ € [t',t), let 
us show how to construct F„. First pick a finite subset F.^ of {a > r„} such that 
V{f; F^) > T/(t) + 2£. Pick any end f in T with f > r. As / vanishes on T\r°, we 
have /(f) = 0, so that we may assume that f e F^. By Lemma lY. 191 we may then 
also assume that t € F^. In addition, we may assume that F^ contains a point 
such that r„ < < T and F^ f] {a > r^} = F^ n {a > r}. Let Fn ^ F^\{a > t} 
and = i^;, n {a > r}. Then V{f; F'^) = V{f- K) + |/«) - /(r)| + F(/; i^')- 
Since -^^C/; F^') < T/(t) and |/«) - /(t)| < £, this gives V{f; F„) > e. 

Finally we set t„+i := r/j(= maxF„ n [T',r[). It is clear that F„ C {cr ; cr > 
Tn,a ^ Tn+i}, and that t„+i belongs to Fn- This completes the inductive construc- 
tion of Tn and Fn and ends the proof. □ 

Finally we address the formula for the total variation on a finite tree. 

Proof of Proposition 17.341 Fix e > 0. For each open segment I e I pick 
a finite set F/ C / such that V{f; F/) > TV{f\i) ~ e. 

For a point t £ B, denote by F^ the set of points cr > r in IJ^ F/ such 
that [r, CT[nF/ is empty. This set consists of minF/ for the segments / for which 
niin I = Tq. As any segment / is totally ordered, one can add to Fj points arbitrarily 
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closed to mini. One can therefore assume |(i(r; /) — V{f; Ft U {t})| < e. Declare 
F to be the union of B and all the i^/'s, and define r := maxjcr g F^, cr < r} for 
any t ^ B. We then have 

TVif) > Vif; F)^J2 ^(/; + E ^(/; Pi) + E ^ /Ml ^ 
res /Gl res 

> |d(r; /)| + ^ rV^(/|,) - {2\B\ + \I\)s. 
tgb lei 

Letting e 0, we get TV{f) > Y.reB /)l + E/ei 

Conversely, pick a finite set F such that V{f\ F) > TV{f) — e. As f vanishes 
at the ends of T, we can suppose F contains all ends of T. For each point t E B, 
and each segment / containing r in its boundary, pick a point tj € I closed enough 
to T such that |/(t/) — f{vi)\ < e. Here vj denotes the tangent vector represented 
by / at T. When vj is represented by the root, we let as above r := r/. As / is left 
continuous, one can assume |/(t) — /(t)| < e, for all t G B. Otherwise, we denote 
by Ft the union of all r/ > t. 

By Lemma 17.191 we can add all points t E B and tj to F, this may only 
increase V{f; F). Define Fj := F n L Then 

TVif) < e + Vif; F)=e+J2 Vif'^ Ft) + J] Vif; Fj) + |/(t) - /(t)| < 

teb lex teb 

<Y.\di^-^f)\+T.FVif\i) + i^ + M)e, 
tgb lei 

where M is the sum of the number of branches at all points in B. We conclude the 
proof by letting e ^ 0. □ 



7.5. Representation Theorem I 

We are now ready to relate complex Borel measures and normalized functions 
of bounded variation. 

Theorem 7.36. Let (T, <) be a weakly compact, complete, rooted nonmetric 
tree."^ Then for any complex measure, the function Ip — fp : T° C defined by 

/p(r) := p{cT > r} (7.14) 

belongs to Af. Moreover, the map 

I:iM,\\-\\)^iM,TV), 

is an isometry and restricts to a bisection between the set of positive measures M.'^ , 
and 7V+ . 

When f e N , we shall denote by df the unique complex Borel measure such 
that lidf) = f. 

Remark 7.37. If T = [l,oo], with the natural parameterization aix) = x, 
then df = —df/dx. 



For instance a complete, parameterizable, rooted nonmetric tree. 
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If t/ is a tangent vector not represented by tq, then U (v) is a countable decreas- 
ing intersection of sets of the form {a > t}; and if v is represented by tq, then 
U{v) is the complement of a set {a > r}. By regularity of Borel measures, we 
immediately obtain 

Proposition 7.38. Pick f e TV, and p e M such that p = df. Then 

(i) p{(T > t} ~ fir) for every t G T°; 

(ii) pU(v) = f{v) for every tangent vector v not represented by tq; 

(iii) pU{v) = /(tq) — f{v) for every tangent vector v represented by tq; 

(iv) p{t} ~ d{T; /) for every t <eT° . 

Since M. is complete in the norm || • || we also infer 
Corollary 7.39. {N,TV) is a Banach space. 
We split the proof of the theorem into three parts. 

7.5.1. First step. We show that p £ A4 (resp. in A^ + ) implies Ip E Af (resp. 
in J\f^) for any complex Borel measure; and I : A4 ^ Af is injective. 

Write / = fp, i.e. /(r) = p{a > r} for any r G T°. Let us show that / 
is left continuous and of bounded variation. After decomposing p into real and 
imaginary parts, and further into positive and negative parts, we may assume that 
/5 is a positive measure. We need to show that / is left continuous and strongly 
decreasing. That / is left continuous is easy to prove: if increases to t then 
p{a > Tk} decreases to p{a > r}. To see that / is strongly decreasing, consider a 
finite subset E oi T without relations and r G T° with t < a for all a G E. Then 
the subsets {a' > a}aeE are mutually disjoint and contained in {a > r'}, implying 
that /(r) > J2e /' ^^^^ f is strongly decreasing. This shows that / sends Ai, 
to Af, Af~^ respectively. 

To prove the injectivity of /, suppose Ip = Ip' for some Borel measures p, p' . 
Then p{a > r} = p'{a > r} for any r e T, thus p{E) — p'{E) for any element of 
the elementary family £ defined in Section [7.3. 51 And p = p' by Lemma 17.161 Thus 
/ is injective. 

7.5.2. Second step: from functions to measures. Given / e Af^ we 
shall find a positive Borel measure p E AA such that fir) — p{cr > for any 
T G T°. This shows that / : AA^ Af^ is surjective, hence bijective. Note that 
this imphes I : Ai ^ to he surjective too. Indeed, if / belongs to A/", we may 
write / = Re(/) + zlm(/). In view of Proposition l7.31l Re(/) and Im(/) are both 
differences of elements in A/""*", thus lie in the image of /. Hence so does /. 

So pick / G J\f^. Recall that this means that / is nonnegative, left continuous, 
strongly decreasing, and vanishing on T\ T°. To construct the positive measure p, 
we proceed as on the real line (see |Fo[ Section 1.5]), with suitable adaptations to 
our setting, using the elementary family £ and the algebra A from Section 17.3.51 
First define p as a function on £ by 

p{a > T, (T ^ Tfe} = /(t) - ^ /(Tfe). 

k 

As / is strongly decreasing, p is nonnegative. Recall that an element E of the 
algebra A is a finite disjoint union [jEi of elements in £. We can therefore try to 
extend p to ^ by declaring p{E) = J^Pi^i)- ^ priori, this is not well-defined, as 
the decomposition of E into elements of £ is not unique. However, as in the proof 
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of Proposition 1.15 in |Foj . if E = [j Ei = [j Fj arc two decompositions, then it is 
easy to see that PiEr) = E^,J p[E^ n F,) = Y., p[Fj). 

Hence p is weh defined on A. We claim that it defines a premeasure on A. 
Clearly p is finitely additive. It remains to show that if {Ei)'f is a disjoint sequence 
of elements in A such that E = {_]Ei <E A, then p{E) = J2iPiEi)- By finite 
additivity we may assume that E Cz £, and we have 

u Ej +p\^E\[jEj>p Ej = j2 pi^^y 

Letting n ^ oo yields p{E) > P(Ei)- For the converse inequality, fix e > 
and write E = {a > t, a ^ t^} and Ei = {a > Ti, a ^ '''ij}- For each fc, one can 
pick ffe G ]r, rfc[ such that < f{fk) — f{Tk) < e2^^ as / is left continuous. The set 
K := {a >T^ a ^ ffe} is then a compact set included in E, and as / is decreasing 

p{K) > p{E) - J2ifih) - f{rk)) > p{E) - e. 

Similarly, for each i pick ft < ti such that < /(fi) — /(t^) < e2~*. Again this is 
possible, at least as long as is not the root tq. If ti = tq for some (unique) i, then 
we set fi — Ti — To- The set Vi :^ {a > f i, a ^ Tij} is then an open set containing 
Ei, and 

pm < p{E,) + [fin) - Jin)) < p{E,) + e2-\ 

The compact set if can now be covered by finitely many of the open sets Vi, say 
by Vi , . . . , Vat . This gives 

N oo 

p{E) < p{K) + s<Y, PiVi) + £ < E P(^^^ + 
1 1 

Letting e ^ we conclude that p{E) < J2 p{Ei), implying that equality holds. 

Thus p is a premeasure on A. By Lemma l7.16l it extends uniquely to a positive 
Borel measure p which obviously satisfies Ip = f. 

7.5.3. Total variation. To complete the proof of Theorem 17. 361 we now show 
that d : N ^ M. preserves the norm. Thus pick any f ^ N and write p — df £ M. 
We must show that the total variation of / equals the total mass of p. 

Let Tf -.T" ^ [0, oo) be the function defined in f7TT| . i.e. T/(t) = TF(/|{<,>^}). 
By Proposition l7.31l T/ belongs to . Therefore there exists a positive measure 
p' ■= d{Tf) such that r/{r} = p'{a > t} for all t € T°. We shall prove that 
p' = \p\, which implies TV{f) = p'{T) = p{T) = ||p||. 

Consider t £ T°, fix e > 0, and pick a finite set F C {(J > t} such that 
Tfir) < V{f; F) + e. Following the notation in H7.9(l we have 



V{f;F)= E 



f{r)-Y.f{a) 



= E \pW>r.^'t^}\<\p\W>r}. 

After letting e we conclude that p'{a' > t} = T/(r) < \p\{(j' > t}. This 
implies that p'{E) < \p{E)\ for aU E e£,so that p' < \p\ by Lemma 171^ 

Let us now show that \p\ < p' . First consider a set E in the elementary family 
£, i.e. = {(T > r, fj ^ t^}. It is then clear that 

\pm = i/(r) - E < iT/(r) - E^/(^oi = /^'(^)- 
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Next consider a connected open set U. By Remark |7. 1 II there exists a countable 
increasing sequence {Ei)f^ such that Ei G £ and IJ Ei = U. Thus 

\p{U)\ = lim\p{E,)\ < limsnp p'{E,) = p'{U). 

This easily implies that < p'{U) for all (not necessarily connected) open sets 

U. Finally consider an arbitrary Borel set E. Since p and p' are Radon measures 
we may find a decreasing sequence {Uj)f of open neighborhoods of E such that 
limp(C/j) = p{E) and limp'iUj) = p'{E). This gives \p{E)\ < p'{E). By the 
definition of the total variation measure, we conclude that \p\ < p' . 

This ends the proof of Thcorcm l7.36l 

For further reference we note that we proved 

Proposition 7.40. For any junction f G M, the total variation measure of df 
can be computed as follows: 

\df\=diTf). (7.15) 

7.6. Complex tree potentials 

We now turn to the second type of functions that will be identified with complex 
Borel measures. They are slightly more complicated to define, and their relationship 
to measures is less direct, but they are the functions that appear most naturally 
in applications. Their analogues on the real line are (normalized) antiderivatives 
of functions of bounded variation, and we shall define them accordingly also in the 
tree setting. 

In this section we work with a complete, rooted, nonmetric tree (T, <) and a 
fixed increasing parameterization a : T [l,oo] of T. While the parameterization 
was not important when studying functions of bounded variation, here we must fix 
a choice. We require that a be increasing and a{To) = 1, where tq is the root of T. 
As before, denote by T° the ends of T, i.e. the set of nonmaximal points in T. 

7.6.1. Definition. Recall the Banach space Af defined in Section [7.4.41 its 
elements are complex- valued, left continuous functions on T° of bounded variation. 
The norm TV{f) of / G A/" is the total variation of the extension of / to T obtained 
by setting f = onT\T°. 

As in Section l3. til we need to integrate with respect to the parameterization a. 
Fix do < o"! G T and write ai — a{ai) for i — 0,1. For t G [ao, ai], define at to be 
the unique element in [cro,cri] such that a{at) — t. For any measurable function / 
on T, set Q f{a) da{a) Q /(a,) dt. 

Definition 7.41. A function g : T° ^ C is a complex tree potential if there 
exists a function f : T° ^ C such that f E Af and 

9{r)^firo)+ r fia)daia) (7.16) 

J To 

for any r G T°. We shall write f — 6g , and g = If, when /, g are related by H7.16|l . 
We denote by V the set of all complex tree potentials. 

Notice that / appears both in the constant term and in the integrand. Also 
note that f = Sg is uniquely determined by g: 

/(to) = giro) and /(r) = ^(r) lim ''^j^j ~ for r ^ r,. (7.17) 
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Definition 7.42. We refer to |^ as the left derivative of g. 

It is clear that V is a. complex vector space as A/" is. Moreover, I : Af ^ V is a 
bijection. li g gV, we may thus define a norm on V by :— TV{Sg). It is clear 
from the definitions and CoroUarv 17. 391 that 

Proposition 7.43. The set {V,\\ ■ ||) is a Banach space and the mappings 
I : J\f V and 6 :V ~* M defined by (I7.16() and (|7.17|l are isometric isomorphisms. 

Define the support of a complex tree potential g to be the smallest subtree S 
of T such that g is constant on any segment in T disjoint from S. We obtain from 
Corollary [721 

Corollary 7.44. The support of any complex tree potential is contained in 
the completion of a countable union of finite subtrees. 

Remark 7.45. The definition of a complex tree potential is a bit indirect. It 
is possible to give an equivalent, more direct definition by saying that g € V iS: 

(i) the restriction of g to any segment [to,t] admits a left-derivative at all 
points; 

(ii) the function / given by H7.17|l is left continuous and has bounded variation. 

7.6.2. Directional derivatives. Consider a function g : T" C. and pick 
a tangent vector w at a point r G T°. We define the derivative of g along v (when 
it exists) by 

n gin) - gjr) 

Dug = lim TTT 

fe^oo \a[Tk) - a{T)\ 

for any sequence (t^)^ converging to t along H. Note that if v is represented by 
To, then D^g = where ^ is the left derivative as in (|7.17|) . It is then clear 

from Lemma 17.261 that 

Lemma 7.46. If g <E V is a complex tree potential, then D^g exists for every 
tangent vector v; in fact Djjg = {Sg)(v). 

Next we define the analogue of the quantity d(r; /) for / e A/" defined in H7.12|l . 
Namely, if g is a complex tree potential, then we set 

Mto; g) = giro) - Dijg and A{t; g) = - ^ D^g for t ^ tq. (7.18) 

vGTto vETt 

Note that this makes sense as the series J^veTr Dv9 for any t e T° is absolutely 
convergent thanks to Proposition 17. 271 Lemma l7 . 281 immediatelv implies 

Lemma 7.47. Let g : T° C be a complex tree potential. Then A(r; /) = 
for all but countably many points t, and the series X^reT ^(''"i 5) absolutely 
convergent; in fact J^reT I^t'-, 9)\ < llffll- 



7.7. Representation Theorem II 

We can now state the relation between complex tree potentials and complex 
Borel measures. 
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Theorem 7.48. Let (T, <) be a complete, rooted nonmetric tree equipped with 
an increasing parameterization a : T [l,oo] such that a(To) = 1. Then for any 
complex Borel measure, the Junction gp : T° C defined by 

gp{T) = j^a{cj hT)dp{a) (7.19) 

is a complex tree potential, and 

{M,\\-\\)3 p^gpe{V,\\-\\) 

is an isometry. When g G V , we shall denote by Ag the unique complex Borel 
measure such that g^g — g. 

Definition 7.49. We call A the Laplace operator; if g is a complex tree po- 
tential, then Ag is the Laplacian of g. Given a complex Borel measure p G M, the 
function gp in (|7.19|l is called the potential of p . 

The following formulas relate a complex tree potential and its Laplacian. 

Proposition 7.50. Let g e V, and p e M such that p Ag. Then 

(i) pW >t} = -jf (t) for every t e T°; 

(ii) p{U{v)) — D^g for every tangent vector v not represented by tq; 

(iii) p{U{v)) — Dfjg + g{TQ) for every tangent vector v represented by tq; 

(iv) p{t} = A(r; g) for every t € T° . 

Proof of Theorem I7.48L For any complex measure p it is easy to check 
from fmil and (TTlilll that gp = Ifp and fp = 5 gp. As ^ : ("P, || • ||) ^ {N ,TV) is 
an isometry, Theorem 17.481 follows from Theorem 17.361 □ 

Remark 7.51. In the absence of branching, A reduces to the usual Laplacian 

,2 

on the real line: if T = [l,oo] is parameterized by a{x) = x, then A = —-^j^- 

Remark 7.52. Our definition of A also generalizes the Laplace operator on 
(rooted) simplicial trees as presented in e.g. jCarj . 

To see this, we make use of the discussion in Section 13.1.71 We hence view 
a rooted simplicial tree as a rooted (nonmetric) N-tree 7n and equip it with its 
canonical parameterization a : 7^ — > N with a(ro) = 1. Let 7r be the associated 
rooted nonmetric R-tree obtained by "adding edges" . Finally let T be the comple- 
tion of Tr, (if 7n is finite, then T = Tr,)- We view 7n as a subset of T and equip 
T with a parameterization a : T — )■ [1, oo] extending the one on Tn. 

Any complex valued function g : 7n — *■ C extends uniquely as a function 
g : T° C which is afhne (in the parameterization a) on the edges of T° . 

If 7n is finite, then g is always a complex tree potential whose Laplacian Ag 
is atomic, supported on 7n, and 

^9{r} = - E - a{r)) iir^rn (7.20) 

A.9{ro} = .9(ro) - ^ {g{a) - gir^)) (7.21) 

Here the sums are over all a G 7n adjacent to r and tq, respectively. 

If 7n is infinite, the situation is more complicated. Suffice it to say that g is 
a complex tree potential on T if the quantities in the right hand sides of (|7.2()|l 
and H7.21|l are all nonnegative. In that case the Laplacian Ag is a positive measure 
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on T whose restriction to T° is a sum of (at most) countably many atoms at points 
in Tn- The masses at these points are still given by ((Z2IIll-(IZ2Ill- It is quite 
possible, however, for Ay to be nonzero and even nonatomic on T \ T° . 

7.8. Atomic measures 

A measure p G is atomic if p = X)J=i '^jT? ' where n < ao, Cj G C and Tj E T 
(recall that we identify a point in T with the corresponding point mass in A1+). 
The representation Theorems 17.361 and 17.481 immcdiatclv yield 

Proposition 7.53. Pick f e Af. Then df e M is atomic iff there exists a 
finite subset F G T containing the root tq, such that: 

(i) / is zero outside the finite tree UtG-fI^O' ^]'' 

(ii) / is constant on any segment in T not containing any point in F . 

Proposition 7.54. Pick g E V . Then Ag e M is atomic iff there exists a 
finite subset F <Z T containing the root tq, such that: 

(i) g is constant on any segment that intersects the finite subtree UTeFl'^Oj "'"l 
in at most one point; 

(ii) g is an affine function of the parameterization a on any segment in T not 
containing any point in F in its interior. 

7.9. Positive tree potentials 

Our next goal is to describe the image of the set of positive measures respec- 
tively in the set of functions of bounded variation, and in the set of complex tree 
potentials f Theorem 17.591 below) . 

In fact, we have already identified functions / G A/" giving rise to positive 
measures df G Al"*" as belonging to the cone of nonnegative, left continuous, 
strongly decreasing functions on T° fTheorem l7.36|) . 

7.9.1. Definition. We now wish to describe the preimage of A^+ in V under 
the Laplace operator. 

Definition 7.55. A function g : T° — > R is called a positive tree potential, or 
simply tree potential (on T), if the following conditions are satisfied: 

(PI) g is nonnegative, increasing, and concave along totally ordered segments; 

(P2) if T ^ To, then Y.^^^r Dv9 < 0; 

(P3) EveTro Dvg < giro). 
We denote by the set of all positive tree potentials on T. 

Note that (PI) implies that the directional derivative D^jg is well defined for 
every tangent vector v at any point t e T°. Moreover, D^jg > except if v is 
represented by tq, in which case D^; = — ^ < 0. Hence the series in (P2) and (P3) 
are well-defined. 

If T e T°, then (P2) and (P3) imply that D^g = for all but countably many 
tangent vectors v G Tt. Moreover, if v is not represented by tq and Dj^g = 0, 
then (PI) implies that g is constant in the open set U{v). Hence conditions (Pl)- 
(P3) are quite strong. 

Proposition 7.56. Every positive tree potential g € P"*" can be written g = If 
for some f G A/""*" (see (|7.16(l ). As a consequence, every positive tree potential is a 
complex tree potential, i.e. C V. 



7.9. POSITIVE TREE POTENTIALS 



153 



Proof. Consider a positive tree potential g E V^. It follows from (PI) that 
the left derivative of g is defined at any point. Thus we may define / : T° R 
by (TTTni) . i.e. /(tq) = g(To) and /(t) = |f (t) for t ^ tq. It then follows from (PI) 
that / is nonnegative and left continuous. We will show that / is also strongly 
decreasing so that / G JV^ C TV. By definition of V, this will show that g is a 
complex tree potential. 

Hence consider a finite, nonempty set E C T° without relations and t e T° 
such that T < a for all a E E. We have to show that /(r) > J2e f ■ 

First assume that cri A(T2 = t for any two distinct elements di, (T2 G E. (This is 
true if E has only one element!) Let V be the set of tangent vectors at r represented 
by the elements of E. Then (PI) implies that J2e f — J2v^^9- t ¥^ then 
we conclude from (P2) that 

E / - /(^) < E ^^^9 -J-{r)<Y. < 0. 

E V ^ Tt 

If instead r = tq, then (P3) gives 

E / - /(^) ^ E ^-^5 - '^(^o) ^ E ^-9 - 5(^0) < 0. 

E V Tt 

In the general case we proceed by induction on the number of elements in E. 
By the previous step we may assume that there exists t' > t and a decomposition 
E = E'UE", where E' and E" are disjoint, E' has at least two elements {E" could 
be empty), (j[ A a'2 — t' for all distinct elements (Ji,<J2 E E', and a' A a" < t' 
whenever a' E E' and a" E E" . Then E" U {r'} has no relations and by the 
inductive hypothesis and the first step we obtain 

/(r)>/(r') + E/>E/ + E/ = E/- 

E" E' E" E 

This concludes the proof. □ 

Let us mention here some continuity properties of positive tree potentials with 
respect to the weak topology. 

Lemma 7.57. Any positive tree potential on T is (weakly) lower semicontinuous 
and restricts to a continuous tree potential on any finite subtree. 

Proof. Let / := 5g E 7V+. For each n e N*, define 5„ := {/ > 1/n}. This is 
a finite tree. Set /„ :— 1^^ /, and gn := Ifn- Then (PI) implies that the potential 
gn is continuous on the finite tree iS„. As it is locally constant outside 5„, it is weakly 
continuous on T. The sequence /„ increases pointwise towards /. By integration 
gn increases pointwise to g as rt — )■ 00. Thus g is lower semicontinuous. □ 

However, positive tree potentials are not necessarily continuous as the following 
example on the valuative tree shows. 

Example 7.58. We work in the valuative tree V. Fix local coordinates (x,y), 
set p = X]n>i ''^~'^^y+nx and let g — gp be the associated positive tree potential 
given by H7.16|l . If — Vy+nx,n^i then i/„ v^n weakly but g{i'n) > n 00 > 
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7.9.2. Jordan decompositions. We now show that the three positive cones 
A^+, J\f^ and arc isomorphic and deduce the existence of Jordan decompositions 
of real- valued elements in A4, Af and V. 

Theorem 7.59. The isomorphisms 

d:N ^ M and A : V ^ M 

restrict to bijections 

d:J\f+^M+ and A:V+^M+. 

Proof. The fact that d : 7V+ is a bijection follows from Theorem f7.3t)l 

To prove that A : — > A4~^ is also a bijection, we prove that g G iff / 
belongs to A/'+ where g and / are related by (|7.1()|) . That / belongs to JV^ if 
g <E follows from Proposition 17.561 Conversely, pick / S A/""*" , and define 
g{T) :— /(to) + /^^ f {a)da{a) . As / is non-decreasing and non-negative it is clear 
that g satisfies (PI). By ProDOsition l7.38l fiv). we have d{T\ f) = d/jr} which is non- 
negative as df is a positive measure. Recall from (|7.12|l that c?(t; /) = — YIveTt fi^) 
when T 7^ tq, and = /(tq) - J^veTrfi'^) '^^^'^n r = tq, and that D^g = f{v). 
Thus (P2) and (P3) are satisfied, so 5 e V^, completing the proof. □ 

Using the Jordan decomposition of a real measure into positive measures and 
the isomorphisms in Theorems l?. 3611?. 481 17.591 we infer from the result above: 
Proposition-Definition 7.60. 

• Any real Borel measure p is the difference of two positive measures p = 
p^— p^. These measures are uniquely determined by the condition \\p\\ = 
\\p+\\ + \\p-l 

• Any real-valued function f G JV is the difference of two functions f — 
f + ~ f-, where f± G . These functions are uniquely determined by the 
condition TV if) = TV{f+) + TV{f-). 

• Any real-valued complex tree potential g G V is the difference of two pos- 
itive tree potentials g — g+ — g- , with g± G . This decomposition is 
uniquely determined by the condition \\g\\ = ||<?+|| + Hff-H- 

Any of these decompositions above is called the Jordan decomposition of p, f or g 
respectively. 

Recall that in the case of measures, p+ and p_ are also characterized by the 
fact that their support are disjoint in the sense there are Borel sets E± such that 
p+iE+) = p_{E^) = 1, and p+{E^) = p^{E+) = 0. 

7.10. Weak topologies and compactness 

We have so far considered M and V with topologies induced by natural 
norms on these three spaces. It is important in applications to consider weaker 
topologies, in which these spaces, or at least subspaces of them, are compact. Here 
we shall show how to accomplish this in the cones A^"*", J\f^ and . 

Recall that the weak topology on is defined in terms of convergence: pk 
p iS J If dpk J ip dp for any (weakly) continuous ip on T. 

We define the weak topology on Af^ in terms of convergent sequences as follows: 
/fc — > / iff /fe(ro) /(to), and fk ^ f pointwise on T \ {tq} except at (at most) 
countably many points. Note that this is a well-defined Hausdorff topology as 
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/i = /2 outside countably many points implies /i = /2 on T \ {tq}. A weak limit 
in J\f^ is hence uniquely determined. 

Finally the weak topology on is defined in terms of pointwise convergence: 
gfc -> 5 iff 5fe(r) g{T) for any r € T°. 

Theorem 7.61. The maps 



are homeomorphisms in the weak topology. 

As the set of positive measures of mass 1 is compact, so are its images in 7V+ 
and V'^. This remark has ramifications for the structure of the cones Af^ and "P^. 
Here we only mention an application to positive tree potentials. 

Corollary 7.62. The space of positive tree potentials normalized by (/(tq) = 1 
is compact in the topology of pointwise convergence. Moreover: 

(i) from any sequence (3ri)i° of positive tree potentials such that sup(7„(ro) < 
+00, one can extract a subsequence gn^ converging pointwise; 

(ii) if {gi)i(zi is any family of positive tree potentials, then g = inf ^ is also 
a positive tree potential; 

(iii) if is an increasing sequence of positive tree potentials such that 
sup(7„(to) < +00, then g = sup„ is also a positive tree potential. 

Remark 7.63. As the properties above indicate, positive tree potentials play a 
role similar to that of concave functions on the real line, or superharmonic functions 
on the unit disk in the complex plane. 

Proof. The first assertion is a consequence of the compactness of the set of 
positive measures with bounded mass. The second statement is proved using (Pl)- 
(P3) in the same way as the fact that the family of nonnegative concave functions on 
[0, oo[ are closed under infima. The same is true of (iii). Notice that sup5„(ro) < oo 
implies sup„(7„(r) < Q!(r) sup„ (7(to) < oo for all r G T° . The details are left to 
the reader. □ 

Proof of Theorem FTMl Thanks to Theorems YTM mHl and WIR both 
maps d, A are bijective. To complete the proof, we need to show that these maps 
and their inverses are weakly continuous. For sake of simplicity we shall only prove 
that they are sequentially continuous. We leave to the reader to check that they 
are indeed continuous, using the language of nets, or of filters. 

Let us first prove that d is a homeomorphism. By Theorem 17.361 d is an 
isometry. It is hence sufficient to prove that its restriction to A^"'"(l) the set of 
positive measures of mass 1, induces a homeomorphism onto its image A/'^(l), 
which consists of functions in with /(tq) = 1. The set + is weakly 
compact, and M^{\) is Hausdorff (see above). We thus only need to prove that 
I — d^^ is weakly continuous. 

So consider a sequence of positive measures p„ of mass 1 converging weakly to 
p. Write /„ = Ipn, f = I p. It is clear that /„(ro) = Pn{T} = 1 ^ /(^o)- The 
following result generalizes Proposition 7.19 in (Fo) and exemplifies the idea that 
the quantity c?(t; /) measures the discontinuity of / at r: 



and V 




Lemma 7.64. We have /„(r) -> /(r) for all t eT" with d{T- /) = 0. 
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In view of Lemma 17.281 this result implies that fn ^ f on T° except on a 
countable subset. Thus fn f weakly, which completes the proof that d is a 
homeomorphism. 

To prove that A is a homeomorphism, we proceed in the same way. Note that 
A^^p = .9p = / oi{a A ■)dp{a) for any measure p. It is sufficient to prove that 
9pn ~^ 9p pointwise when Pn ^ p weakly. But for any t G T° , then 

5p„(t) = J a{a /\ t) dpn{a) ^ J a{a /\ t) dp{(j) ^ gp[T) 

since the function a i— > a(cr A t) on T° is weakly continuous fCoroUarv 17.9(1 . This 
completes the proof. □ 

Proof of Lemma r7.64L Fix r e T°, t ^ tq. First pick an increasing se- 
quence Tk < T converging towards r. Let ipk be a continuous increasing function, 
with values in [0, 1], 1 on {cr > r}, and on {a ^ t^}. Then 

limsup/„(T) < limsup / (pkdpn = (fikdp < f(Tk). 

n n J J 

As / is left continuous, we infer limsup/„(T) < /(r). 

Now assume (i(r; /) — 0. Fix e > 0. Pick finitely many tangent vectors 
{vj} at T, not representing tq, such that J^fi'^j) — /(''') ~ ^- Pick sequences 
(Tjfe)^]^ decreasing to r such that Tjk represents Vj for all j, k. Also pick continuous 
increasing functions ipjk with values in [0, 1], 1 on {ct > tj^.} and vanishing outside 
U{v.j). Set ipk = V]k- Then 

liniinf /„(t) > Uminf j Lpk dp,-, = j '^kdp>^ f{Tjk)- 

Letting fc — > oo yields liminf„ /„(t) > fivj) > /(t) — e, so as e — > we obtain 
liminf„/„(r) > /(r). Hence lim/„(r) = /(r) and we are done. □ 

7.11. Restrictions to subtrees 

It is often important in applications to consider the restriction of functions and 
measures to subtrees, as well as extensions from a subtree to the larger tree. 

Let 5 be a complete subtree of T (as T is a rooted tree, we assume that the 
root Tq is contained in S). Denote hy p — ps :T S the retraction map defined 
by Ps{t) := max[To, r] 05 and hy i — : S ^ T the inclusion map. By Lemma lT^ 
and Lemma 17.81 these are both continuous. 

When f : T° ^ [0,cx)) belongs to A/""*", its restriction to S° is an element of 
A/'+ (5) . (Here it is important to regard the elements of A/""*" (S) as functions on S° 
and extend them by zero on S\S°.) Conversely, if / G Af^{S), we may extend it 
to a function in Af~^ by declaring it to be zero outside 5°. Clearly the composition 
^f+{S) N+[T) N+{S) is the identity. 

In the case of tree potentials the situation is only slightly more complicated. 
Let g : T° ^ [0, oo) be a positive tree potential. It is straightforward to verify 
from (P1)-(P3) that the restriction i*g of g to S° is a positive tree potential on S. 
Conversely, if 5' is a positive tree potential on S, then the minimal extension of g 
to T° given hy p*g = g op is a positive tree potential on T. Again the composition 
r+{S) V+{T) V+{S) equals the identity. 
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Finally we consider measures. If p is a positive measure on S, then its push- 
forward i.e. the extension of p by zero, is a positive measure on T. Conversely, 
if p is a positive measure on T, then the pushforward is a positive measure on 
S. This time, too, the composition M^{S) M^{T) M^{S) is the identity. 

Proposition 7.65. All the mappings above are continuous and respect the 
homeomorphisms between , and given by Theorem \7.61\ 

In particular, 7V+(5), r+{S) and M + {S)) are retracts of A/'+(r), V+iT) and 
A^+(T)), respectively. 

Proof. That the mappings respect the isomorphisms is straightforward to 
verify and is left to the reader. It is immediate from the definition of the weak 
topology on 7V+ that the two mappings between A/"^ (T) and {S) are continuous. 
Hence continuity holds also in the cones V'^ and A^+. □ 

Remark 7.66. The image measure ps G A4^{S) of a measure p G A^+(T) can 
be written as 



where Tr and T^t denote the tangent spaces of t in T and S, respectively, and 
where U{v) as usual denotes the open subset of T consisting of points in T \ {r} 
represented by v. 



We have constructed three isomorphic Banach spaces M. , M and V associated 
to a given complete, parameterized tree. In this section we wish to equip these 
spaces with inner products. As we show in Chapter |H1 there are several interesting 
interpretations of these inner products when working on the valuative tree V. First, 
general complex atomic measures on V can be viewed as cohomology classes on the 
voute etoilee, and the intersection product on M agrees with the cup product on 
cohomology. Second, positive atomic measures p on V with integer coefficients 
correspond to integrally closed ideals pi in the ring R, and the intersection product 
Pi ' PJ gives the mixed multiplicity e(/, J). An analytic version of the latter result 
is studied in |FJ1| , where the intersection product is instead interpreted as a mixed 
Monge- Ampere mass at the origin. 

We start by showing how to define the inner products on the positive cones 
+ , and . The definition relies on a parameterization of the tree even in 
the case of measures and functions of bounded variation. In order to extend this 
inner product in the complex case, we need to impose some integrability conditions. 
The upshot is that the inner products are well defined on subspaces A^o, A/q and Vq, 
and turn these into isometric pre-Hilbert spaces. Finally, we compare the topologies 
induced by the inner products with the strong and weak topologies and show that 
the pre-Hilbert spaces are not complete. 

7.12.1. HausdorfF measure. The inner products on (subspaces) of A/" and 
are defined by suitable integrals over T° with respect to (one-dimensional) Haus- 
dorff measure, whose definition we now recall. 

We fix here a complete tree T with an increasing parameterization a : T ^ 
[1, oo] with a(To) — 1. The latter restricts to a parameterization a : T° [1, oo[ of 
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the subtree T°. Consider the metric on T° associated to the parameterization as in 
Section rm i.e. d(r, r') — a[T) + ^(t') — 2a(T A t'), and let A be the corresponding 
one-dimensional Hausdorff measure: 



\{A} lim inf |^diam(£;,:) ; A C (Js^, di&WL{Ei) < S j (7.22) 

for any subset A C T°. Here we use the convention that inf0 = oo so that 
A(j4) ~ oo if a cannot be covered by countably many sets of diameter < 5 for 
any S > 0. From the remarks following Proposition 10.20 in |Fo| it follows that 
A restricts to a measure on the Borel cr-algebra generated by the open sets in the 
topology associated to the metric d. As the latter topology is at least as strong as 
the weak topology (see Proposition l5.5|l we conclude that A restricts to a (positive, 
weak) Borcl measure on T°. We can therefore integrate Borel measurable functions 
against A. In particular we can integrate the functions J\f^ and V^. 

Notice that, in general, the mass of A is infinite. That A{T} < +oo implies in 
particular that T has at most countably many ends and is bounded for the metric 
d introduced above. Note, moreover, that if T has no branch points, then A is 
isomorphic to Lebesgue measure on the interval a{T) C R. 

7.12.2. The positive case. The inner product is defined first on the set of 
Dirac masses, and then extended to by bilinearity. 

Definition 7.67. If t, r' e T, then we define t • r' := a{T A t') e [1, oo]. 

Note that this definition depends on the choice of the parameterization. 

Remark 7.68. This definition has a natural interpretation in the case when T 
is the valuative tree V: then ■ — m(c)m{C') ^'-^^ irreducible curves C, 

C. See Section EHI 

Definition 7.69. If p, p' e M^, then we define p ■ p' e [1, oo] by 

p.p':= [[ T-r'dp{T)dp'{r'). (7.23) 



Notice that by Fubini's theorem and by H7.19|l we have 



p-p'^ J^gdp'^ j^g'dp, (7.24) 

where g' G are the positive tree potentials associated to p and p', respectively. 
Here it is important to consider the natural extension of these potentials from T° 
to T for the formula to work also when p or p' charges an end. 

The inner product is defined on , the cone of nonnegative, left continuous, 
strongly decreasing functions on T°, by 

(/,/') /(to)/'(to) + / ff'd\ (7.25) 



where A is 1-dimensional Hausdorff measure as above. Finally we define an inner 
product on 7^+, the cone of positive tree potentials, by passing to A/"^ (see (|7.16|) 
and fTTTjl ): 

(5, g') .9(T-o).g'(ro) + / ^^d\. (7.26) 

J7-0 da da 
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Theorem 7.70. The isomorphisms 

d:Af+^ M+ and A : V+ ^ M + 

given in Theorem \ 7. 59\ preserve the inner products defined above. 

The proof relies on the foUowing lemma of independent interest. 

Lemma 7.71. Let p G Ai^ be any positive Borel measure, and let f — fp be 
its associated functions in J\f^ . Then one can find a sequence of positive atomic 
measures p„ tending weakly to p, such that /„ := fp^ increases pointwise (and in 
fact uniformly) to f . 

Proof of Theorem I7.70L Pick positive measures p, p' e 7W+ and let /, /' e 
and g,g' G be their preimages under d and A, respectively. It is clear from 

the definition that {g,g') = (/, /'). Hence it suffices to show that p ■ p' = (/, /'). 
First suppose p, p' are Dirac masses at r and r' respectively. Then p ■ p' — 

T ■ t' — a{T A t'). Moreover, / and /' are the characteristic functions of the 

segments [tq, t] n T" and [tq, t'] n T°, respectively, so 

(/, /') = /(to)/'(to) + / //' dA = 1 + / ^ da = «(r A r'). 

Jt° Jto 

By bilinearity we conclude that p ■ p' — (/, /') holds when p and p' are positive 
atomic measures. 

In the general case, we rely on Lemma 17.711 and find positive atomic mea- 
sures PmP'm whose corresponding functions fmf'm ^ increase to / and /' 
respectively. Note that by integration it follows that g'^ increase to g and g' 
respectively. By monotone convergence, it is clear that 

lim (/«, /,'„) lim/„(ro)/^(ro) + lim / /„/,'„ d\ = (/, /'). 

m,n — *C30 J 

On the other hand, monotone convergence applied to and g',^ gives 

Pn ■ p'm = j 9ndp'„^"^ J g dp'^ = j g'„, dp"'-^' J g' dp = p ■ p' ■ 

By what precedes, pn ■ p'm ~ ifn, fU) for all n,m. Hence p ■ p' = {f,f'), which 
completes the proof. □ 

Proof of Lemma I7.71L Suppose first that the support of / is included in a 
finite tree S. For each n, pick a finite subset i3„ C S containing the root, all branch 
points, and all ends of 5, and such that p{I) < 1/n for any connected component 
/ of 5 \ Bn- For T € Bn set m(T) = p{t} + J2i pW^ where the sum is over all 
I £ T having r as a left endpoint. Now define the positive atomic measure p„ by 
Pn = X^tsb ^{t)t. In other words, we slide the mass on each segment / to its left 
endpoint. Set /„ = /p„. Clearly p„ has the same mass as p, hence /n(ro) = /(tq). 
From the construction we have, for t e 5: 

fir) - fnir) = p{cT >t}- pn{a > r} G [0, 1/n]. 

By choosing Bn C Bn+i for all n, we get that /„ increases uniformly to /. 

In the general case, the set 5„ := {/ > 1/n} is a finite tree. Define /„ := 
/ X This is a sequence of functions in Af~^ increasing uniformly to /, and 

supported on a finite tree. We conclude by a diagonal argument. □ 
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7.12.3. Properties. It is clear that the inner product on Af^ (and on V^) 
defined by H7.25|l satisfies the Cauchy-Schwartz inequahty. An immediate conse- 
quence of Theorem 17. 7UI above is 

Corollary 7.72. The inner product defined on satisfies the Cauchy- 

Schwartz inequality: 

{p-p'f <{p-p){p' -p'). 

For further reference, we note that in general the intersection product is not 
(weakly) continuous on M.^ x A^+, and not even on the set of Dirac masses T x 
T. An example on the valuative tree T = V is given by Vn = Vy-nx,2 in local 
coordinates {x,y). Here i>n ■ i^n — but i/„ Vm and I'm ■ i^m = ^■ 

It is also clear that the inner product is not continuous for the strong topology 
induced by the mass norm on . The self-intersection of a Dirac mass at an 
end with infinite parameter is infinite; see also Example 17.811 Note however that 
p ■ p' > mass p ■ mass p' . 

Proposition 7.73. The intersection product on x is (weakly) lower 
semicontinuous: if p„ ^ P, p'n ~* P' weakly, then liminf Pn ■ Pn ^ P ' p' ■ 

The same results are also true in 7^+ and Af^ 

Proof. We may suppose the mass of all measures p, p' , pn, p'^ is equal to 1. 
Write / — Ip, f = Ip' . The functions /, /' e Af^ are uniformly bounded from 
above by 1. Note that p- p' = 1 + J ff dX = 1 + X{f f > t} dt by Theorem rTzni 
Fix e > arbitrarily small, and k sufficiently large such that 1 + J^^^ ^{ff > 
t}dt > p ■ p' - s if p ■ p' < +00, or > e^^ if p ■ p' ^ +oo. As {//' > 1/fc} C 
{/ > l/k}U {/' > 1/fc}, we may find a finite tree Sk containing {//' > 1/fc} (see 
Corollary Ol- 

Define /„ :— Ipn, f'n IPn- Pn tends weakly to /„ tends to / A-almost 
everywhere. These functions are bounded uniformly from above by 1 = sup||/0,i||, 
hence — > / in L^{Sk) also. The same is true for We hence have 

Pn-P'n>l+I /„/;dA"=^l+/ ff'dX. 
JSk JSk 

When p • p' is finite, the right term is greater than p ■ p' — e. When p • p' = oo, it 
is greater than e^^. In any case, we conclude that liminf Pn ■ p^ > p ■ p' by letting 
0. □ 

7.12.4. The complex case. We now wish to extend the previous definitions 
and results to the complex case. In order to do this, we have to impose suitable 
integrability restrictions. 

Definition 7.74. 

• A complex measure p belongs to AAq iff its total variation measure |p| 
satisfies \p\ ■ |p| < oo. 

• A function / e A/" belongs to Ao iff the function Ty, defined in H7.11|l . 
satisfies {Tf,Tf) < +oo. 

• A function g ^ V belongs to Vq iS Sg belongs to Aq. 

Remark 7.75. Note that any atomic measure supported on the set {a < oo} 
lies in A^o- In particular, in the valuative tree V (parameterized by skewness), any 
atomic measure supported on quasimonomial valuations lies in A^o- 
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Let us now describe how to define inner products on the sets Alo, A/q, T'o- 

Proposition 7.76. For any measures p, p' G Mq the function {t,t') ^ t ■ t' 
lies in L^{p® p'). One can thus define 

p-p' -.^ [[ T-T'dip(^7)iT,T'). (7.27) 



TxT 



Proof. We have t ■ t' e L'^{p® p') iff r • r' e L'^{\p\ ® \p'\)- By the Caucliy- 
Schwartz inequality fCorollarv l7.72|) . the latter condition is satisfied when t ■ t' E 
LH\p\ ^ \P\) n LWp'I (g> Ip'I), i.e. when p,p' e Mq. □ 

Proposition 7.77. For any f,f' e JVq, one has ff' e L^{)^)- One can thus 
define 



if, /') /(to) /'(to) + J^^ f /' dX. (7.28) 
As a consequence, when g,g' e Vq, we can set 

(9'9')--^9{ro)7W) + l^^^^dX. (7.29) 

Proof. Pick /, /' e Wo . Then (T/,T/) < oo, (T//, T/-) < c», so that (T/, T/-) < 
oo by Corollary [77^ But \fj'\ < TfTf,, implying //' G L^A). □ 

Remark 7.78. The space Alo can be characterized in a slightly different way. 
Namely, one can show that p £ Mq iS t ■ t' G L^{p ^jf). In a similar way, a 
real-valued function / e A/o iff (/i, /i) < oo, (/2, /2) < oo, where / = /i — /2 is the 
Jordan decomposition of / (sec Proposition 17.60(1 . 

On the other hand, a function f £ M may be in L^{X) but not in A/q, as the 
following example shows. 

Example 7.79. Pick an end Too £ T with a(Too) — oo (assuming such an end 
exists) and define increasing sequences {Tk)f and {T^)f by r^, < Too, a{T^) = 2" 
and a(Tfc) = 2" + 2"". Set pi = J2T 2""/Vfc and p2 = T,T 2""/^<- Finally let 
fi = d^^{pi), /2 = d^^{p2) and / = /i — /2- Then it is straightforward to see that 
/ e L\\) but A,/2 i L\\), so that / ^'aAo. 

Theorem 7.80. The three spaces Aio, JVq and Vq are vector spaces, and the 
natural inner product defined in (|7.27l) . (|7.28|l . (I7.29|) endow them with a pre-Hilbert 
space structure. Further, the maps d : M M, A : V M restrict to bijections 

d-.Afo^ Mo and A : Vo ^ Mo 

which preserve the inner products. 

Proof. It is clear by definition that S maps Po bijectively onto A/q and pre- 
serves the inner product. Hence we need only consider Ao and A^o- 
First note that d maps Ao onto A^o- Indeed: 

f EUo^{Tf, Tf) < oo *''^^d(T/) • d{Tf) < oo 

''"IF^M/I . \df\ <oo^dfeMo. 

It is also clear that Ao is a vector space because T/+ // < Tf + Tfi for any functions 
/, /' e TV. Hence AIq is also a vector space. 
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We are thus reduced to proving that p- p' = {Ip, Ip') for any p, p' e Mq. Note 
that by hnearity, we need only check that p ■ p = {Ip, Ip) for all p G A^o- 

First assume that p is a real measure. Let p = — /?_ be the Jordan decom- 
position of p. Thus p± are positive measures and \p\ = p+ + p-. It is clear that 
p e A4q implies p± ■ p± < oo. By Theorem l7.70l we infer that 

p-p = p+-p++p--p--2p+-p^ = {f+J+) + (/_,/_) - 2(/+, /_) = (/, /). 

li p = pi + ip2 is a complex Borel measure in Mq, with pi real Borel measures, 
then \pj\ < IpI, implying pj G ^Ao for j = 1, 2. By what precedes, pj ■ pj = {fj, fj), 
for j — 1,2, where fj = fp. . This gives 

P- P = Pi- Pi+ P2- P2^ (/i, /i) + (/2, /2) = (/, /), 
and completes the proof. □ 

7.12.5. Topologies and completeness. We end this section by briefly dis- 
cussing the topology on the three pre-Hilbert spaces A^o, A/q and Vo induced by 
the associated norms. Namely, we give examples showing that the spaces are not 
complete with respect to these norms, and that the topologies are not comparable 
to the strong topologies in general. 

Example 7.81. Assume that a is unbounded on T and pick a sequence (t„)j^ 
in T° with a(r„) = 7i^. Then p„ :— n~^Tn tends to zero strongly but Pn' Pn = n. On 
the other hand, if a is bounded on T, say a < C, then it is clear that p- p < C||/9||^. 

Example 7.82. Pick any strictly increasing sequence (t„)^ such that a(T„) is 
bounded and set p,, = X]j=i(^l)"''''2n+j- Then clearly p„ € A4q and 

n 

Pn- Pn ^ y^('a(T2n+2j) - a(T2n+2j-l)) < a{T4n) - a(T2„+l) -> 

i=i 

as n — > oo. On the other hand, pn has total variation 2n so pn 7^ strongly. 

Notice that the fact that \\pn\\ is unbounded implies that p„ does not tend to 
zero weakly either. 

A small modification of the same example shows that A4o (and hence Ao and 
Vo) is not complete. 

Example 7.83. Let (T„)f be as in Example Ol and set p„ = - 
Then pn £ Mo and 

2m 

{Pn+m - Pn) ' {Pn+m - Pn) = (- 1)-^ a(T2n+j ) < a(T2„+2m) - Q!(r2„+l) ^ 

i=i 

as n, m — > oo. Hence is a Cauchy sequence, but there is no p € AI such that 

{pn — p) ■ {pn ~ p) ^ 0. (Notice that p„ has total variation 2n.) 

Remark 7.84. In fact, the completion of Afo is naturally isomorphic to C ® 
L2(T°). 



CHAPTER 8 



Applications of the tree analysis 

This chapter is devoted to appHcations of the tree analysis developed in the 
previous chapter. We shall use measures on the valuative tree V to describe sin- 
gularities of ideals in Section 18.11 and cohomology classes of the voute etoilee in 
Section r8.2l Further applications, to singularities of plurisubharmonic functions and 
to the dynamics of fixed point germs / : (C^, 0) O, will be explored in forthcoming 
papers: see |FJT] . [FJ2| . [FJs] , 

Let us describe in more detail the content of this chapter. 

We first attach to any ideal / C i? a tree transform gi : Vq„i — > R+, by setting 
gi^v) — min{z^((/)) ; (j) G R}. This is a positive tree potential in the sense of 
Section [7.91 hence the Laplacian of gi is a well-defined positive measure pi = Agi, 
called the tree measure of /. We characterize the positive measures on V that are 
tree measures of ideals fTheorem I8.2f) . Any tree measure pj for an ideal / C i? is 
atomic, and its support coincides with the set of Rees valuations of / when / is 
primary. This gives a tree-theoretic approach to the Rees valuations of a primary 
ideal and to Zariski's factorization of integrally closed ideals (complete ideals in 
Zariski's terminology). 

We next introduce the voute etoilee X. This space was first defined by Hiron- 
aka jHi| in a quite general context. In our setting, X has a simpler description than 
in the general case, and can be viewed as the total space of the set of all blow-ups 
above the origin. Our aim is to describe the cohomology of this space, that is, the 
sheaf cohomology H^{X, C). In doing so, we were much inspired by the monograph 
of Hubbard-Papadopol HP , where the toric case was described in detail. 

Let us summarize our approach. The cohomology H^{X,C) is a natural com- 
plex vector space, endowed with an intersection form coming from the cup prod- 
uct. We describe in Section 18.2.41 a natural map sending a cohomology class 
to G H^(X, C) to a function g^^ defined on Vqm, the set of quasimonomial valuations. 
As we show, g^^ is always a complex tree potential in the sense of Section [T!B1 and 
its Laplacian pi^ = Ag^^ is a complex atomic measure supported Vdiv, the set of 
divisorial valuations. Thus pai belongs to the subspace Mq of complex measures 
on which we defined a inner product in Section 17.121 We show that the mapping 
Lo ^ Pui gives an isometric embedding of H^{X,C) into A^o fTheorem I8.30|l . Fi- 
nally we identify the images inside AIq of the subspaces H^{X,C), H^{X,Z) and 
H^{X,IV), as well as two natural positive cones in _ff^(X, R) fTheorem I8.33|) . 

8.1. Zariski's theory of complete ideals 

8.1.1. Basic properties. We define the tree transform of an ideal / C i? as 
the function gj : Vqm R given by 

giiiy) = = min{iy(0) ; G /}. (8.1) 
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We will show that gi is a positive tree potential in the sense of Definition l7.55l where 
the valuative tree V is parameterized by skewness. Moreover, we will characterize 
all positive tree potentials that are of this form. 

Let us start with the case of a principal ideal. For e m, set ^^(i^) — v{<t>). 

Lemma 8.1. The function : Vqm [IjOo) is a positive tree potential with 
the property that if v is any tangent vector in V, then D^g^ is an integer divisible 
by m(v). Further, if (p is irreducible, then Ag^ — m((j))i'^. 

Proof. By additivity in and unique factorization in R we may assume 
that (j} is irreducible. Then Proposition \'S.2S\ and Definition 17.671 implv that 

g4,{iy) = to(0) a{iy A v^) = m{4>) v ■ v^, 

hence (|7.19|l shows that g^ — gp, where p = m{(j))i>^. If w e Ti^ is a tangent vector, 
then Dfjg^ = unless v G [u^, Vcj,] and v is represented by either v^', or v^, in which 
case Dj^gij, = zLm{(j)) and m{v) is a factor of m{(t)). □ 

We let be the set of positive measures p e of the form 

s 

p^'^UibiVi. (8.2) 

i=l 

Here 1 < s < oo^ Ui are positive integers, is a divisorial or curve valuation, and 
bi — b{i>i) is the generic multiplicity of Vi if Vi is divisorial and bi — m{i>i) is the 
multiplicity of Vi if i>i is a curve valuation. 

To any positive measure p £ we associate an ideal Ip C Rhy 

Ip = {(f>eR; g^> gp}. (8.3) 

If p = bv, i.e. i — 1 and rii = 1 in (|8.2|l . then we write Ii, ^ Ip- 

Theorem 8.2. The tree transform gi of any ideal I d R is a positive tree 
potential whose Laplacian pi = Agj is a positive measure in A4j of mass m{I). 
Conversely, if p £ -Mj, then the ideal I = Ip has associated measure pi — p. 

Definition 8.3. We call the positive measure pi the tree measure of /. 

Remark 8.4. If R' is any subring oi R = C[[x,y]] whose completion equals 
R, and / is any ideal in R' , the curve valuations in (|8.2|l (if any) are associated to 
elements in i?'. In particular, when R' is the ring of convergent power series, any 
such curve valuation is analytic. 

Remark 8.5. If /, J are ideals, then gu = gi + gj, and gi+j = Tmii{gi, gj}. 
Moreover gmj is the smallest positive tree potential dominating uiax{gi, gj}. 

One can rephrase the first two of these properties nicely in the terminology 
of semi-rings. The set of ideals in R defines a semi-ring, with addition I + J, 
and multiplication / • J. We may endow R+ with its tropical semi-ring structure: 
addition is given by min{a, 6}, and multiplication by a + b. This induces a semi-ring 
structure on the set of functions Vqm R+, and in particular to the set of 
positive tree potentials. The properties above assert that the map / i— > 57 is a 
semi-ring homomorphism. 

Remark 8.6. Fix a composition of blow-ups tt € 03, and let Ei be its excep- 
tional components. It is a classical problem to characterize the collections of integers 
Ti which appear as multiplicities of some ideal / i.e. such that rj = div£;;(7r*J) for 
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all «. A necessary and sufficient condition is that the r^'s satisfy certain proxim- 
ity inequalities (or relations). For principal ideals this goes back to Enriques |En| 
(see |Casj for a more recent presentation). The case of general ideals was treated 
by Lejeune-Jalabert jLe) and Lipman in ^IJ. Theorem 18.21 can be viewed as a 
translation of these proximity relations into the tree language. 

Proof of Theorem 18. 2L That gi — inf^g/g^ is a positive tree potential is 
a consequence of Lemma [8. II and the fact that 7^+ is closed under infima (Corol- 
lary Clearly pi has mass (?/(fm) = m{T). 

Let S* C / be a finite set of generators for /. Then gi — min^gs g^. This implies 
that gi is supported on the smallest subtree of V containing I'm and any i/^, where 
ip ranges over the irreducible factors of the elements of S. This is a finite subtree 
S. Moreover, it follows from Lemma |8 . II that on any segment in S parameterized 
by skewness, gi is a piecewise affine function with integer slopes. Thus pi is an 
atomic measure supported on valuations that are either ends or branch points in S, 
or regular points in S where gj fails to be locally affine: see ProDOsition l7.54l From 
the integer slope property we conclude that pi — "■i'^i: where i^i are divisorial 

(i.e. have rational skewness) or curve valuations and hi are positive integers. 

We have to show that bi divides hi. For this, it suffices to show that if v is 
a curve or divisorial valuation, then pi{i>}, which we now know is an integer, is 
divisible by b{i>) in the case of a divisorial valuation, and by m{iy) in the case of a 
curve valuation. 

If 1/ is a curve valuation, then on [I'mj'^i M m(0) is an affine function of 
skewness with slope in m(i^)N as p, v. Thus so is gi, which implies that pi{v} G 
m{iy)N. 

If ly is divisorial we have to work a bit harder. We may assume that b{i') > 1, 
so that in particular v ^ Vm- The proof relies on the following lemma. 

Lemma 8.7. Let v ^ v^. be a divisorial valuation with approximating sequence 
'^m = t'o < J^i < ■ ■ ■ < f^g < ^g+i = V as in Proposition \3.4^ and let (j) £ C. Assume 
that and represent the same tangent vector at v. Then ^{(1)) G X]f=i Nm^ai. 

We continue the proof of the theorem. Recall that pi{i'} = —J2veT}y^v9i- 
Lemma 18.11 implies that Dfjgj S m(?/)N for every v € Tv. If b{h') = m{v) then 
m(w) — b{v) for every v and we are done, so suppose that b{v) > m(i'). 

Let V- G Tv be the tangent vector represented by v^- There is then a unique 
tangent vector t7_|_ S Tv, v ^ v- such that m{v) = m{v); for all other H we have 
m{v) = b{v). It hence suffices to show that D^j^gj + Dj; gi G b{v)'N. Moreover, 
we may find 'ip± € S such that gi{p) = p{^±) ss p ^ v, p G U{v±). Then 
v{ip+) = v(ip-) and we have to show that D^^^g^^ + D^_g^_ G &(;/)N. 

Write %l]± = '0±'0±'0± : where i)'^ (V'±) is the product of all irreducible factors 
representing u_ (u+). Then 

= v{il}+) - v{il;^) = v{i}'^) - v{i;'_) + a(i/)(m(V'+V'+ ) - to(^A" V'"'))- 

By Lemma Owe get that a(z/)(m(V'+V'+') - to(V'"V'-)) € EL iNrTt^a^. This 
implies that m{ip'^ip'_^) — m{ip'^ip'^) G b{v)'N by Proposition 13.531 But we always 
have m{ip'^) G b{v)'N so we conclude that m{ip'_^) ~ m{ip'_!_) G b{v)'N. Finally this 
gives 

Ds^g^+ + D^_g^_ = m(V^^) - to(V'") - m{^'!!) G b{v)n, 
which completes the proof that pi G Mj. 
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Conversely, if p e -Mj, define I ~ Ip hy (|8.3|l and let S be the support of gp 
(thus 5 is a finite tree: see Section 17.6(1 . Clearly gi — vai^^ig^ > gp. For the 
reverse inequality we pick irreducible elements ^pij S tn, 1 < « < s, 1 < j < as 
follows. Write = i^^^j . If t'i is a curve valuation, then /Xy = i^i for all j. If is 
divisorial, then fiij > i^i, m{p,ij) — hi and /iy represent distinct tangent vectors at 
Vi, none of which is in TgVi. 

Write V' = nij''/'u - then straightforward to verify that = gp on S. 

Hence ^ £ I. Now consider v ^ S and let vq = max S n [t^m , i^] . \i vq ^ vi for 
all i, then g-^iy) = giiiya) = 9piy^) — Qpiy) for any choice of -0. If i^o = then 
we pick f/jjj such that no /i.y represent the same tangent vector as vq at vi. Again 
= 9p{^)- Hence gi — gp, which implies pi — p. The proof is complete. □ 

Proof of Lemma [8.71 Set /i — v,p A v and write fi S [vj^vj^il for some 
< j < g- Then divides m(0) and h(p)a{p?) £ J2i<j Nrriiai C J2i=i NTO^ai. 
This proves the lemma as 1^(0) = m{(j))a{p?) . □ 

8.1.2. Normalized blov^r-up. The proof of Theorem 18.21 was based on tree 
arguments. We now follow Te2^, and use the classical normalized blow-up of an 
ideal to describe the geometric structure of an ideal of the form I p. 

Recall that an ideal I is primary iff / D m" for some n > 1. When / is 
primary, denote by tt : X — > (C^, 0) the normalization of the blowup along /. The 
exceptional components Ei of tt are associated to divisorial valuations called the 
Rees valuations of /. 

Proposition 8.8. Let p = Yj'^i^i^i ^ J^i- Then Ip = 11 Moreover, Ip 
is primary iff all Vi are divisorial, in which case the latter coincide with the Rees 
valuations of I . 

Proof. Pick p e A^X' ^^"^ write / — Ip. Assume first that / is primary. 
Then / D m" for some n so the tree transform of / is bounded by n. Hence all the 
valuations Vi are divisorial. Let us show that they coincide with the Rees valuations 
of /, and that / = J] ^"Z • 

Let TT : X ^ (C^, 0) be the normalization of the blowup along /, and Ei be the 
set of exceptional components of tt. Let (-00, • • • ,''Pn) be a finite set of generators 
for /. For a E C^+^ write ipa = X^'^iV'ii and let Va be the strict transform of 
^a'(O) byvr. 

The structure of Va is described in |Te2l p. 332]. We may find integers n'^ > 1 
such that outside a proper closed Zariski subset Z C P^, Va is a union of smooth 
curves V^^ , I < j < n'^. Moreover each V^^ intersects Ei transversely at a smooth 
point and K H T4 = for a ^ & € 

Let fii be the divisorial valuation associated to Ei , vfj the valuation associated 
to the irreducible curve 7r(V"J-'), and ipij S m the irreducible element attached to 
tt{V^^). Pick (j) G m irreducible. Then gpi{4>) is equal to h{pi) times the order of 
vanishing of 7r*0 along Ei. On the other hand, Vij{(t>) is equal to m{Va^)^^ times 
the order of vanishing of o h{t) where t h{t) S is a parameterization of 
TT{Va-'). As Va'' is smooth and transverse to Ei, 7r(yj-') is a curvette for i^^j in 
the sense of Section [6.6.11 By Proposition 16.311 its multiplicity equals b{p,i). The 
parameterization h can be obtained by composing a parameterization of V^^ with 
TT, hence vfj{4i) is equal h{pi) times the intersection product of 7r*(/)^^(0) with Va-' ■ 
Whence yij{(j)) > g^-{(l)), with equahty when the strict transform of (^^^(0) does 
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not intersect V^^ . In particular, tp'^J E I^. for all j and all a ^ Z. When a ^ b, 



Va' n V^' = hence = min{i.f^-(0), so that g^^ = min{z/f^- ; a ^ 



Z, 1 < j < n'j}. We infer that the tree transform minlg,^^ ; a ^ Z} coincides with 
the positive tree potential associated to the measure X] n'jb{^i)iJLi. 

But / is generated by a finite number of sufficiently generic elements V'ai , di ^ Z 
so we conclude that ^riibiVi = n'^b{fii) fii . In particular the Vi^s are divisorial 
and are exactly the Rees valuation of /. 

We choose Ui ^ Z such that V-'a; belongs to J| ij^i — J| /".' , hence / C H ■ 
Conversely ^ € 11 implies ^{'ip) > J2''^i9i,y (^) = dpi'^): hence / = 0-^"/- 

Suppose now / is not primary. We will show that / = 11 j ^^'^ that some Vi 
are curve valuations. Write pi = 'Y^UibiVi S A^j- Suppose Vi is divisorial for i <r 
and a curve valuation, Vi ~ v^. for i > r. Define p' — X]i<r ^' ~ ^p'- 

We have proved that /' is a primary ideal equal to ni<r ■ 

Pick ip € I' ■ ni>r('?^2)"' ■ ^'^^^ transform of clearly dominates (//, hence 
ip E I. Conversely suppose g^{v) > gi{v) for all v. Then letting v — > we infer 
that the mass of Ag^ at i/^^ is greater than rii hence 0"' divides ip. We may then 
write = ^'Wi^r't'T^ ^^'^ clearly g^i > gji, whence ip' € /'. We have proved 



8.1.3. Integral closures. The mapping / is not injective in general. For 
instance, the ideals (x'^,y'^) and {x^ , xy , y^) both have tree measure 2vxn- However, 
the lack of injectivity can be well understood. Recall that the integral closure I of 
/ is the set of R such that 0" + ai0"^^ + • • • + a„ = for some n > 1 and 
ai e P. Then 1 = 1 and I is integrally closed if / = /. We have the following 
classical result (see j.ZS2| p. 350]), rephrased in our language. 

Proposition 8.9. For any ideal I d R we have I = {(p e R ; g^ > gi}. 

Remark 8.10. Fix an ideal / and ip £ m. Suppose we want to show that (p £ I. 
By Proposition 18 .91 we must show that g(j> > gi- Since gi is locally constant outside 
7/ = supp5/ it suffices to show that > 5/ on 7}. Write pi = '^nibiUi as before. 
Assume that Ui is divisorial for i < r and a curve valuation for r < i < s. Then gj 
is affine and g^ concave on any segment in 7} \ supp pi . Hence it suffices to check 
that i'i{<p) > Vi{I) for i < r and limQ;(:^)~^(i^(0) — v{I)) >Q as v ^ vi for i > r. 

In particular, if / is primary, then it suffices to check that > gi at the Rees 
valuations of / (see e.g. |Te2l p.333]). 

Corollary 8.11. If p £ Mj, then Ip is integrally closed. 

Let I be the set of integrally closed ideals in R. Theorem l8.2l and Corollarv l8.11l 
imply that the mapping p 1-^ Ip gives a bijection between A4j and X, with inverse 
is given by / i-^ pj. Now gjj = gi + gj for any ideals /, J, hence pjj ~ pi + 
Pj. We get from this that if / is integrally closed and p = pj = '^UibiUi, then 
I = Ip = /"ji • • • J"^" by Proposition 18.81 This leads to the following result that 
incorporates Zariski's celebrated decomposition of complete (^integrally closed) 
ideals (see |752] V 

Theorem 8.12. The setX of integrally closed ideals in R is a semigroup under 
multiplication and the mappings 



i = r 




□ 



I 3 I ^ pi £ Mj 



and 



3 p^ Ip£l 
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define inverse semigroup isomorphisms. 

In particular, every / G I has a unique factorization I = ■ ■ ■ /"j' , where Hi 
are positive integers and i>i are divisorial or curve valuations. 

8.1.4. Multiplicities. Suppose / and J are primary ideals in R. We define 
the mixed multiplicity e{I, J) E N* following |Tell Chapter I, §2] (when I = J this 
gives the multiplicity e{I) of / in the classical sense). For all rt, m > 0, the vector 
space R/(I"J"^) is finite dimensional over C, and we write dimfe(i?/(/" J'")) = 
in^e(/) +nme(/, J) + ^m'^e{J) + 0{n + m). The multiplicity e(/, J) coincides with 
the multiplicity of their respective integral closures (e.g. |Tell Chapter 0, §0.6]). 

Here we show how to compute mixed multiplicities in terms of the associated 
tree measures. Recall from Section 17.121 the definition of the inner product on the 
cone of positive Borel measures on V. We then have 

Theorem 8.13. For any primary ideals I, J we have 

e{I,J)^pi-pj^ j j p ■ vdpi{p)dpj{v) ^'Y^mb^mjCj pi ■ Vj, (8.4) 

VxV ''-^ 

where pj — Y^^''^i^il^i '^"'^ PJ ~ X^i^^j'^j'^j '^'^^ measures associated to I and 
J, respectively (see Provosition \8.8\) . andbi,Cj are the generic multiplicities of Vi 
and respectively. 

Remark 8.14. In (FJlj we shall prove an analytic version of Theorem 18.131 
where / and J are replaced by plurisubharmonic functions u and v, and where 
e(/, J) is replaced by the mass of the mixed Monge- Ampere measure dd'^u A dd'^v 
at the origin. 

Proof. We may assume that / and J are integrally closed. Fix a finite set of 
generators for / and J, say / — J — (V'j)- By |Tell Chapter I, §2] e(/, J) is 
equal to the intersection multiplicity of {(j)a — Q^i^i = 0} with {ijjp = ^ — 
0} if the coefficients (c^i), (/3j) are sufficiently generic. 

Introduce a composition of blow-ups tt dominating the blow-ups of both ideals 
/ and J, i.e. such that all Rees valuations of / and J are determined by some ex- 
ceptional divisor of tt. Decompose the strict transform of {0a = 0} into irreducible 
components Vj^*, 1 < i < p, 1 < s < as in the proof of Pror)Osition l8.8l Each V^^ 
corresponds to a curve valuation /i^* dominating pi, of multiplicity hi = h{pi), and 
the tangent vectors defined by all p]^ at pi are distinct. We do the same decompo- 
sition of the strict transform of {"0/3 = 0} as a union of irreducible germs Wf, with 
associated valuations i'^*. We note that if pi = Vj for some i,j, then for sufficiently 
generic a, /3, the tangent vectors of p'^ and v]^ at pi = Vj are all distinct. We infer 

■ = ^iCj Pi ■ Vj. Formula (|8.4(l now follows immediately by bilinearity since 

{0a = 0} • {7/^/3 = 0} - -^'^Y. b^CJn,m, p, ■ v,. 

The proof is complete. □ 

8.2. The voute etoilee 



We now turn to the voute etoilee X. Our objective is to analyze its cohomology 
H'^{X, C) in terms of complex Borel measures on the valuative tree. We start by 
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giving the definition and basic properties of X, of its cohomology H^{X, C), and of 
the inner product on cohomology induced from the cup product. In Section 18.2.41 
we then show how each cohomology class uj defines a function g^^ : Vqm — > C. The 
function g^^ turns out to be a complex tree potential in the sense of Chapter|7| so its 
Laplacian = Ag^ is a well-defined complex Borel measure on V. In fact, the map 
to gives an isomorphism between H^{X,C) and the set of complex atomic 

measure supported on divisorial valuations. Moreover, as we prove in Section [8.2. 51 
this isomorphism preserves the inner product in the sense that — cj • cj' = p^^ ■ Pu- 
We end the chapter by describing the images of various subsets of H^{X, C) under 
the isomorphism: see Theorem 18. 331 

Throughout the section, we shall make essential use of the fundamental iso- 
morphism from Chapter El between the valuative tree and the universal dual graph. 

8.2.1. Definition. We shall denote by 05 the set of all blow-ups above the 
origin in C^. We let be the total space of a fixed element tt S *B so that 
TT : Xt^ — > (C-^,0). We saw in Chapter that *B forms an inverse system. 

Definition 8.15. The voiite etoilee is the projective limit 

X :— proj limX^. 

Each is an algebraic variety, hence X is naturally a pro-algebraic variety. 
We endow it with the topology induced by the product topology from the natural 
embedding of X into the product J^X^r. There is a natural proper projection map 
X (C^,0). The space X is not algebraic (nor even a topological manifold): we 
shall see that its second cohomology group is infinite dimensional. 

Let us quickly indicate why our definition is equivalent to the usual one, given 
for instance in Hfl. Any "etoile"^ in the sense of Hironaka has a well-defined 
"center" in X^^ for any vr g 05: take the intersection of all images m{U) over all 
(tu, U) in the etoile. As we are in dimension two, this center is always a (closed) 
point. This gives a natural map from the set of "etoiles" to X, which is easily seen 
to be bijective, and also bicontinuous. 

8.2.2. Cohomology. Consider 7r,7r' S 05 such that tt' — tt o w for some 
modification nj. The map vj induces a map between cohomology groups w* : 
H^{X^,C) H^{X^>,C).^ By |Br| Corollary 14.6] (see also [E]), the sheaf 
cohomology of the constant sheaf C on the projective limit X is equal to 

H^{X,C) ^miliinH^{X^,C). (8.5) 

ne<S 

The choice of the base field is essentially irrelevant in the sequel. One may replace 
C by R or Q or even Z. We restrict our attention to as all the other cohomology 
groups are easy to compute. 

In order to proceed further, we need to describe more precisely the cohomology 
H^{X.^, C) and the puUback m* discussed above. We shall use some of the notation 
from Chapter |B1 Specifically, we let F* be the (partially ordered) set consisting of 
irreducible components of the exceptional divisor 7r~^(0). 

The following result is classical; we refer to |GHI p. 473-474] for a proof. 

^An etoile is a collection of finite composition of local blow-ups, an element is hence a map 
ro : (7 — > (C^, 0), where U is some analytic space. 

^When a class to is represented by a smooth form a, vd*uj is the class of vj*a. 
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Proposition 8.16. 

• Each _B G r* induces a natural class [E] G H'^(Xjr,C). The cohomology 
group H'^{Xt^,C) is isomorphic to the direct sum of C[E] over £' G F* . 

• Suppose vj : Xj^i X^^ is the blow-up at one point p G 7r~^(0), and let 
E :~ zu^^{p}. Then zu* : H'^{X.^,C) — > iJ^(X7r',C) is an injective map 
and we have 

H\X^,,C)^w*H^{X^,C)®C[E]. 

Remark 8.17. If tt G S and £^ G F* (i.e. E is an irreducible component of 
7r~-'^(0)) then there are three natural objects associated to E: a cohomology class 
[E] G H'^{XTr,C); an element E in the universal dual graph F*; and a divisorial 
valuation i^e £ Vdiv The last two of these are independent of tt (as long as i? G F* ) 
but the cohomology class does depend on tt. Indeed, if tt' = tt o to for some modifi- 
cation zu, then the image of [E] in H'^{Xt;',C) corresponds to the total transform 
of E whereas the image of E in F* , is the strict transform. 

From Proposition 18 . 161 and H8.5|l we infer: 

• The natural map i-^ from H'^{X-^,C) to iJ^(X, C) is injective for any 
TT G 03. 

• For each element u; G H^{X, C), there exists tt G 25, and cOtt G 7?^(X^, C) 
such that IttLUtt — ^- Moreover, — X^Ber* "(^)[-^]; where a(i?) G C. 

• Two elements uj\ G EI'^(Xt^^,C) and loi G H'^{X.^2,C) determine the 
same element uj G iJ^(X, C) iff there exists tt G 05 and modifications 
zui : Xti — > Xty-^, ZU2 '■ Xjr — > -^TT2 such that ju^ui = 'cu2L02- 

Corollary 8.18. The set iJ^(X, C) is an infinite dimensional vector space. 

8.2.3. Intersection product. Each complex vector space 7J^(Xt,C) is en- 
dowed with a natural hermitian form, the cup product. If E, G F* , then [E] ■ [E'] 
is by definition the intersection product of the curves E and E' . For two arbitrary 
elements in iJ^(X7r,C), we have [J^'^d^i]) ' iJ^^ji^j]) •= J^^-ibjEi ■ Ej. 

The map ru also induces a push- forward map : H'^{X^i, C) — > iJ^(X^, C).^ 
It is a basic fact that ru*uj ■ uj' — uj ■ w^uj' for cj G H^{Xj^, C), uj' G i7^(X^/, C). 
Moreover m^.-cu* = id as -cu is birational. From these two facts one immediately 
deduces 

Proposition 8.19. Suppose m : X^^i Xt^ is the blow-up at one point p G 
7r~"'^(0), and let E :~ ZD^^ {p) . Thenzu* : H'^{Xt^,C) ^ H'^(X„i ,C) is an isometric 
embedding and we have the orthogonal direct sum decomposition 

H^{X^,,C) = zu*H^{X^,C) ± C[E]. 

Moreover, [E] •[£']==-!. 
Corollary 8.20. 

• The cup product is a negative definite hermitian form on H'^IXt^, C). 

• For any modification zo : Xt^i — > X^^, the map zo* : H^{XTr,C) —> 
H'^{Xt;i ,C) is an isometric embedding. 

Remark 8.21. It follows from Proposition l8.16l and the definition of iJ^(X, C) 
as an injective limit, that H^{X, C) is in fact generated by classes [E] of exceptional 

VJ is proper, ro«T is even defined for any current T on X^i. 
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divisors with self-intersection —1. More precisely, it is generated by classes uj of the 
following form: lu = i-nlE], where G F* and tt e S is minimal such that G F* . 

Remark 8.22. Proposition 18.191 is also true when replacing C by the ring of 
integers Z. By decomposing tt € 05 into a sequence of point blow-ups, we infer the 
existence of a basis Fi , . . . , F„ of H'^ {X^ , Z) (as a Z-module) such that Fi-Fj = —Sij . 

Now we can define the intersection product on H^{X,C). Pick two elements 
Lu,u;' e H'^iX, C). By Proposition lFlBl we can find tt G *B and uj^,uj'^ G H'^{X^, C) 
such that iir^TT = i-^ and i^r^^ = i-j'. We set 

w • w' := • w^. 

By Corollary 18. 201 this number does not depend on the choice of tt G S. 

Corollary 8.23. The intersection product is a negative definite hermitian 
form on H^{X, C). 

8.2.4. Associated complex tree potentials. Let us associate a function 
guj ■ Vqin ^ C to each cohomology class uj G H^{X, C). 

Fix TT G S, and irreducible components E,F C 7r^^{0} (i.e. E,F e F*). We 
define a function g^^] ■ *i'(r* ) 




if F ^ E 
otherwise. 



Here h{vE) is the generic multiplicity of the divisorial valuation ve and <I> : F* — > 
Vdiv denotes the isomorphism between the universal dual graph and the valuative 
tree as in Theorem l6.22l 

We then define g^^^ : $(F*) C for any uJt, G i?^(X^,C) by linearity. If 
tt' G 55 and tt' = no w for some modification w, then the function guu-'u.^ is defined 
on $(F*/) D <l'(r*) and restricts to g^^, on <i>(F*). 

Now fix a cohomology class lu G H^{X, C), and a divisorial valuation ly. Pick 
TT G 25 such that Itt^tt = w with oj^r G H'^i^Tr, C) and v = ve for some £' G F* . We 
set 

guj{vE) ■■= guAi's)- 

By what precedes, this does not depend on the choice of tt. 

Theorem 8.24. The function : Vdiv — * C extends (uniquely) to a complex 
tree potential g^ : Vqm C whose associated Laplacian = Af;^ is a complex 
atomic measure on V supported on divisorial valuations. 

Remark 8.25. As before, we are using the parameterization of V by skewness 
when talking about complex tree potentials. 

Remark 8.26. We shall later show that any complex atomic measure p sup- 
ported on divisorial valuations is of the form p = Pui for a unique uj G H^{X, C). 

In view of Remark 18.211 Theorem 18.241 follows by linearity from the following 
more precise result: 

Proposition 8.27. Consider a cohomology class uj G iJ^(X, C) of the form 
UJ = Itt[E], where tt G 05, £' G F* . Assume that E has self-intersection -1. Then 
du) ■ Vdiv C extends to a complex tree potential whose Laplacian p = Ag,^ is an 
atomic measure given as follows: 
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(i) if E = Eq is the exceptional divisor obtained by blowing up the origin 
once, then b{E) — 1 and 

P = t^m; 

(ii) if E intersects a unique i?' € F* , i.e. if E is obtained by blowing up a free 
point on E' , then b{E) = b[E') and 

P = b{l'E)yE - b{l'E')vE'\ 

iii) if E intersects E' , E" e F*, i.e. if E is obtained by blowing up the inter- 
section point E' n E", then b{E) = b{E') + b{E") and 

p = h{vE)vE - b{vE')vE' - b{vE")vE"- 

In order to prove this proposition, we shall use the following two results, whose 
proofs are postponed until the end of the section. 

Lemma 8.28. Fix tt G 03 and a point p £ 7r^^(0). Let vo be the blow-up of 
p with exceptional divisor F = vj^^{p). Consider oj e i/^(X, C) and assume that 
u) = t-^oJir for some uj-^ G H^{Xt^, C). Then the following hold: 

(a) if p is a free point, i.e. p belongs to a unique F' G F* , then 

gu^ii^p) = gu{i^F'); (8.6) 

(b) if p is a satellite point, i.e. p = F' f] F" for F' , F" £ F* , then 

9u{vf) = -r~l~h — 9uj^^F') + 7— TT — 9^i^F")- (8.7) 
bp' + bp" bp' + bp" 

Lemma 8.29. Consider uj £ H^(X,C) and pick tt G S such that uj — Itt^tt 
for some uj^r £ H'^{Xt^,C). Assume that F* has more than one element and pick 
two adjacent elements F',F" £ F* (i.e. F' intersects F"). Then g^j is an affine 
function of skewness on the segment [vp'^i^F"] in Vqm- 

Proof of Proposition 18.271 We only need to prove the formulas for p as 
the expressions for the generic multiplicities bivE) are known from Chapter |H1 

In (i) we need to show that gui{v) — 1 for every divisorial valuation v = vp- 
This is clear for F = Eq. We now proceed by induction on the "length" of i/, i.e. 
the number of elements in F* , where tt g 05 is minimal such that F G F* . If this 
length is one, then F = Eq and we are done. Otherwise we may apply Lemma r8.28l 
The inductive assumption gives gi^{vpi) = 1 in case (a) and gu{vp') = gui{vp") = 1 
in case (b). In both cases we get g^jivp) = 1, completing the proof of (i). 

The proof in cases (ii) and (iii) is similar to that in case (i). By Lemma f8. 291 
g^^ is an afhne function of skewness on all segments \vp' , vpn], where F' and F" are 
adjacent vertices in F*. Moreover, gi^{vE) = 1 and guj{i'p) — for every F £ F*, 
F ^ E. This determines the value oi g^^ on the smallest subtree S C Vqm containing 
all valuations vp, F £ F* . Proving the formulas for p in (ii) or (iii) then amounts 
to showing that guj is locally constant outside S. 

Pick a divisorial valuation v ^ S and define vq — max{/i £ S ; /i < t^}. We 
need to prove that gi^{v) — g^ivo). The valuations vq and v are both divisorial, 
say Vq = i/pg and v = vp for some Fq,F £ F*. Moreover, F is the last exceptional 
divisor obtained by blowing up a sequence of infinitely nearby points pi, . . . ,p„, 
starting with a point pi £ Fq. Let Fi be the exceptional divisor obtained by 
blowing up Pi, and write Vi — vp.. The key point is now that pi is a free point on 
Fq. Thus guj{vi) — guii^o) by Lemma [8.281 Inductively, we obtain from (a) or (b) 
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in the same lemma that guj{ui) ~ gujii^o) for 1 < i < n. But i^n = so we are 
done. □ 

Proof of Lemma [8.281 Both proofs are analogous; we only treat (b). In the 
basis of H'^{Xtj, C) consisting of classes of irreducible components of 7r^^(0), write 
uj^ = c'[F'] + c"[F"] + . . . with c',c" € C. By definition, g^{vF') = c'/bp' and 
gw[vF") = c" /bp". In H'^{X^o-^, C), we have ti7*tj^ = (c' + c")[F] + .... Together 
with bp = bpi + bprr, this gives H8.7|l . □ 

Proof of Lemma [8.291 Assume that vp' < vpn. The divisorial valuations 
in the segment ]i'pi ^upnl are of the form vp, where _F S F* is obtained by a finite 
sequence of blowups at satellite points, starting with the point F'OF" . By induction 
it therefore suffices to show that is an affine function on the totally ordered set 
{vpi , vp, i^p"}, where F is the exceptional divisor obtained by blowing up the point 
F' n F" once. 

If {a',b') and {a",b") are the Farey weights of F' and F" , respectively, then 
the Farey weight of F is (a' + a", b' + b"). We thus obtain from Lemma[ 

gu^yvp) - gu{VF') _ gA^F) - gujWF') _ v+b" -gu,[i^F') 

a(iyp) " a(iyp>) ^ A{iyF)-A{i^p,) ~ ^ { a^+a" a' 

^ ^ ^ ^ b' W [l7+b^ ~ V 

_ guj{vF") - gujjvF') _ gujvF") - gu^jvF') _ gjjjvF") ~ gu^jvF') 

Here we have used that the multiplicity is constant, equal to b' on ]i>p> ,i>pi>[. This 
completes the proof. □ 

8.2.5. Isometric embedding. As we saw above, we have a natural intersec- 
tion product on the cohomology H^{X,C). In Section [7.121 we showed that there 
is a subspace Mq of the spaces of complex Borel measures on which we have a 
well-defined inner product. 

If a; G C), then the measure p^j is atomic and supported on Vdiv This 

implies that puj & Mo- see Remark [7. 751 

Theorem 8.30. The map uj p^ gives an isometric embedding of H^(X,C) 
into A4q in the following sense: for any classes uj,lu' G H^(X, C), we have 

—bj ■ J — p^ ■ p^i . (8.8) 

Here uj ■ w' denotes the intersection product on _ff^(X, C) as in Section WJ^ ana 
Pui ■ Puj' the inner product on A4q as in Section \7. 1^ 

Proof. Instead of proving (|8.8|) we shall prove the equivalent formula 



.{>^m)g.'{>^m)+ I '^^dX- (8.9) 



Va 



see TheoremESni Fix tt e <8, and E' e F;. Let us first prove for uj = i^[E] 
and uj' ~ iTr[E'] under suitable assumptions. 

(1) First suppose E and E' do not intersect, i.e. E and E' are not adjacent 
elements in F*. By Proposition 18.271 above, the function g^ is supported on the 
union of segments [lyp, i^fI for all F e F* with EC\F The analogous assertion 
holds for g^^i . Hence the product gJgZ^ is identically zero everywhere on Vqm. This 
proves (|8.9|l in this case. 
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(2) Now suppose EDE' ^ but E ^ E' , i.e. E and E' are adjacent elements in 
r* . Then —oj ■ uj' = — [E] ■ [E'] = — 1. By the same argument as before, the product 
g^lhy is identically zero except on the segment / = ]veiVe'[- Assume ve > i'e' 
and let {aE,bE) and {aEi,hEi) be the Farey weights of ve and ve', respectively. 

The function is affine on / taking the value at ve and at ve'- The 
multiplicity on / is constant and is given by m = \aEbE' — CLE'bE\ by Remark 16.371 
Whence the (left) derivative with respect to skewness of on / is equal to 

dgui _ gu>{vE) - gLojvE') _ rn _ UEbE' - aE'bE _ ^ 

da aE-aE' bE{AE - Ae') bE{aE /bE - ue' /bE') 

A similar computation shows that — —bE'- The A-length of / is given by 
^/{bEbE') so again (|8.9() holds. 

(3) If TT is the blow-up of the origin and E = E' = Eq is the exceptional divisor 
of TT, then —oj ■ cu' = +1, g^i = g^j' is constant equal to 1 on Vqm, and H8.9|l is 
immediate. 

(4) Suppose TT contains more than one blow-up, that i? = e F* has self- 
intersection — 1, and that E is obtained by blowing up a free point on a (unique) 
exceptional component F with Farey weight (a, 5). Then ve > i^F, the Farey 
weight of E is (a+ 1, 5), the multiplicity on / = ]iyF, ve[ is constant equal to 6, and 
A(/) = The function g^ = g^r is affine on /, sends ve to b~^ and vf to 0, is 
locally constant outside /, and vanishes at I'm. Whence 



This proves (|8.9|) in this case. 

(5) Now suppose E — E' has self-intersection —1 and is obtained by blowing 
up a satellite point lying at the intersection of two divisors F, F' G F* with Farey 
weights (a, 6) and {a',b'), respectively. We may suppose lyp > up' ■ The valuation 
Ve has Farey weight (a -|- a', 6 + b') by definition, and lies in the segment ]vf' , vp[ 
by Lemma 16.281 where the multiplicity is constant equal to m = \ab' — ba'\ (see 
Remark I6.37|l . The segment / —]vf;Ve\ hence has A-length a{vF) — a{vE) = 
1/6(6-1- 6') whereas the segment /' = ]vE^ vf'[ has length l/b'{b + 6'). 

The function gi^ — g^i is affine on / and /', locally constant outside these two 
segments, and g„(i^m) = g^i'^F) = gLo{vF') = 0, g^ivE) = !/(& + b'). A direct 
computation shows 



This gives 

We can now prove Theorem I8.3UI in full generality. Pick tt e minimal such 
that — iTr{uJrr) and lu' — It;{ijj't^) for classes w^r, e H'^{X^, C). We proceed by 
induction on the number A^(7r) of elements in F*. When A^(7r) = 1, H8.9|l follows 
from (3). 

For the inductive step, consider tt G S with iV(7r) > 1. Then we may write 
TT = tt' o ci7, where iV(7r') = iV(7r) — 1 and w is the blowup at a point on (7r')^^(0). 
Let E denote the exceptional divisor of w. By linearity, and by Corollarv l8.2UI it 
suffices to check (|8.9f) for cj^ = [E] and G w* H^{X.^' , C); and for lu^, — u;'^ — [E]. 
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The last case is taken care of by (4) and (5) and the first one reduces to (1) or (2), 
again using hnearity of both sides of H8.9|l . □ 

8.2.6. Cohomology groups. We have shown that the assignment > 
gives an isometric embedding of H^{X, C) into A^o- We now wish to describe the 
image of H^{X, C) as well as of some of its subsets. 

Definition 8.31. We let H^X) c i/^(X, R) be the set of cohomology classes 
to which can be written uj = i^i^Tr, with cuj^ = X^Ber* where a{E) > 0. 

Such classes are called pseudo-effective. 

Definition 8.32. We let i?f„(X) C i?^(X,R) be the dual cone of i/^(X), that 
is, the set of classes uj e (X, R) for which w • w' < for all uj' G (X) . Such 
classes are called anti-numerically effective (or antinef for short). 

Theorem 8.33. The map lu p^^ induces an isometry between 

(i) iJ^(X, C) and the set of complex atomic measures supported on divisorial 
valuations; 

(ii) i7^(X, R) and the set of real atomic measures supported on divisorial val- 
uations; 

(iii) _ff^(X, Z) and the set of real atomic measures p supported on divisorial 
valuations such that p{i'} G 6(i^)Z for every v G Vdiv/ 

(iv) li\_(X) and the set of real atomic measures p supported on divisorial val- 
uations such that p ■ p' > for all positive measures p' ; 

(v) i/f,j(X) and the set of positive atomic measures supported on divisorial 
valuations. 

Remark 8.34. Thus the image of H^{X;Z) n Hl^{X) is exactly the set of 
tree measures pi for primary ideals I C R. See Theorem 18.21 and Proposition 18. 81 
This fact is reminiscent of Lefschetz' theorem of realization of cohomology classes 
H^{X, Z)r\H^'^ {X) by divisors on a projective variety. On the voiite etoilee analytic 
ideals play the role of (effective) divisors. 

Proof of Theorem I8.33L We have already seen in Theorem 18.301 that lo t-^ 
Puj is an isometry and in particular injective. Let us first prove (iii). Then (i) 
and (ii) follow by linearity, whereas (iv)-(v) will be proved below. 

Denote by A^z the set of real atomic measures supported on divisorial valu- 
ations whose mass on a divisorial valuation v is always an integer multiple of the 
generic multiplicity of v. Then A4z is an abelian subgroup of Mq. We have to 
show that A^z is the image of 7?^(X; Z). 

First pick cu G H'^{X, Z). Let us show that pui G A^z- By linearity it suffices to 
do this in the case uj — tTr[E], where G F* and tt G S is minimal such that i? G F* : 
see Remark 18.211 But then the conclusion is immediate from Proposition 18 . 271 

Conversely, let us show that any measure p G Alz can be obtained as p^^ for 
some UJ G H'^{X, Z). Again by linearity, it is sufficient to prove this for p — b{u)v, 
where v = ve is divisorial. Pick tt G 25 minimal such that i? G F* . We proceed by 
induction on the number of elements in F* , i.e. the minimal number of blow-ups 
necessary to create the exceptional divisor E. 

li E = Eq is the exceptional divisor obtained by blowing up the origin once, 
then I'E = i^m, ^{i'e) = 1 and we conclude by Proposition (i). 

Now assume F* has more than one element. Then either E intersects a unique 
E' G F* or two distinct E',E" G F*. We will consider only the second of these 
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cases, the first one being almost identical. We may apply the inductive hypothesis 
to VE' and VE" and find uj' ,uj" e H^{X,Z) such that p^j' — b{vE')vE' and p^" = 
b{vE")vE" ■ Set cij = cj' + uj" + b{E)iT,[E\. We get from Proposition |S23 (iii) that 

Puj = Pc^' + Pw" + b{L'E)vE - b{yE')l'E' - b{vE")vE" = b^UE^E- 

This completes the induction step and hence the proof of (iii) . 

As noted above (i) and (ii) follow by linearity. In order to prove (iv) it suffices to 
show that u) € iff 5w > on Vdiv Indeed, (|7.24|l shows that p^-p' = Jy dp' 

for any positive measure p' . 

That > whenever oj e (X) is a direct consequence of the definition of 
g^. For the converse, consider u ^ Pick tt e 25 and lOt^ £ H^{Xt^,II) such 

that u = It^lOt^. Write = Yli^A^i] '^i*^ ^ T* and Oj e R. As ^ iJ^(X), 
one of these real numbers is negative, say ai < 0. Then g^jivEi) — o-i/b{vi) < 0. 

This completes the proof of (iv) . Finally, (v) follows by duality from (iv) and 
from Theorem lOni □ 



Appendix. 



We end this monograph with an appendix containing complements to results 
already proved in the main body of the text. 

Appendix^is devoted to infinitely singular valuations. Specifically it contains 
a list of properties that each characterizes a valuation as being infinitely singular. 
We also give a few constructions of infinitely singular valuations. 

In Appendix IbI we give different characterizations of the tree tangent space at 
a divisorial valuation. 

It is a fascinating fact that there are many paths to the valuative tree. We 
summarize in Appendix |0 the classification of KruU valuations on R from the 
different points of view emphasized in the memoir. 

In order to help the reader familiar with invariants and terminology used to 
describe plane curve singularities (as in Zariski |Za3p . we give a short dictionary 
between this terminology and ours. This is done in Appendix^ where we also ex- 
plain how the Eggers tree of a reduced curve singularity can be naturally embedded 
in the valuative tree. 

We conclude in Appendix |E| by discussing the importance of the various as- 
sumptions we made on the ring R. Our standing assumption that R be the ring of 
formal power series in two complex variables is clearly unnecessarily restrictive. As 
the discussion shows, our method applies, for instance, to the ring of holomorphic 
germs at the origin in C"^ and to the local ring at a smooth point on a surface over 
an algebraically closed field. 

A. Infinitely singular valuations 

The infinitely singular valuations in V arc numerous, but also the most compli- 
cated to describe. For the convenience of the reader we gather in one place all the 
characterizations of infinitely singular valuations that we have seen so far. Most of 
what we present here will also figure in the classification tables in Appendix O but 
we feel it is useful to have the information spelled out in more detail. In addition, 
we present a couple of explicit constructions of infinitely singular valuations. 

As before we work with the ring R of formal power series in two complex vari- 
ables, although as explained in Appendix^ this is in fact unnecessarily restrictive. 

A.l. Characterizations. The following result characterizes infinitely singu- 
lar valuations from many different points of view. 

Proposition A.l. For a valuation v the following properties are equivalent 
and characterize v as being infinitely singular: 

(i) the multiplicity m{v) is infinite; 

(ii) the approximating sequence (t'i)o of v is infinite, i.e. g — oo; 

(iii) the value semigroup v{R) is not finitely generated; 
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(iv) the numerical invariants of v are given as follows: rat.rki^ — ikv — 1 
and tr. deg v — 0; 

(v) for some (or, equivalently, any) choice of local coordinates {x,y), the SKP 
[(C/j); {13 j)] defined by v has infinite length and Uj > 2 infinitely often (or, 
equivalently, m(Uj) oo); 

(vi) for any choice of local coordinates {x,y), some (or, equivalently, any) 
choice of extension to a valuation on the ring k[[y\], is of the form v — 
val[(ji;/3], with cj) ~ O'jX^^ , P — \iinf3j, and the Pj's have unbounded 
denominators, i.e. (f) ^ k; 

(vii) the sequence of infinitely nearby points associated to v is of Type 1 in 
Definition \ti.'l\ i.e. it contains both infinitely many free and infinitely many 
satellite points. 

Proof. As already noted, all the above characterizations can be read off from 
results already proved in the monograph. Specifically, our definition of an infinitely 
singularly valuation was exactly (v), for a fixed choice of coordinates. Theorem l2.28l 
asserted that this definition is equivalent to (iv) and hence independent on the 
choice of local coordinates. The equivalences of (i), (ii) follow from ProDOsition l3.37l 
and (iii) from Proposition 13.541 Further (vi) is a consequence of Theorem 14.171 
and (vii) of CoroUarv 16.191 and Theorem l5.22l □ 

Remark A. 2. In addition we have seen that the infinitely singular valuations 
are ends in the valuative tree, but this is not a characterizing property as the curve 
valuations are also ends. 

A. 2. Constructions. Next we outline a couple of constructions of infinitely 
singular valuations, starting with the construction of an infinitely singular valuation 
with prescribed skewness or thinness. See also Lemma 15.161 

Proposition A. 3. Pick a quasimonomial valuation v, and any real number 
a > alv) (resp. A > A{i')). Then there exists an infinitely singular valuation 
PL > V with a{fi) — a (resp. with A{fi) — A). 

Proof. We may assume that v is divisorial. Indeed, otherwise replace j/ by a 
divisorial valuation v' > v such that a{v') < a (resp. A{i'') < A). 

Let us first construct an infinitely singular valuation with prescribed skewness. 
Our strategy is to extend the approximating sequence (i^i)o of p to an infinite 
approximating sequence (vi)'^. By convention, fg+i — ly. Pick a curve valuation 
> with m[pg4^2) — bi^v), and consider a divisorial valuation i'g+2 in the 
segment ]h', pg+2[- It follows from (|3.13() that the set of divisorial valuations in 
fig+2[ with generic multiplicity equal to b{iy) is a discrete set. We may therefore 
pick Vg+2 in this segment such that 6(1^3+2) > ''TT-ii^g+2) = b{h') and a — 1/2 > 
a{vg+2) > a{v). 

Inductively, given (^'i)f^'^ we construct Vg+k+i divisorial with Vg+k+i > i^g+k, 
b{iyg+k+i) > m{iyg+k+i) = H^g+k) and a - 1/2'' > a{iyg+k+i) > a{iyg+k)- Then 
{1^1)0^ defines an approximating sequence for an infinitely singular valuation /z, 
satisfying p > v and a(/i) — a. 

For finding an infinitely singular valuation with prescribed thinness we may 
follow the argument in the proof of Lemma 15.161 However, let us instead show 
how to use Puiseux series, exploiting the analysis and notation of Chapter ^ Fix 
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local coordinates {x,y) such that I'iy) > v{x) = 1 and pick a valuation v ^ Vx 
whose image in V under the restriction map equals v. Then v = val[0; /3] for a 
Puiseux series cj) = ajX^' with Pj < f3j+i < (3, and all coefficients aj ^ 0. By 
Theorem 14.171 (3 = A{y) — 1 < A — 1. Since v is divisorial, (3 is rational. Set 
= (3 and pick an arbitrary sequence of strictly increasing rational numbers 
(/3j)^2 such that l3q+2 > $ and $j ^ A — 1. Define ip = ajX^\ where, say, 
Oj = 1 for j > q. Set fi = val[^; — 1]. Then fi is of special type and has Puiseux 
parameter A — 1. Moreover, jl > v. Let /i S V be the image of /t under the 
restriction map. Then Theorem 14 . 1 71 implies that ^ is infinitely singular, n > u and 
A{fi) ^ A. □ 

Remark A. 4. By slightly modifying the first part of the proof above we can 
construct an infinitely singular valuation with prescribed skewness t G {l,cx)) and 
infinite thinness. The reason is that we may choose the Vi% inductively to have 
very high multiplicity. Thus grows very fast and this allows for skewness cti to 
increase to i € (1, cxd) whereas thinness Ai tends to infinity. The details are left to 
the reader. 

Remark A. 5. Similarly one can construct a sequence {vn)'^ of infinitely singu- 
lar valuations with aivn) — > f and A(yn) > 3. Here is an outline of the construction. 
Fix a large integer n. Pick a monomial divisorial valuation [>! with a{fi') = 1 + 1/n. 
Then b{fj,') = n. Then pick fi divisorial with ^ > fi' , ^ representing a generic tangent 
vector at v' and a{fi) — a{fi') — 1/n. Then a{fi) — 1 + 2/nbut A{fi) = 3+1/n > 3. 
Now use Lemma 15.161 to replace by an infinitely singular valuation v. 



B. The tangent space at a divisorial valuation 

Recall from Section ITTI that in a general nonmetric tree T, the (tree) tangent 
space Tt at a point r e T is the set of equivalence classes T\ {r}/ ~, where a ^ a' 
iff the two segments ]r, a] and ]r, a'] intersect. 

We saw in Section rOl that branch points of the valuative tree correspond to 
divisorial valuations. Our goal in this appendix is to describe the tangent space at 
a divisorial valuation from several points of view. 

Theorem B.l. Let v = ue ^ be a divisorial valuation, associated to some 
exceptional component E C 7r~^(0), where tt is a composition of point blow-ups. 
Then there exist natural bijections between the following four sets: 

• Ti: tree tangent vectors at v (see Section \3.1.'^) : 

• T2: Krull valuations fi satisfying C R^, (see Sections \l.'J\ and \l.b\) : 

• T3: sequences of infinitely nearby points (pj)'^ of Type 3 (see Section \6.iA) . 
such that the divisorial valuation Vn associated to the truncated sequence 
iPj)o converges (weakly) to v as n —> 00; 

• T^: points on the exceptional component E. 

The Krull valuations in T2 are exactly the exceptional curve valuations of the 
form ve,p'- see Lemma ll.51 

The proof of this result occupies the rest of Appendix ^ We shall construct 
injective maps *i : Ti ^ T2, ^'2 : T2 -> T3, : T3 ^ and ^'4 : 7^ ^ Ti. and 
prove that the composition o vj/j o vj/-^ o vj/^ is the identity. 
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Fix a divisorial valuation e V for the rest of the proof. Also fix a composition 
TT G *B of blowups such that v — ve for some exceptional component E C 7r^^(0). 

The construction of : 71 ^ 72 is interesting as it allows us to interpret tan- 
gent vectors at v in terms of directional derivatives. Let us first prove a preliminary 
result. 

Lemma B.2. Let v CzV be divisorial, e > 0, and [0, e] 9 1 1— > i^f G V a (weakly) 
continuous map with vo — i> such that j^a{i't) is a nonzero constant on ]0,e[. 
Consider R x R with the lexicographic order. Then the function 



defines a centered Krull valuation on R, with valuation ring satisfying C i?^. 

Proof. Clearly = + Ai(V') for 0, V' G -R- Further, vt{(j) + V') > 

min{ i^t ((/)), t't (?/;)} for any t. If strict inequality holds at t = 0, then ^{(j) + -0) > 
min{/i((/)), by the lexicographic ordering. Otherwise t i-^- vt{4> ^ i^)^ s-nd 
t I— > min{ i/t ((/)), (?/;)} are affine functions near t — coinciding at t = 0. Then 
the slope of the latter cannot exceed the slope of the former, and this implies that 
^{(p+ip) > min{/Lt((/)), /Lt(-(/;)}. This shows that is a Krull valuation. It is immediate 
that R^, ^Ry □ 

Consider a tree tangent vector w g 71 at € V. This is represented by a 
segment that can be parameterized by skewness. Lemma IB. 21 gives us a Krull 
valuation /i :— '^i{v) which satisfies i?^ C i?^, i.e. /i G T2. It does not depend on 
the choice of the segment, as two segments defining the same tree tangent vector 
intersect in a one-sided neighborhood of v, hence define the same Krull valuation. 

To show that ^'i is injective, take two different tangent vectors vi 7^ U2, and 
choose G m irreducible such that represents vi but not V2- Then it is straight- 
forward to verify that 5'i(wi)(0) ^ 5'i(w2)(0)- 

The construction of ^'2 : 72 — + 7^ is done as follows. For any Krull valuation 
/i, we let ^'2(/i) be the sequence of infinitely nearby points (pj)o° constructed in 
Section im Let us recall the construction. The point po is the origin in C^. We let 
ttq : Xq — > (C^,0) be the blow-up at pq with exceptional divisor Eq. Then pi G Eq 
is defined to be the center of the valuation ^ in Xq. Inductively we construct a 
sequence of points Pj+i G Xj, with 7fj : Xj — > Xj-i being the blow-up at pj, and 
we write Ej for the exceptional divisor of tTj . The point Pj+i is chosen to be the 
center of ^ inside Xj. In particular, Pj+i G Ej. Write tTj — ttq o ■ ■ ■ o lij. 

As R^ C Ry, the center of /i is always included in the center of v. As v 
is divisorial, there exists jo ^ 1 such that the center of v in Xj is a point for 
J = 0, . . . , jo ~ Ij and an irreducible component of 7r^^(0) for i > jo- In Xjg, it is 
given by Ej^. In Xj for j > jo, it is the strict transform of Ej^ by vTj o ••• o Tr^n+i- 
We shall write Ejg for this strict transform, too. This shows that for all j > jo, 
Pj+i has to be the intersection point of Ej^ and Ej. The sequence {pj)o^ is thus of 
Type 3. By Theorem l6.11l the divisorial valuation z/„ associated with the truncated 
sequence {pj)Q, converges to i^jg = as n — 00. This shows that ^'2(/^) S Th. 

It is clear that 5*2 is injective by Theorem II. 101 

Now pick a sequence of infinitely nearby points {pj)"^ G 73 of Type 3. As 
before denote by tTj : Xj — > Xj-i the blow-up at pj and Ej the exceptional divisor 
of TTj. The identity map id : (C^, 0) (C^, 0) lifts to a rational map idj : Xj X 
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for all j > 0, where tt : X (C^,0) was fixed at the beginning of the proof. 
As {pj)'^' is of Type 3, there exists an index jo such that Pj+i is the intersection 
point of Ej with the strict transform of Ej^ (which we shall also denote by Ej^ ) by 
TTj o ■ ■ ■ o TTjQ+i for all j > jo- The divisorial valuation associated to Ej converges 
to Vjg (Theorem 16. 11 |l . As Vj^ = v, idj sends Ejg bijectively onto E for j > Jq. On 
the other hand, for j large enough, idj is regular at Pj+i- The point q := idj(pj+i) 
equals idj{Ejg OEj+i) hence lies in idj{Ejg) = E. It is also clear that idj+i(pj+2) = 
idj+i(7rj+i(pj+2)) = idj(pj+i), so that q is independent of j. By definition we set 

To see that 5*3 is injective, choose two different sequences of infinitely nearby 
points (pj)o°i (Pj)o° S As the divisorial valuation associated to both sequences 
is the same, and equal to v, it follows that pj — pj until j — ja, where Ej^ is the 
exceptional component attached to ly. Being both of Type 3, the sequences are 
determined uniquely by Pjo+i and p'j^j^i, respectively. By assumption these two 
points are distinct. Now pick j > Jq, and let zuj : Yj —f (C^, 0) be the composition 
of blow-ups at the points po 7 • ■ • 7 Pja ^-^^d then at both pj„ + 1 , . . . , pj and pj^ . . . ,p'.j. 
As before, the identity map (C^,0) (C^,0) lifts as a map idj :Yj ^ X. For j 
large enough, idj is regular at Pj+i and p'j+i- These two distinct points belong to 
the strict transform of Ej^, which we again denote by Ej^. As idj is a bijection of 
i?jQ onto E, we conclude that ^'3((Pj)C°) ^ *3((Pj)cr')' i-^- t^at Vl/a is injective. 

Finally, for a point p E E, we define ^'4(p) to be the tree tangent vector at 
p defined by the divisorial valuation obtained by blowing-up p. Lemma 16.31 and 
Theorem 16 . 221 implv that ^'4 is injective. 

The proof of Theorem lB.ll will be complete, if we now show that the composition 
VI/3 o \I>2 o \I>i o \I>4 equals the identity. Pick an element in T4, that is, a point p E E. 
By definition, '^^{p) is the tree tangent vector at v represented by the divisorial 
valuation Vp associated to the blow-up at p. The valuation p :— o 5*4 (p) is 
then a KruU valuation whose valuation ring is included in i?^, hence the center 
of ^ in X belongs to E. Pick an irreducible curve C = {(j) = 0}, (j> G m, whose 
strict transform C" is smooth and intersects E transversely at p. Then vc s,iid 
Vp represent the same tree tangent vector at v. The segment [i^, vc\ H [v, i/p\ is 
thus nontrivial. We parameterize it by skewness: t 1— *■ vct+aiv)- By definition, we 
have = {v, ^\t=oVc^t+a{u))- In particular, we infer that p,{(f)) = (i/(0),c) with c 
positive. 

Let p, — (dive, -§^\t=o^C' ,t)- It defines an exceptional curve valuation jl which 
is centered at p. Its image by ■K.^, is an exceptional curve valuation whose first 
component equals Tr^div^; which is equivalent to v. Thus i?7r,/i $1 Rv It is also 
clear by definition that {■K^jx){(j)) — (div£;(7r*(/i), c') with c' > 0. 

Now pick a generic element x G m such that {x = 0} is a smooth curve, 
Vx /\ vc = t^m, and the strict transform of {x = 0} by tt does not contain p. 
Then ^{x) = (i/(a;),0), and {n^fi){x) = (div£;(7r*a;), 0). Define ^ := where 
i'{(f>)k = lv{x) with fc,/ S N. Then -0 is an element of n xn-n^f^ with v{iIj) — 0. 
Remark II. 81 then implies i?^ = R-n,fi- In particular, we conclude that the center of 
/I in AT is precisely the center of p which is equal to p. 

At this stage, we have shown that the KruU valuation ^I^i o '■^^{p) is an ex- 
ceptional curve valuation centered at p, whose associated divisorial valuation is 
equal to v. Now let (pj)§° '■— ^'2 o vj/-^ o ^'4(73) be the sequence of infinitely nearby 
points associated to /i. Consider the sequence of blow-ups 7fj : Xj Aj_i as 
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above. By construction, ttj is the blow-up at pj, which is the center of fi in Xj-i. 
For j large enough, the identity map (C^,0) (C^,0) lifts to a rational map 
idj : Xj —f X which is regular at Pj+i- The image of the center of fi in Xj by id^ 
is the center of fj, in X. Thus idj(pj+i) = p for j large enough. This proves that 
vl'3 o vj/j o vj/-^ o ^4(p) — p, and concludes the proof. 

C. Classification 

As we have shown in this monograph, centered KruU valuations on R can 
be interpreted in many different ways, each of which leads to a (full or partial) 
classification. Let us review the four approaches that we have considered. 

The first (and classical) way to classify KruU valuations is through their value 
groups i^(A'), in particular through the numerical invariants rk, rat. rk and tr. deg. 
In the two-dimensional case that we are concerned with in this monograph, this 
is feasible since Abhyankar's inequalities give strong restrictions on the values of 
these invariants. 

A second way, and the one emphasized in the monograph at hand, is to identify 
KruU valuations with points or tangent vectors in the valuative tree V. The non- 
metric tree structure on V then leads to a classification of KruU valuations into 
ends, regular points, branch points and tangent vectors. The valuative tree also 
comes with two natural parameterizations: skewness and thinness. By checking 
whether these are rational, irrational or infinite we obtain a third classification. 
Finally, we can classify valuations according to whether the multiplicity is finite or 
infinite. 

Thirdly, we can take advantage of the isomorphism of V with the universal dual 
graph, as worked out in Chapter |S| Specifically, we can classify KruU valuations 
according to their associated sequences of infinitely nearby points, following the 
terminology of Spivakovsky: see Definition 16.71 

Finally, as explained in Chapter 0] any valuation in V extends to an element of 
the tree Vx, i.e. a valuation on the ring of formal power series in one variable with 
Puiseux series coefficients. Even though this extension is not unique, we can classify 
valuations in the valuative tree using the tree structure on V^. This classification 
can then be rephrased in the terminology of Berkovich. 

We list all of these classifications in three tables. Table lCTTI contains the classifi- 
cation in terms of the numerical invariants (here we use the completeness of R — see 
Appendix and the associated sequences of infinitely nearby points. 

In Table we instead focus on the tree structure of the valuative tree, specif- 
ically the nonmetric tree structure, skewness, thinness and multiplicity. For conve- 
nience we define the skewness (thinness) of a tangent vector in V to be the skewness 
(thinness) of the associated divisorial valuation. 

Finally, in Table IC.3I we present the classification using the Puiseux series 
approach. Notice that this table is a reproduction of Table WJ\ in Chapter 0] and 
that we used the relative valuative tree Vx instead of V. Recall that the terminology 
for valuations in V and in Vx coincides except for div^, which is quasimonomial in 
Vx, and corresponds to the curve valuation Vx in V. 

A fifth classification is in terms of SKP's. We do not present this classifica- 
tion here as it depends on the choice of local coordinates. Instead we refer to 
Definition !?:^ 
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Classification 


rk 


rat.rk 


tr.deg 


Inf nearby pts 


Quasim. 


Divisorial 


1 


1 


1 


Type 


Irrational 


2 





Type 2 


Curve 


Nonexcept. 


2 


2 





Type 4 


Exceptional 






Type 3 


Infinitely singular 


1 


1 





Type 1 



Table C.l. The table shows the classification of centered KruU 
valuations on R into five groups, and lists the three numerical 
invariants as well as the type of the associated sequence of infinitely 
nearby points as in Definition 16. 71 



Classification 


skewness 


thinness 


mult 


Tree terminology 


Quasim. 


Divisorial 


rational 


rational 


< oo 


Branch point 


Irrational 


irrational 


irrational 


Regular point 


Curve 


Nonexcept. 


oo 


oo 


< oo 


End 


Exceptional 


rational 


rational 


Tangent vector 


Infinitely singular 


< oo 


< oo 


oo 


End 



Table C.2. Elements of the valuative tree. Here we show the 
classification of centered KruU valuations on R in terms of the tree 
structure on V. 



Valuations in Vx 


Valuations in Vx 


Bcrkovich 


Quasim. 


Divisorial 


Finite type 


Rational 


Type 2 


Irrational 


Irrational 


Type 3 


Not quasi- 
monomial 


Curve 


Point type 


m < oo 


Type 1 


Inf sing 


^ = oo 


TO = oo 


A < oo 


Special type 


Type 4 



Table C.3. Here the classification of centered valuations on R 
is in terms of their preimages in the tree Vx and in terms of 
Berkovich's terminology. 



D. Combinatorics of plane curve singularities 

The study of plane curve singularities is a rich and well developed subject with 
its own notation and terminology. Here we show how to interpret some classical 
invariants in terms of the valuative tree, specifically in terms of skewness, thinness 
and multiplicity. 

We divide the study into two parts. In the first, we consider an irreducible 
formal curve with its associated invariants introduced by Zariski. In the second 
part we extend this study to a (possibly reducible but reduced) formal curve and 
its associated Eggers tree. 

In both cases, we shall see that all the classical invariants can be understood in 
terms of the subtree of the valuative tree whose end points are the curve valuations 
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associated to the irreducible components of the curve. This serves to illustrate the 
idea that the valuative tree provides an efficient way of encoding singularities (in 
this case of plane curves).^ 

D.l. Zariski's terminology for plane curve singularities. Let us recall 
some notation from |Za3 |. As before, R denotes the ring of formal power series in 
two complex variables. Consider an irreducible formal curve C.^ 

Zariski writes n for the multiplicity m{C) and gives two equivalent sets of 
invariants for C . The first set is defined through Puiseux expansions. Pick local 
coordinates {x^y) such that the curve C is not tangent to {x = 0}. In these 
coordinates, there is a Puiseux parameterization t (t", ^ ajt-') of C. Here aj = 
for < j < n. Define 

• /3i = min{j ; aj 7^ 0, j ^ mod n}; 

• ei = gcd{n,/3i}; 

• (32 — min{j' ; Uj 7^ 0, j ^ mod ei} (if ei > 1); 

• 62 = gcd{n, /3i, ^2} etc. . . 

This process produces two finite sets of integers (/3i, . . . , /Sg) and (ei, . . . , eg), but 
notice that the e^'s can be recovered from the /3i's and n. Set eo = /3q — n and 
Hi = Bi-i/ei for i — I, . . . , g. The set {f3i/n, . . . , Pg/n) is usually called the set of 
generic characteristic exponents of C. 

The second set of invariants of C is defined through its value semigroup. This 
is by definition the collection of all intersection products C ■ D when D ranges over 
all formal curves. We let (3q,. . . ,f]g £ N* be a minimal set of generators of the 
semi-group of C, that is, Pq = miii/jjC- D} = n, and, inductively, Pi^i = min{a = 
C-D ; a^X^oNAjfor j>0. 

The Pi's (with n) determine the /3j's uniquely (and vice- versa) as follows: Pq = 
n, Pi = Pi and 

P, = n,_i^,,_i + A - for i = 2, . . . , g. (D.l) 

It is known that (n;/3i, . . . , Pg) determines the equisingularity class of C, i.e. 
the topological type of the embedding of C in C^. 

We now translate these invariants into the tree language that we have devel- 
oped, specifically using skewness, thinness and multiplicity on the valuative tree. 
For this we consider the approximating sequence of i^c as defined in Section [3. 51 

t^m = t^O < i^l < • • • < t'g < l^g+l = t^C ■ (D-2) 

Here Vi, 1 < i < g, are divisorial valuations with strictly increasing multiplicities 
TUi — miyi), such that the multiplicity is constant, equal to m^m on each segment 
Vi]. See Figure Thus the generic multiplicity of i/^ is b^Vi) = mi+i, where 
rug+i = m{C). 

Write ai and Ai for the skewness and thinness of Ui, respectively. Then we 
claim that we have the identification given by Table IDTI 

An irreducible formal curve naturally defines an end in the valuative tree. This 
provides an embedding of a fundamentally discrete object (the ultrametric space C 
of local irreducible curves) into a "continuous" object (the valuative tree V). The 

^We do not claim, however, that the valuative tree leads to any results on plane curve 
singularities that could not be proved by other means. 
^Zariski actually writes X instead of C. 
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Classical 


Tree 


invariants 


language 


n 


m(C) 


9 


9 


|3^/n 


A,-\ 


n/ei 


TUi+l = hi 




bi/m.i 




aiirii 



Table D.l. Dictionary expressing classical invariants of a curve 
singularity in terms of the multiplicity, skcwness and thinness of 
the elements of the approximating sequence of the associated curve 
valuation. 



dictionary in Table ITTTI shows that the discrete invariants for curves can be viewed 
as special cases of continuous invariants for valuations. 

Let us now prove the validity of the correspondence given in Table IDTI As the 
invariants f3i and a are defined in terms of Puiseux series, it is natural to use the 
analysis in Chapter^lto verify the first four entries in the table. Here we will freely 
apply the results from that chapter. 

Thus define a Puiseux series by = ^ ^ l*5t i)^ = val[0; oo] be 

the associated valuation in Vx of point type. Let </> be the minimal polynomial of 
(j) over k. Then C = {0 = 0} and i)^ is sent to the curve valuation vc G Vx^ by the 

restriction mapping ^ : Vx ^ Vx induced by the inclusion C[[2:,y]] C k[[y]]. 
For < i < g, let 



= val 







— val 



■ft-i 

E 

. 



This defines an increasing sequence of rational valuations in Vx- The multiplicity 
of i>i is given by 

m(i>j) = Icmj^ ; < j < Pi,aj 7^ o| = ?Vgcd{/3i, . . . , A-i} = n/e,^i. (D.3) 

and the multiplicity is constant in the segment ]i>i_i,i>i]. By Theorem 14.171 this 
implies that if Vi = ^{vi) is the restriction of i>i to i?, then {i'i)l is the approximating 
sequence of vc- The first and the second entries in Table IDTI are thus clear. The 
fourth entry follows from (jD.3|) and implies the fifth. Further, as Ui has Puiseux 
parameter Pi/n, Vi must have thinness f3i/n — 1, which gives the third entry in the 
table. 

Finally let us prove that /3j/n = rriiai ioi 1 < i < g. This can be seen 
from (jD.ljl and the relation between thinness and skewness. Indeed, we first have 
Pi/n — f3i/n = Ai — 1 = aiirii as mi = 1. Suppose we have proved that Pi_i/n = 



'By our choice of coordinates, uq is a valuation in botli V and V; 



186 



APPENDIX. 



ai-i m-i-i. Then 

Pi = nt-iPi_j^ + f3i - Pi^i = nrii-iai-imi-i + n{Ai - Ai-i) = 

= nrii^im i^iUi-i + nmi{ai - a^-i) = na.j rm. 

By induction, this completes the verification of Table ID. II 

An alternative way of showing that = airm is to use the fact that the 

value group of vc is given by vciR) — YSi=o 'm-iC^i'^ (see ProDOsition l3.52|) and the 
formula m{C)i'c{fp) = C ■ {ip = 0} for any ip G m. 

D.2. The Eggers tree. Let C be a reduced formal curve and let Ci , . . . , Cr be 

its branches (i.e. irreducible components). The embedding of C in is determined 
up to topological conjugacy^ by the generic characteristic exponents of each branch, 
and by the order of contact between them. 

This numerical information can be encoded geometrically in the Eggers tree Tc, 
first introduced by Eggers |Eg| , and subsequently used in studies of plane curve 
singularities ^a, Po . Here we show that Tc has a natural interpretation inside 
the valuative tree V. 

Let us recall the definition of Tc , essentially following IPoJ . First assume C is 
irreducible, i.e. r = 1, and let Pi/n, . . . , Pg/n be its generic characteristic exponents 
(with the notation in Appendix ID.1|) . Also define (3q := n and Pg+i '■= +oo. Then 
Tc is a simplicial tree whose vertices are exactly of the form {/3i/n}o<i<g+i, and 
with exactly g + 1 edges finking Pi/n to Pi+i/n for < z < g. By sending each 
vertex to the corresponding element in [1, +oo], we may also view Tc as the interval 
[l,+oo] with g + 2 marked points {Pi/n}o<i<g+i. Alternatively speaking, Tc is a 
rooted, nonmctric tree with a parameterization onto [1, +oo], still with g+2 marked 
points. 

When C = [JCj is reducible, Tc is constructed by patching together the trees 
Tc as follows. First define the coincidence order Kjjr = K(Cj,Cj') between two 
branches Cj and Cj' as follows. Fix local coordinates {x, y) such that all branches 
are transverse to {x = 0}, and let (j> = X^'^'^'^S 'f'' — J2'^'i^^' be Puiseux series 
associated to Cj and Cj', respectively. Let ((^/)"^ , (<^;/)i^' denote their orbits under 
the action of the Galois group Gal(A;/A:) where k and k are the fields of Laurent 
and Puiseux series in x, respectively (see Section |4.3|I . Then 

Kjj' K(Cj,Cf ) := ma.yiv^,{(|>l - (^j,), 

where v^, is the valuation on k given by J^*(X] •= min/3j. Note that Kjji > 1. 

The trees Tc^ — [l,+oo] and Tc., — [l,+oo] are now patched together at the 
point corresponding to Kjji. In other words, Tc is the set of pairs {Cj,t) where 
1 < j < and t e [l,+oo] modulo the relation {Cj,s) = {Cj',t) iff s = i < Kjj/. 
Notice the similarity to the construction in Section [3.1.61 Thus Tc is naturally a 
rooted, nonmetric tree with a parameterization onto [l,+oo]. The root of Tc is 
{Cj, 1) and the maximal points of Tc are exactly of the form {Cj, +oo). 

To be precise, Tc also comes with a finite number of marked points. These are 
exactly the points coming from marked points on the trees Tc^ (i.e. the points of 
the form {Cj, Pji/rij)) together with the branch points of Tc (i.e. the points of the 
form {Cj, Kjj' ) = {Cj' , Kjj' ) for j ^ j'). This marking allows us to recover Tc as a 



i.e. the equisingularity type of C 



D. COMBINATORICS OF PLANE CURVE SINGULARITIES 



187 



simplicial tree: the vertices are the marked points and the edges are open segments 
in Tc containing no marked points. 

Proposition D.l. Let C he a reduced formal curve with irreducible components 
Ci,...Cr- Let Uj he the multiplicity of Cj, and let {l3ji/nj}^iL^ be the set of 
(generic) characteristic exponents of Cj (by convention 1 and +00 belong to this 
set). Denote by Vj — the curve valuation associated to Cj and by {i'ji)fiLi the 
approximating sequence of Vj . 

Define a map : Tq V by sending {Cj,t) to the unique valuation in the 
segment [i>m,i^j] with thinness equal to t + I. Then gives an isomorphism of 
parameterized trees from Tc onto the subtree Vc = Ui<j<r{i^ < i^j} of the valuative 
tree parameterized by thinness (minus one). 

Moreover '^{Cj, (3ji/nj) — Vji and "^{Cj^Kjji) — Vj A Vji . In other words, the 
marked points on Tq are sent to the points on Vc consisting of the root, the ends, 
the branch points, and all regular points where the multiplicity function is not locally 
constant. 

Proof. For an irreducible curve C, we have seen in the previous section that 
the generic characteristic exponents corresponds exactly to the values —1 + A{vi) 
where is the approximating sequence of the curve valuation I'c- When Cj, Cj' 
are two irreducible curves, then by Theorem 14. 171 we have Kjji = — 1 + A{vj A Vji). 
These two facts immediately imply the proposition. □ 

In the original definition of the Eggers tree |Eg| , two types of edges were dis- 
tinguished: dashed or plain; as well as two types of vertices: white or black. Using 
the isomorphism above, the different types of vertices and edges can be seen inside 
the tree Vc C V as follows: the white vertices are exactly the curve valuations, and 
an edge ]v, v'l is dashed iff the multiphcity on the edge is (constant) equal to that 
of its left end point v. 

It is also possible to interpret the Eggers tree Tc in terms of the minimal 
desingularization of C. This was done by Popescu-Pampu: see jPol Theoreme 4.4.1. 
p. 152]. Let us outline how to understand this interpretation using the analysis in 
Section O 

Let Ti : X ^ (C^,0) be the minimal desingularization of C, i.e. tt e *B is 
minimal with the property that the total transform 7r~^(C) has normal crossings in 
X. Let be the dual graph of tt. This is by definition a finite subset of F* C F and 
in particular an N-tree. Enlarge F^ by adding the elements Cj S F corresponding 
to the irreducible components of C . The resulting set is still an N-tree. Now 
remove from this set all points except for the following: the points Cj; the branch 
points; the root Eq. We obtain a set Xc, which by construction is a subset of the 
R-tree Sc '■= {}j[Eo,Cj] C F. Let us equip Sc with the Farey parameterization, 
from which we subtract a constant 1, and the multiplicity function induced from F. 
Then Xc is exactly the subset consisting of the root, the ends, the branch points, 
and all regular points where the multiplicity function (induced from F) is not locally 
constant. 

Proposition ID. II and Theorem 15.221 now imply that Sc is isomorphic to the 
Eggers tree Tc. More precisely, the fundamental isomorphism <I> : F ^ V restricts 
to an isomorphism of parameterized trees $ : Sc — *■ Vc where Vc is defined in 
ProDosition lD.il Thus the composition o $ : Sc 7c is an isomorphism of 
parameterized trees and maps Xc onto the marked points on 7c • 



188 



APPENDIX. 



We may also recover the minimal desingularization ttc of C from the Eggers 
tree Tc using the algorithm in Section [6.71 as Tc gives precisely the equisingularity 
type of the curve. 

E. What are the essential assumptions on the ring Rl 

Throughout the monograph we have assumed that R is the ring of formal 
power series in two complex variables. An equivalent way of describing R is as an 
equicharacteristic, complete, two-dimensional, regular local ring with residue field 
C. Here we address the question of which of these conditions are actually necessary 
for the analysis to go through. 

First of all, nothing changes if we replace the residue field C by any algebraically 
closed field k of characteristic zero. On the other hand, some assumptions are still 
crucial to our analysis like locality, regularity, and dimension two. Without these 
assumptions V needs not be a tree (see Remark 13 . 1 fil for instance). 

Let us briefly discuss the assumption of completeness, and the assumptions on 
the residue field k. 

E.l. Completeness. In this text we have always assume i? to be a complete 
ring. Let us explain why this assumption is not essential. 

Recall that Cohen's Theorem (ZS2, p. 304] asserts that any complete, equichar- 
acteristic, regular local ring is isomorphic to the ring of formal power series with 
coefficients in the residue field of the ring. 

Proposition E.l. Suppose R is an equicharacteristic, two-dimensional, reg- 
ular local ring with algebraically closed residue field, and let R be its completion. 
Denote by V(i?) the set of normalized centered valuations on R with values in R_|_. 
Then the natural restriction map V{R) is a bijection. 

Proof. If {x,y) is a regular system of parameters for R, and k is the residue 
field of R, then the assumptions imply that C R C k[[x,y]] = R. The 

assertion then follows immediately from Proposition 12 . 101 □ 

There is still one point where the assumption of completeness is important. It 
concerns the numerical invariants of a curve valuation. 

Proposition E.2. Let R be a (not necessarily complete) equicharacteristic, 
two-dimensional, regular local ring with algebraically closed residue field. Suppose 
V £ V{R) is a curve valuation associated to the irreducible curve V. Then tr. deg u — 
0, and 

• rat. rhv = rkv = 2 when V — {(f) = 0} for some 4> G 

• rat. vVv — — 1 otherwise. 

In particular when R is complete, we are always in the first case. When R 
is the ring of convergent power series, the first case appears exactly when V is a 
formal curve, and the second when V is an analytic curve. 

Proof. Embed R in its completion R. Pick (j> E R such that the KruU valua- 
tion J/ is given by v{tp) = {v^{tp), div ct,{ip)) € N x N where ■0 = 0'^'^* *•'''■*'!/' with (f> 
not dividing ■0, and v^iip) is equal to the intersection number between {(p = 0} and 
W = 0}. 
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The set / := {%[> E R ; divcf,{ip) > 0} is a prime ideal in R. Its completion / • R 
is included in the height one ideal {ip G R ; div0(?/;) > 0}, hence / has height zero 
or one. As i? is a factorial domain ZS2, p. 312], we have either / = (0), in which 
case rkz/ = rat.rkz/ = 2; or / is generated by an irreducible element 0' G R, in 
which case ikv = rat. ikiy — I. □ 

E.2. The residue field. We assumed the characteristic of the residue field of 
k to be zero for sake of convenience. But Weierstrass' preparation theorem holds 
on A:[[a;,y]] without any assumption on the characteristic of k (see |ZS2I p. 139]). 
Hence k may be taken to be an arbitrary algebraically closed field. 

The fact that k is algebraically closed is used in an essential way in Corol- 
larv 12.251 hence in Theorem l2 . 291 which gives the description of valuations in terms 
of SKP's. Most results in the monograph rely on this description. It would be 
interesting to extend some of our results to the case when k is not algebraically 
closed (for instance when k — Ti). 

Finally all methods presented here using SKP's or Puiseux series fail on a non- 
equicharacteristic ring. On the other hand, the geometric method in Chapter |S| 
based on the universal dual graph is likely to work. Again it would be interesting 
to extend our results to this more general setting. 
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